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Summary

It is well known that if —1 < ¢, < co and 1 < p < oo then the Bergman projection
Pg is a bounded operator from LP(D,dA,) onto the Bergman space A% if and only if
g+ 1< (B8 +1)p. In this paper we study the Bergman operator Pz from L?(D, dA,) in the
weighted Bergman space ;A% and it is proved that Ps is a bounded operator for certain
values of 8, p, ¢ and s, that in particular satisfy ¢ +1 > (8 + 1)p.
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1. Introduction

Let . : C\ {1} — C be the M&bius transformation

zZ—w

with pole at w = %, which verifies ! = ¢, and
(1— =) —[w]?)

1= |pz(w)]? = e = (1 - w*)|¢.(w)] . (1.1)

Let D C C be the unit disk and denote by H the space of analytic functions f : D —
C. Let —1 < g < 00, 0 < p < co. We recall that f belongs to the Bergman space
AP if f e HNLP(D,dA,), where dAy(w) = (¢ +1)(1 — |w|?)? dA, see [4]. If f is in

(571
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1= (] If(Z)I”qu(z))l/p |

When 1 < p < o0, the space LP(D, dA,) is a Banach space with the above norm;
when 0 < p < 1, the space LP(D,dA,) is a complete metric space with the metric
defined by

LP(D,dA,), we write

a(f,9) = IIf —gllpq -
Let 0 < s < oo be fixed and we add the weight (1 — |p.(w)]?)® in the integral
definition of the Bergman space, so we have for each f € Ay

[ )=o)y dagw) < [ 1 aaw) <o, (12
that is, the Bergman space Afl’ is a subspace of each member of the two parameter
family of spaces LP(D,dp,), with dug(w) = dug(s, 2)(w) = (1 — |p.(w)]?)* dA,(w),
0 < s < oo and z € D. In particular

sup / F )P~ s (w)2)* dAy(w) < / |F()I? dAg(w) |

zeD

for each 0 < s < 0o. The previous discussion motivates the following definition.
For0<p<oo, -1<g<o0,0<s<ooand fe H define

s (1)(2) = / F@)P(1 = o= (w)]?)* dAg(w) . (1.3)

The ¢, s-weighted p-Bergman space S.AZ is defined by

AV ={feH: suglpyq’s(f)(z) < oo}
zE
and for 0 < s < oo its associated little space is

s0AY ={feH: lim I,,.(f)(z)=0}.

|z]—1
We observe that g A" = AP
With the previous definitions, from (1.2) we get
AP C AL C () LP(D,dpg(s, 2)) - (1.4)
2€D
Thus each Bergman space As can be included in each spaces.Af; in a natural way. If
[ €AY we write

=

| £ llo=sup(lp,q,s(f)(2))
zeD

Let 0 < a < oo. We say that f € H belongs to the a-growth space (or a-type
Bloch space), denoted by A% (see [4]), if

I £ ll—a= sup(1 — |2[*)2[ f(2)] < o0
zeD
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and belongs to the little a-growth space, denoted by A~*°, if
Hwa—hm(LﬁﬁVU@N=U
|z|—1—

It is clear that A~*% C A™%; moreover with the definitions of || f ||, and || f ||,
each one of the previous spaces are complete spaces, see [3] and [4]. In fact, for
1 < p < oo they are Banach spaces.

Let —1 < ¢ < 0. For each f € L'(D,dA,), the Bergman projection of f is defined

f(w
l—zw 2+q '

In this article we study first several propertles of the Banach spaces SAs and the
Bergman projection in the growth and S.Af; spaces.
Now, from the well known result (see [4]):

as

Theorem 1.1. Suppose —1 < g, B < oo and 1 < p < co. Then Py is a bounded
projection from LP(D,dA,) onto A} if and only if ¢+ 1 < (8 + 1)p,

we see that is worthy of study the Bergman projection in the spaces 5,45 when
g+ 1> (B + 1)p for certain values of p, ¢, s and 3, see Theorems 4.5, 4.6, 4.7 and
4.8, where in fact, we get some extensions of Theorem 1.1.

2. Some properties of the Bergman spaces ,A?.

In this section we give some properties of the weighted Bergman spaces S.AZ an we
prove that the integral operator defined by the formula of the Bergman projection
is a bounded operator in the growth spaces A~%.

We will use the following results.

Theorem 2.1 ([4]). Lett > —1, c€ R. Define I . : D — R by

(1= Jw[?*)*
I .(2) = _
te(2) b |1 — Zw|2Hi+e

27
df
JC(Z) _/0 |1 _ Ze—i@‘l—&-c )

dA(w)

and J.: D — R by

Then
1 ifc<O0
Ii o(2) = Je(2) = he(z) = nm ifc=
1 .
(D ife>0.
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as |z| = 17.
Let 0 < R < 1. The pseudohyperbolic disk is defined by

D(z,R) == ¢.Dg)={weD : |p.(w)]<R}.
In fact D(z, R) is an Euclidean disk with center and radius given by

1—R? 1— |z
= 2 r=----——-—
1— R?z|27 1 — R?|z|?

and we denote by |D(z, R)| its area.

c (2.5)

Proposition 2.1. Let 0 <r <1 and 0 < R < 1. Then there exist p > 0 such that
if p<lz| <1, we get

D(z,R) C A, :==D\D, .

