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Summary

In this paper we present some generalization of the Cox-Ross-Rubinstein (CRR) option
pricing model. We assume that two parameters of the model (an interest rate of a bank
account and a volatility of the logarithm of the stock price’s changes) are different in each
of two analyzed periods of time.
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1. Introduction

A European call option is a security that gives the holder the right to buy a stock on
a particular date T (expiry date) for a predetermined price K (the strike price). The
holder has to pay a premium for getting this right (the option price). The difference
between the market price of a stock and the exercise price comprises the profit on
this option investment. That is why the holder will exercise the option if the market
price of a stock is greater than the strike price K fixed at the moment 0. In another
case he will not do it because an exercising option will not give him the profit.
Formally, a European call option is defined as follows.

Definition 1.1. A European call option is a pair (T,Cr) where T > 0 and Cr(-) :

(83]
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R — MR is the function

s—K, if s>K

0 if s <K, for some K € R,.

Cr(s) = (s~ 17 = {
We recall the Black-Scholes formula and the CRR model.
In 1973 Fischer Black and Myron Scholes presented the following formula for the
option pricing for continuous-time market.
In the Black-Scholes model a stock price S(t) at time ¢ is defined as

2
S(t)50~exp<(,ua2>t+awt>, t>0,

where W; is a Wiener process, so > 0, ¢ > 0, and p are constants, sg is the stock
price observed at time 0 and o is volatility. Moreover, the instantaneous interest rate
r > 0 of a bank account is also assumed to be constant, i.e. exp(rt) is the value of
the one unit of money in a bank account at time ¢ > 0 (see e.g. [7] for details).

Theorem 1.1. (Black-Scholes option pricing, 1973 [2]). The time 0 fair price
COBS(SO) of a Furopean call option with strike price K and expiry date T in the
Black-Scholes model is given by

1n%+7(r+%2> K ln%o—i—T(r—";)

C§(s0) = s0¢ Py —or? s ,

where ¢(-) is the cumulative normal distribution function, o is volatility of the loga-
rithm of the stock price’s changes (the volatility of the random variable In SS(:’) , where
S(n) is a stock price after n moments portfolio’s change).

Next, in 1979 Cox, Ross and Rubinstein presented a discrete-time option pricing
formula (CRR model). They assumed that in each step the upper and lower stock
prices’ changes are the same. So they got the following possible changes of the stock
price:

S():SO, St:U'St_l or St:d'St_l, 1§t§T, tGN,

where
T is a fixed natural number of short periods (the expiry date),
t is the number of the present step,
s is a positive constant (the stock price at moment 0),
u is the upper stock price’s change during one short period,
d is the lower stock price’s change during one short period
(u and d are the only possible changes of stock prices during one short period).

Cox, Ross and Rubinstein proved the following theorem describing option pricing:
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Theorem 1.2. (CRR option pricing, 1979 [4]). In the CRR model the fair price
Co(so) at moment 0 of a European call option with expiry date T and strike price
K = squFod” =% for a certain ko = 0,1,...,T, is given by:

_ K N
00(50) = SoD — ﬁD s

where . -
_ T B . T . T —k
D=y () orea o= 3 ()
k=ko k=ko
IHSEO—T'IHd . T—d . u—r _ L U L d
kozl—u7 p=—— 4q = y P=PpP %=, 4=4q - —,
n(g) u—d u—d 7 7

7 1s a bank account and 0 < d < 7 < u.

Cox, Ross and Rubinstein showed that their formula converges to the Black-
Scholes formula if we take into account the large number of moments of the portfolio’s
change.

In the both presented models all parameters such as an interest rate of a bank
account and a volatility of the logarithm of the stock price’s changes do not vary
from the moment 0 to the expiry date T. This assumption is not realistic, because
these parameters change. That is why in this paper we analyse some generalization
of CRR model in which these parameters are different in each of two period of time.
Next, we demonstrate the convergence of the option price in the presented model to
the formula corresponding to the Black-Scholes formula.