The following results were proved in Lemma 2.2, Corollary 2.5 and Theorems 2.4
and 3.4 of [3]. In particular Theorem 2.3 improves (1.4).

Lemma 2.1. Let -2 < ¢ < o0 and 0 < s < co. Then
lim [ (1= [ (w)2)* dAy(w) =0 .
|z|=1~ Jp

a+2

Corollary 2.1. Let 0 <p < oo, =2 < g <oco. Then Ay C A” ">

Theorem 2.2. Let 0 <p < oo, —2<q<o00 and 1 <s <oo. Then sA} = A5

Theorem 2.3. Let 0 < p < oo, —1 < g < o0. Then
Arc () oAb C () AT
0<s<00 0<s<o0

Proof. 'We prove the first inclusion. Let f € A}, 1 <s < oo and € > 0. By Corollary
2.1, there exists 0 < R < 1 such that

(1= |w)T2|f(w)P <e  forall weAg (2.6)
and
/ )l ddg() <. (2.7)
by absolute continuity of the integral. We split the integral
Bpas (£)(2)
-/ )P~ s () dAy ) + / P o)) dAy )

By Lemma 2.1 the first integral goes to 0 when |z| — 17. We split again the second
integral: By Proposition 2.1 we can choose R’ fix, such that V1 —e % < R< R <
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|z| < 1 with D(z, R') C Ag, and
/ @)L~ [ () ) dAy(w)
—/ F@)P(1 = [2(w) W+ [P~ le()P) dAyfw)

Ar\D(z,R") D(z,R")
Now by (2.7) we have
[f(w)[P(1 = [ (w)[*)* dAg(w) < / [f(w)[? dAg(w) <e.
Ar\D(z,R) Ar\D(z,R’)

Otherwise, we have by Theorem 2.1

[l =) / oL P dAy )
D(z,R") z,R)
_ w2 s—2
<= Py [ (1|1_|w)| dA(w)
<é€

since 1 < s < 0.

For s = 1, by (2.6) and the change of variable w = ¢,({) we have

J U@l o) dtw) < [ G (1= e (w)l?) dAGw)

D(z,R’) D(z,R)

- (1=¢P) (1 —[z»?
B S/DR/ (1 - |<Pz(€)|2)2 |1 _ ZE|4 dA(C)

1
- - dA
E/D r—pep 4

< —emln(1 — R?)
<e€.

Thus
[f(w)[P(1 = [z (w)[*)* dAg(w) < &
D(z,R’)

for all 1 < s < oo.
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On the other hand, let 0 < 5,8’ < 1 with s + s’ = 1. By Holder’s inequality,
[l (= le. )Py day(w
= [P 0o )l diy(w)
1—s
< [ | (P @ fe.wPy)* qu<w>] [ [ (e qu<w>}

= [[ s 0=t aa)] [ [ 1w aay )} o

and the fact that A} C1 A} we get

lim /|f JP (1~ s (w)2)* dAg(w) = 0.

|z|]—1—

S

Thus f €,0.A" for all s > 0, and the proof is complete. O

The following lemma is used to give another proof (see Theorem 4.2 in [3]) of
a different characterization of the ¢, s-weighted p-Bergman spaces. This character-
ization is related with classic theory of Q, spaces started by R. Aulaskari and P.
Lappan [1] and developed by many others [2], [8], [7] etc.

We need the following notation. Let p, g, ... € R fixed. We say that two quantities
A(p,q,...) and B(p,q,...) are comparable if there exists a constant C' > 0 possibly
depending on p, gq,... such that

A

Vol <B<AC
and write A &~ B. In analogous form we define B < A if B < AC.
Lemma 2.2 ([7]). Let q(r) and p(r) be two integrable and nonnegative functions on
[0,1), p(r) > 0. If there exists 7" with 0 < 7" < 1 fized and C a positive constant
such that q(r) < Cp(r) for all v € [1',1), then for all T with 7" < 7 < 1 and
all h(r) a nondecreasing and nonnegative function on [0,1), there exists a constant
K = K(7) > C, independent of 7' and h, such that

/OTh(r)q(r)dr< K/OTh r)p(r)dr
[ wnatmyar = [“nwear

Theorem 2.4 ([3]). Let 0 <p < oo, =1 <g<ooand0<s <oo. Then f €AY if
and only if

that is

sup/lf JPg* (w, 2) dAy(w) < 00
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where g(w, z) is the Green’s function of D, given by

|1 — Zw] 1
=In .
|z — wl |0 (w)]

g(w,z) =1n
Proof. We need to prove that

/|f )P In’ W /\f JP(L— oa(w)2)° dAg(w)  (2.8)

and the constant of comparablhty does not depend on z. In order to do this, we use
the change of variable w = ¢.(A) and so, we have to prove that

p(1 _ 2\q (1 — |Z|2)2 i
J O R e e R

< [1steamra ey SZEDE 0 -y aaey

By (1.1), we rewrite the previous expression as

[1steonpa - G e aawy
D [1—ZA[++2 |>\|
(2.9)
~ [1ste.onpa - ey GBI
=Y 1 -zt '
Since g(A) = % is holomorphic in D, then the function H : D — R given
(L—=2zX)"7
by

(1 —[[1)**2

H(A) = [f(p=(N)IP 11— zZA[42a

is subharmonic. Using this notation and polar coordinates in (2.9) we have to prove
that

1 1 2m . 1 2 .
/ (1—r*)%7rn® - H(re') df dr ~ / (1—r2)rter H(re") df dr.
0 T Jo 0 0

Since H(re') is a nonnegative subharmonic function, we have that

2
h(r) = H(re) do
0
is a nondecreasing and nonnegative function. Moreover ¢(r) = (1 — r?)? rIn®2
and p(r) = (1 — r?)? r are continuous functions on [0,1) (we define ¢q(0) =
lim, 0+ ¢(r) = 0). Let 7/ = 0.450754... be a root of the equation 1 — 22 = —Inx.

Thus ¢(r) < p(r) if r € [7/,1), and since 1 — 22 < —2Inz for all z € [0,1) then
p(r) < 2q(r)if r € [7/,1). So the conditions of Lemma 2.2 are satisfied, and we verify
(2.8). O
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We recall that each A% is a complete space by itself and ;A C o AY if 0 < s <
s" < co. However, we will prove that ; A} is not a closed subspace of o .A".

For n € N, define
L,={keN:2"<k<2"t}.

The following lemma was proved by Mateljevic and Pavlovic.

Lemma 2.3. Let 0 < a < o0 and 0 < p < oo. Let f(z) = >.°°

e Gnx™, with
0<zx<1,0< a, <oo for eachn € N. Then

- th ! a—1
Z Sua ~ / (1—2)* " f(x)? du,
n=0 0

where ty, =), o; ay.
n

Lemma 2.4. Let 0 < p < 00, =1 < ¢ < o0, 0 < s < 00 and f(w) =3 oy arw”.
Then there exists a constant C = C(p, q,s) such that

= P s = 1w
/ (R loullat)" (1= o-)P)" o) < Clpans) 3 iy

where tn, =3y cr |akl.

Proof. By using polar coordinates, we have

I(z) = /D (kzzolaklwlk)p(l — = (w)[*)* (1 = [w]*)? dA(w)
|ak|rk)p(l — 3y

[

k=0

(St e [ (2.10)
§28/ ag|r 1—7r qu/ —————— df dr 2.10
0o VT o 1= (zr)e s

<o [ f]akw "1 )t g
e

where we get the last inequality by Theorem 2.1. By Lemma 2.3 there is a constant
Cs(p, q, s) such that

1—122)%(1 = r2)s
(1 -7
|1 — zre—i|2s

do dr

oo
p
tn

I(z) < Ci(s) - Calp, g 8) Y Jna+erD)

n=0

The previous lemma is used to prove the following result.

Theorem 2.5. Let 0 <p < oo, -1 <g<ooand0<t<s<1. Then the subspace
+AY is not a closed subspace of s Ab.
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Proof. 1t is known that ;A C AP, see [3]. Consider the Lacunary series and its

partial sums

o0 n
f6) = L2 and fu() = Y2

n=0 k=0
then {f,} C +AP N, AP and converges to the function f in the norm | - ||,. Indeed,
by Lemma 2.4, for 0 < s < 1 there is a constant C(p, g, s) such that

1) = [ 11(@) = P (1~ ) dAg(w)
S/D( Z QWmly)P(l_|¢Z(w)|2)squ(w)

k=n-+1
o 2k(4+t+1)

<C(p,q,s) Sh(atst1)
1

k=n+
— 1
=C(p,qs) Z ok(s—t)
k=n-+1

Since t < s, then Z;ozn 41 ﬁ is a convergent series and thus f, converges to f
in the mentioned norm. In particular {f,} is a Cauchy sequence with respect to the
norm || - [|,. By Theorem 5.5 in [3], f ¢ A} since

> on(g+t+1)
ong+irn)  °

O

We present now two immediate results about the integral operator defined by the
formula of the Bergman projection.

Theorem 2.6. Let1l < p < oo, =1 <gq, < oo and 0 < s < oo. Then Pg :
LP(D,dA,) — <A} is a bounded operator if ¢ +1 < (8 + 1)p.

Proof. By (2.8) there exists C' > 0 such that

» ovs 1/p » 1/p
sup { [ 111~ lou@)P)* dagfw)} " < { [ 1Pas)r dayw))
zeD \ Jp D
= ||P5f||p,q
2l -
We get the last inequality by Theorem 1.10 in [4]. O

The formula of the Bergman projection gives a bounded operator into the growth
spaces.
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Lemma 2.5. Let —1<gq, f<ocoandl <p<oo. Ifa> %, then
Py : LP(D,dA,) — A=*°

is a bounded operator.

If a = q#, then
q+2

Pg: LP(D,dA;) - A™ 7
is a bounded operator. (Recall that if 1 < s < oo then A5 =.AY).

Proof. By the Hélder inequality we get the estimation
(=) 1ot = = ) | [ L8 asu)
(1 = w]?)?
/D (1 — zw)2t8 (w) dA, (w)‘
— |lw!?)B—q
<Py [ S )] ayw)

11— cw[2+P

< ([ UM aa)
' (/D |f(w)l? qu(w))l/p

—q)p* 1/p*
N (1— |w|2)q+(6 a)p
= (1= 211 fllp.q (/D Ty AW

As p* = p%? by Theorem 2.1 there is a constant K > 0 such that

= (1 [zP)"

X et
mfw%ﬂ&ﬂm<Kmemem(qﬁ>
(1—|2[2)5
<K (1= 2P || £llpa

q+2

Thus Psf € A% if a > 92 and if @ = 22 then Pyf € A 7 .

3. An integral estimation

In order to study the integral operator defined by the formula of the Bergman pro-
jection into the spaces ;.AY, we need to estimate an integral that is cited without
proof in [5]. We need several preliminaries to give a proof following the ideas in [6].
As we will see the proof is far to be straightforward.
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Definition 3.1. For z, ( € C let d((, 2) = |2(z — Q)| + |C(¢ — 2)| be a non isotropic
pseudo-distance.
Proposition 3.1. There ezists a constant C > 0 such that
d(¢,z) < C(d(¢,w) + d(w, 2)) (3.11)

for all ¢, z, w €D, that is d((,z) = d({,w) + d(w, 2).
Proof. Suppose that for each n € N there are z,,w,, (, € D such that

d(zn, Cn) > n(d(zn, wy) + d(wn, &) -
By Bolzano-Weierstrass, we can assume that z, — z, w, — w and (, — (. Since

d(2n, Cn) > nmax{d(zn, wy), d(wn, ()}

then z = ¢ = w. Now, without loss of generality, suppose that |z| = R. Then there
exists N > 3 such that for n > N

3R (G = 2a = d(zn,Ga) = (20l + [walzn = wal + (fwn] + [GaDlwn = al)
>n R(|zn — wy| + |w, — Cn|> .
Thus
3120 = wal + [wn = Gal) = 310 = 2l = 1|20 = wal + lwn = Gal)
and we get a contradiction. O

Given ¢, z € D and C > 0 as in Proposition 3.1 we define

In particular we obtain the partition QU (D \ ) of the unit disk D.
Lemma 3.1. With the above definition of ), it holds
1 —7mz| 21— Cz| 2|1 —=7¢|, for each n € Q.
Proof. First we observe that
1—Cel =1~ [¢?+d(¢,2) # 1|2 +d(C, 2) (3.12)
for every ¢,z € D. Indeed, we have

1=z =1 = CC+CC— 2 < 1= ¢l +[C(z = Q)
= L= [P+ NS — 2 < 1= 1¢PP + (I¢] + [2D1¢ — 2]
=1 ¢ +4d(¢,2) -
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Otherwise, 1 — |z|2 < 2(1 — |2]) < 2|1 — {z|. Moreover
= ¢l = |z — 27 + 27 — ¢| = |2(1 ~ 2) + ¢(|2P — )]
< [l = 2| + [ = ()
<301 -%(

and so we have proved (3.12).
Now, we will prove

1 —7z| 2|1 — (2| 2|1 —7¢|, foreachne.
Since n € Q, by (3.12) we have
1 =7zl = 1= [2]? +d(n,2) 21— [2]* +d(2,0) =~ |1 - (2] -
On the other hand, we observe that

d(2.6) < Clazan) + dln.6) < © (P2 4 dta.))

and from here
d(z,¢) <2C4d(n,Q) .
Thus
1=zl m 1= [¢[> +d(2,¢) 21— [¢[* +d(n, Q) ~ |1 =7
and we finished the proof. O

Lemma 3.2. Assume that —1 <ty <00, 0<t; <241ty <00 and —1 <ty <ty <
to +t1 < 0o. Then

1—[p2)t 1

/ (A —[nP)= Ay < —— L

o L= 72201 — 7] L= Caffornis
Proof. Let z, ( € D and n € . By the definition 3.1 and Lemma 3.1 we have

1=zl +1—nf* 2|1 —7¢],
since [1—(z| < [1=7¢| for all p € Q and 1 — |n|? < 2|1 —7¢|. Now |1 —(z| < |1 —7z]
foralln € D\ Q and 1 — |n|? < 2|1 —7¢| then
(L= Cel+ 11 =) ™™ (1= nf%)" = |1 = a0l =]

Thus we split the integral to obtain the estimation

I(2,¢) = / LSt T

p [1 = 7z[* |1 — 75|

_ 2\t
< [ ) 4A(n)
o U721~ C2| + 1~ )

1 — |pl2)t2—t1
).
n\e (|1 —Cz|+ |1 —7z])
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We change to polar coordinates, so
1 p2m 2\t
1 _ 2
I(z,C)j/ / _(A-r)Rr do dr
o Jo |1—rze 2tto(|]1 —(z|+1—1r2)h

1 2T 2\ta—t
17 2 1
+// B e =Ty
o Jo (|1 —=Cz|+]1—rze|)

By Theorem 2.1

/2” do ~ 1
0 ‘1 _ Tze—i0‘2+t0 ~ (1 _ r2‘2|2)1+t0

69

and since
(141 —Cz|) ‘1 - ﬁe‘w =141 —=Cz| —rze | < |1 = Cz| + |1 —r2e®
—(z
we have
/27r d9
0 (|1 —Cz|+ 11— Tze*i0|)2+t0
- 1 /2” do
T (141 —Czl)2H Jo ’ rz _|?Tto
_ 776_"9
1411 —-¢z|
- 1 1
- (1+|1_ZZD2+1£0 (1 T2|Z‘2 >1+t0
(141 -¢2)?
- 1
B (R ) e T
< 1
T (14 1=Cal = r2)z2)
Therefore
1 (1 _ ,’,2)1&2 r
1(z,Q) j/ — dr
o (1= P2+ (1ol + 1— 7o)t
/1 (1 —r2)tz—trp i
-
0 (|1 —Cz|+1— |z|2r2)1+t0
Moreover
=22 +1—r2<1— |22 +1—|2)%r% < 2(1 — |2*r?)
and

1—Cz|+1—r?<|l—C2|+1—|2%2.
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So

1 23t
(1—=r2)t2 p
I<ZaC) j/0 (17 |Z‘2+17T2)1+to(|1722| +177,2)t1

1 2\to—t
17 2 1
-I—/ (7 ) r1+t0 dr
o ([1—=Cz[+1—1r2)

Taking the change of variable u = 1 — 72 we have

( ) 1 utg 1 utg t1
1(z,¢ j/ — du+/ — du.
o (I=[z7 +u)ttto(]1 = (2] 4+ u)h o (1—Czl+u) ™™

We now estimate the integral
ta

1
}¥1::t/1 v _ du .
0o (I—[z]24u)ttto(|1 — Cz| +u)h

We note that

|1—Cz|

o ut2 du
' (1= |22 + w) 1+t (|1 — Cz| + u)™s
N /1 ut2 du
(1= |2[2 +u) o (|1 = Ca| + u)ta

[1—Cz|

Since u < u+ 1 — |2|? and |1 — (2| < |1 — (2| + u for the first integral and for the
second one u < |1 — (z| +w and |1 — (2| + u < 2(u+ 1 — |2]?) we have

[1—Cz| 1
1 _
Hy = — / w271t gy - / (u+|1—Cz)2 ot gy
o /
0 1-Cz|

T |1 = Czftotti—ta
We now estimate the integral

[1-Cz| 1

utg t1 t2 tl
H2: / — 1+t / 15t du .
g (1=Cal4u) (11— Cel+u) "

As |1 —(z| < |1 — (2| + u for the first integral and u < |1 — (z| + u for the second
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integral we obtain

[1-Cz2| 1
1 _
= |1 — Cz|t+to / urdu / (u[1—z)2 o du
—(z
0 11-Cz|
1

- |]__Zz‘t0+t1*t2 )

Thus

C
< < — .
Iz <+ Hy < 11— Coforti—ta

4. The Bergman Projection in ,A?

We recall the well known result, see [4].

Theorem 4.1. Suppose —1 < q, B < oo and 1 < p < co. Then Pg is a bounded
projection from LP(D,dA,) onto A} if and only if g+ 1 < (8 + 1)p.

In this section we study the integral operator defined by the formula of the
Bergman projection into the spaces s A} when ¢ +1 > (8 + 1)p for certain values of
the parameters p, ¢, s and 3.

The case p = 1 is treated separately.

Theorem 4.2. Suppose —1 < ¢<00,0<s<1,p=1and (+1)p=p+1=q+1.
Then Pg = Py is a bounded operator from L'(D,dA,) in SA;(ID))

Proof. As p =1 we have 8 = ¢, thus

Paf(e) = Puf () = [ e ddy(w).

By Fubini’s theorem we have:

hae(Pa) 0
= [P0~ eu) P dAy()

~ [ [ % ) - P daye)

— |w _ 22 s _ a2 s
< [ [ AR ) gy SRR g

B 1—|Z‘ s+q
_/D(1_\w|) (1—lal?)® |/ i dA(z) dA(w)

zw|?ta|1 — za|?s
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Writing t9 = ¢q, t1 = 2s and 5 = s+ q we get —1 < t3, 0 < t; < 24 t3 and
—1 <ty <ts <tg+ti. Then by Lemma 3.2 we have

1
gs(Pof)(a) = / (1= )" (1= Jaf)* | )] = e dAw)
e (L= (L Ja])?
< [ =y ) = daw)
< / [Fw)] dAy(w)
= 1
and the proof follows from this estimation. O

Following the same idea of the previous proof we obtain

Theorem 4.3. Suppose —1 < g<oo,0<s<1l,p=1and (f+1)p=F+1<qg+1.
Then Pz is a bounded operator from L'(D,dA,) in SA}] ifg< pB+s.

We analyze the case 1 <p < oo and (8+ 1)p < g+ 1.

From Lemma 2.1 is immediate the following result.

Lemma 4.1. Let 1 <p< oo, =1 < g < oo and f € R. Then

1 ifv <0
(1 — |wl?) ln# ifv=20
D[1— |(2+B - dA(w) & ho(2) = 1—[2f?
1 ,
a—gpr T

where

2+B)p—(2+qg(p-1)
p—1 '

Let -1 <8< 00,1 <p<ooand0<s<1. Then

1@) = [ [Pos)] (0= leue) P day(2)

=/D\/D<1§Zi§zwd/*q<w>

We estimate the Bergman projection using the Holder inequality. Thus

/o dA,(w) 1/p*
p q
< ([ aaw) " ( [ =)

_ (1~ wf?)dAw) \1»°
=14 1o (| Tt )

v=uv(p,q,B) = (4.13)

PO o)

[1— az|?s

1 — 270) 2+ﬁ
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1 1
where — + — = 1. By Lemma 4.1 we have
p D

<Hfha/h”P _VH%I_W|VdAA@. (4.14)

[1—@z|?s
We will estimate the last integral applying again Lemma 2.1 and Lemma 4.1, in
particular each case originated by the sign of (4.13).

2
Theorem 4.4. Let —1 < ¢ < o0, %<p<oo 0<s<land -1 < pB<
—1)—-2
ap-1)=-2 p
p

P : LP(D,dA) — A
2+B8)p—2+q)(p—1)

is a bounded operator if v = 7 <0.
p—
Proof. If v <0, by Lemmas 4.1 and 2.1 we get immediately
I(a) 2 f 1154
and the proof follows from this claim. O

We study now the integral (4.14) when v > 0, that is

1 (1= [Py
/D (1 — |z|2)@HHA)p=(2+a)(p-1) ' |1 — za|?s dA(2)

:/%1|)Q5*52dA@%
D

[1— za|?s

(4.15)

We estimate this integral applying Lemma 2.1. Then it is necessary to have p(q —
B) +s—2> —1, and this is equivalent to
+s5—-1
8 < pq

and so we obtain the following result.

(4.16)

Lemma 4.2. Letl<p<oo, —1<qg<oo, ER andp(q—B)+s—2> —1. Then

1 if L <0
. 1
(1 — [z[?)pla=frts—2 In———  ifL=0
I = dA(z) = h = — |22
o) = [ ()~ hu(z) =1 T
1 .
7(1—|z|2)L if L>0

where L = L(p,q,s) = p(8 — q) + s.

Thus we need to study the three cases associated to L. We consider first the case
L > 0. The result is formulated in the following theorem, but we need the following
straightforward result.
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1
Lemma 4.3. Let1<p<oo,—1<q<ooand§<s<1.Let

B qlp—1) -2 pg—s . Jg+1l-p pg+s—1
a=max{ —1, , and b= min , .
p p p p

Then the interval (a,b) is notempty if and only if

1—p— 1-—
P S<q< pts.
p p—1
Moreover
-1 if ¢g< ——
a =
M—s if q>2-L
p p
and +1 5
q p if ¢> p—S
D p—1
b:
1 92—
MLy gt
P p—1
1 1—p— 1-—
Theorem 4.5. Letl<p<oo,§<s<1,#<Q<L—Is,a<ﬁ<b,
p b=

with a and b as in the previous lemma and v > 0 (see Lemma 4.1). Then
Pg : LP(D,dAy) — s A}
is a bounded operator. Moreover
I(a) 2 (L—|al*)P7=2 | f 5

p,q -
q+1- (p—1)—2

Proof. By hypothesis —1 < 8 < P Since v > 0, then g > a and

we recall (4.15), then

I(a) 2 CQA—al) | f

1 — |z|2)P(g—B)+s—2
p, [0k .

|1 —az|?s

Pq+ s —

1
By hypothesis 8 < and L = p(8 — ¢) + s > 0, and this is equivalent to

pg—s

< B. Then by Lemma 4.2 we have

s 1
I(a) = (1 - ‘a|2) ” f ||§;,q (1 — |a|2)p(ﬁ_q)+s

< (L= | £ [,

and by hypothesis f < g and we conclude the proof. O

We describe explicitly the interval (a,b) of the previous theorem.
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Proposition 4.1. With the hypothesis of the Lemma 4.3 we have

i.(mb)(l,Q+1__p> if and only if
p

s 2—p—s
<p< d—— < qg<
9s 1 P ecand T T s

p
-1
it. (a,b) = <1, pq—i—s) if and only if
p

1—-p—s s —
cmd#<q<7p or
p p

s

5.1 1 <p<

" P=9s1

s 1—p—s 2—p—s
< d—<qg< ——

28_1_pcm p ¢ p—1

— 1—
m.mw):<pq S 4t p),mm
p p

2—p-— 1-—
i and =— 23 S<q<7pJrs or
s—1 p—1 p—1

_ 1—
5 Spmmi—£<q<4—£ij
s—1 p p—1

9.1 1 <p<
X P 3

144 5

_ 1 _
iv. (a,b) = L s7pq—|—s if and only if 1 < p < ®  and 2 p<q<
P D 25 —1 P
2—p—s
p—1
Proof. To prove case i note that
1 —
_1<ﬁ<u
if only if
s — 2—p—s 1-p—s 1-p+s
p p—1 p p—1
that is, ¢ must satisfy

2—-p—s 1l—p-—s . Js—=p 1-p+s
max , < q < min R s
p—1 p p p—1

or equivalently

2—p-— — 2
p—3s < §—Dp & p > S
p—1 P 25 —1
2—p—s 1—-p+s 1
< < - < s
p—1 p—1 2
1—p—s s—0p 1
< = - < s
1—p—s 1g + s 2 s—1
p p s p o>

p < p—1 25 —1°
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1
Since 3 < s < 1 then

p—1 P p—1
and
. 1l—-p+s s—p sS—p
min , = .
p—1 P P
This proves the claim. The other cases are analogous. O

We now consider the case L < 0, which is divided into two cases: 1 < p < 2 and
2 < p < 0. In the following theorem, the result is formulated for 1 < p < 2 and we
need the next straightforward result.

Lemma 4.4. Let 1 <p <2, —-1<g<ooand0<s<1. Let

a:max{—l, W} and b:min{q+1_p, pgts—1 , pq—s}.

p b p p

Then the interval (a,b) is notempty if and only if

1 S
1. For0<s < 3 we have ~op7s < q < 00. Moreover
p

9 _
-1 if q<—p
p—1
a =
—-1)—-2 2—
alp—1) T
p p—1
and
1 — oy
q+ p if ¢> p—s
P p—1
b:
pg+s—1 . 2—p—s
if q<
p p—1
or
1 s—p
2. FOT§<S<1U}8 have < q < 00. Moreover
9
~1 if ¢g< =P
p—1
a =
alp—1)—-2 2-p
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and ) )
g+1-p if ¢> —p+s
P p—1
b:
_ 1—
Mo if g<—P*8
p p—1
1—p— _
Theorem 4.6. Let 1 < p <2, 0< s <1, max P S,S p}<q<ooand
p p

a< B <b, with a and b as in the previous lemma. Then
Pg : LP(D, dAy) — A}

s a bounded operator. Moreover

I(a) = (1= 1al)* || f 117,
Proof. Observe that
1—p— 1
STPTE i g<s<
{ l-p—s s— p} p 2
max , =
p p — 1
i if -~ <s<l1
p 2
and imitate the proof of Theorem 4.5. (]

We describe explicitly the intervals (a, b) of the previous theorem.
Proposition 4.2.
1-p—s
I Forl<p<2 0<s< _
4.4, we have that

1- 2-p— 2
(a,b) = fl,u if and only if#<q< P
p p—1 p—1

< qg< oo anda, basin 1 from Lemma

| —

.

1 1—p— 2 p—
ii. (a,b) = (—1, pq—l—;) if and only zf# <qg< %

—-1)—2 1-— 2—
iii. (a,b) = (q(p ) ,Q+ p) if and only if P q < o0.
P P p—1
w'm&%:(ﬂp—n—2}m+s—1>:®'
p p

1 _
1L F0r1<p§2,§<5<1,u<q<ooanda, b as in 2 from Lemma 4.4,
p

we have that

1— 1— 2—
z(mm:(_Lq+pp)gmmOMyﬁprS<q<p_?
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s — 1—p+s
Pege =277

D p—1

ii. (a,b) = <_1, pq; 5) if and only if

1) -2 g+1— 2
iii. (a,b) = (q(p ) ,q—|— p) if and only if p<q<oo.
P p p—1

0. (a,b) = <q(p—1)—27pq—8> _ 0.

p p
Now the result is formulated for L < 0 and 2 < p < oo and we will need the following
straightforward result.

Lemma 4.5. Let2 <p<oo, —1<qg< oo and0<s<1. Let

_ qglp—1) -2 _ . Jag+tl-p pg+s—1 pg—s
a=max{q —1, ——— and b= min , , .
p p p p

Then the interval (a,b) is notempty if and only if

1 1—p— 3—
1. For0 < s < — we have# <q<J. Moreover
2 p p—2

9 _
1 if ¢g< P
p—1
a =
—-1)—-2 2 —
q(p—1) it q> 2P
P p—1
and .
+1- —p—3s
q p if ¢> p
P p—1
b:
pqg+s—1 ) 2—p—s
if ¢<
p p—1
or 1 3
2. F07“7<s<1wehcwes p<q<J.Moreover
2 p—2
9 _
-1 if q<J
p—1
a =
—-1)-2 2 —
qglp—1) i q> 222
P p—1
and . .
atl=p e 1Pt
P p—1
b:
pg—s . I1-p+s

if ¢<
P p—1
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Theorem 4.7. Let 2 < p < o0, 0 < s <1, max 1-p=s , sp} <g< 3%12)
and a < f < b, with a and b as in the Lemma 4.5. Theﬁ P i
Pg : LP(D, dAy) — A}

s a bounded operator. Moreover

I(a) < (1= al2)* £, -
Proof. The proof is similar to the made in the Theorem 4.5. (]
We describe explicitly the intervals (a, b) of the previous theorem.
Proposition 4.3. I For2 <p<oo,0<s< %, % <q < 3:12) and

a, b asin 1 from Lemma 4.5 we have that

1- 2—p— 2
i. (a,b) = (—1, q—&-p) if and only ifﬁ <qg< Tp
p

p—1 p—1
1 1-p— 2-p—
ii. (a,b) = (—1,Z)Q+S) if and only if# <qg< i
p p p—1
—-1)—-2 1-— 2 — 3—
i1, (a,b):(q(p ) ,Q+ p) if and only if p<q<7p.
p P p—1 p—2
—-1)—-2 -1
iv. (a,b)(q(p ) =2 pits >@.
p p

1 — 3 —
II.F0r2<p<oo,7<s<1,u<q< P
2 P p—

4.5 we have that

and a, b as in 2 from Lemma

1-— 1-— 2—
i. (a,b) = (_Lq—&—p> if and only zfﬁ <q< i
p—1 p—1
_ _ 1_
it. (a,b) = (qu s> if and only ifs P <g< Lﬂ
p P p—1

—1)—2 1-— 2 —
iii. (a,b) = (q(p ) ,Q+ p) if only if P <qg<
P P p—1

1) =2 _
iv. (a,b) = (q(p ) ’pq S) = 0.
p p
We now consider the case L = 0. The result is formulated in the following theorem,

but we need the following straightforward result.

3—p
p—2

1
Lemma 4.6. Let 1 <p < oo, —1<q<ooand§<5<1. Letﬁzpqpﬂ

-1)-2 1- -1
a:max{—l, ap-1)-2 }, and b:min{q+ p’ Pats }

p p p
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Then a < B < b if and only if

_ 1—
TP 4« l=pts
p—1
Moreover
—1 ) < ;
if q o1
a =
—1) -9 _
alp—1) ;g 2P
p 1
and ) )
g+1-p if q< —p—5S
P p—1
b =
1 9 _p—
pqg+s if ¢> p—3S .
p p—1
1 — 1-—
Theorem 4.8. Let 1 < p < oo, §<s<1, u<q<# and a < B < b,
p p—=
with a, b and B = pg—s as in the Lemma 4.6. Then
p
Pg : LP(D,dAg) = s AY
is a bounded operator. Moreover
I(a) 2 C(1—a*)*|I f]15 -
Proof. The proof is similar to the made in the Theorem 4.6. O

Again, we can describe explicitly the intervals (a,b) of the previous theorem.

Proposition 4.4. Let 1 < p < oo, % <s <1, s;p <qg< 1;3—;8 and a, b, B
as in Lemma 4.6. Then
i. (a,b) = (_17q+219—p> if and only ifs_ <qg< Q_f%
i. (a,b) = (—1, pq+psl> if and only if
14. 1 1<p<288_1 and2;fzs<q<% or
222 <p<ooandS;p<q<1_fTS

( p—1)—2 atl-p )_@
. -

( —1—2 pq+s—1> 0.
p
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WAZONE PRZESTRZENIE BERGMANA
I PROJEKCJE BERGMANA

Streszczenie

Wiadomo, ze gdy —1 < ¢, 8 < o0, projekcja Bergmana Pg jest ograniczonym operatorem
dzialajacym z przestrzeni L? (DD, dA,) na przestrzen Bergmana A% wtedy i tylko wtedy, gdy
g+ 1< (B84 1)p. W pracy badany jest operator Bergmana Pg z przestrzeni LP(D,dAq) w
przestrzen Bergmana z waga s A} i jest udowodnione, ze Ps jest ograniczonym operatorem
dla pewnych wartosci 8, p, q oraz s, a w szczegdlnosci spetlnia warunek g+1 > (8+1)p. Tak
wigc praca dotyczy klas funkcji na kole jednostkowym, stanowiacych przestrzenie Banacha
przy odpowiednich normach zadanych catkami, z pewnych poteg modutu z odpowiednimi
gestosciami. Projekcje Bergmana to pewne uogdlnienia transformaty Mobiusa na takich
przestrzeniach.

Stowa kluczowe: przetrzen Banacha, przestrzen Bergmana Af, przestrzeni wazona