2. CRR model with time dependent parameters for two periods
of time, notation and formulation of main result

We now present some generalization of CRR model. We consider two periods of time
(for example two months) in which we have n moments of the portfolios change and
assume that in each period of time the parametres: an interest rate of a bank account
and the volatility o are constant. However these parameters depend on periods of
time (these parameters are different in the first and in the second period of time).
In the CRR model the authors considered only one period of time with constant
parameters.
We denote
K - the strike price,
s;—1 - the stock price at the begining i-th month, i = 1 or i« = 2 (s7 is the random

variable), sg is a positive constant (the stock price at moment 0),
r; - an interest rate of a bank account for i-th month,

o - the volatility of the logarithm of the stock price’s changes for i-th month,
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Pin = e - an interest rate in i-th month between the stock price’s changes (an

interest rate for one short period),

Uiy =€ i the upper possible price change in i-th month between the stock price’s

changes,
din = e~ V7 - the lower possible price change in ¢-th month between the stock price’s

changes,
—_ 'f‘i,n
Din = Ui,m— d; n

- the martingale probability of the stock price’s growth in i-th month

between the stock price’s changes, ¢;,, =1 —pj ,,
where s =1 or ¢ = 2.

Let us note that at the beginning of the second period of time the stock price
takes the value: sq - u} n o dy I where [ is a natural number. In the first period of
time the stock price increases [ times. When we price a European call option at the
beginning of the second period of time we take into account the beginning stock price
s1 for this period, where s; = sg ulln - d?’;l. So the option price at the beginning of
the second period of time is given by the formula:

1 « /n .
(2.1)  Cin(s1)= P Z (l) an Gom Po(sy - ub nodst = K)T, s € (0,00)
1=0
and the option price at the time 0 is given by the formula:
1 - n *N—
(22) CO,n(SO):eTlZ<l> pln'q : Cl n(SO U’ln dl n)'
1=0

Our result is the following:

Theorem 2.1. Under the previous assumptions and notation p;,, , G ,: Uin, din,
ri, 0, 0 = 1,2,..., for a fized K > 0 and C1,(s1) given by (2.1) the following
convergence holds: for any so > 0 the limit option price at the time 0 is given by the
formula:

n

Jim Co,n(s0) —nlgr;wm;(l) Piln @i ' Cinlso - ul, - di) =

:so.gb(A.lnsOqLB)ferKT .¢(A.lnso+é)

1°€2

where ¢(+) is the cumulative normal N(0,1) distribution function, A = pa
o1 To3
B=A-(—nK+r +r34+0,5-(02402),B=A-(—InK +7,+7,—0,5- (02 +02)).

Let us see that the right hand side of the above equality is an analogue of the
Black-Scholes formula. In particular, taking r = ry = r9 and 0 = 01 = 02 we get
Black-Scholes option pricing for 7 = 2 that is given in Theorem 1.1.
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3. Auxiliary facts

In the proof of Theorem 2.1 we use a few lemmas, theorems and remarks.

Lemma 3.1. Under the previous notation, let for any so > 0

1 . n *70 mn—
(3.1.1) Co,n(s0) ::wZ(l> pln Q1nl Cln(SO uln dy l)’

=0

where now (C’l,n())neN s a sequence of nonnegative functions él,n(sl) >0 for any
s1 > 0. If every term of sequence (C1,(-))nen is estimated from below by a step
function (independent of n) that takes a finite number of values:

(312) ka . H(91k791k](51) < C’l,n(sl) Vs > O7

where x, > 0,k = 0,1, ..., and intervals (Séuw slk] are mutually disjoint,
then for any sg > 0 we have:

. 1 7 IHS() 1 01 >
lim Con(s0) > —- / f<t ) ];xkﬂ(ﬁlnslyk,%Ins;k](t)dt

n—oo
— 00

where f(-) is the density of the standard normal distribution.

Lemma 3.2. Under the previous assumptions and notation let C1 ,(s1) > 0, s1 > 0,
be the functions given by the formula (2.1) and Con(so) sog > 0 be the functwns
defined by (2.2), n=1,2,. LetO—s10 <s10 —811 <s11 = hmkﬁooslk—oo,
Additionally, suppose that every function Ci, is estimated from above by a step
function independent of n:

(3.2.1) pETE Iy, s (51) = Cra(s1) Vs >0,

where x, > 0,k =0,1,....
Then for any so > 0 we have:

1 T In s 1 o1 = -
lim Con(so) < - / f (t— —_— - =+ ) Z kﬂ(ilns’m,ilns’l’,k](t)dt’

n—00 er g1 g1 2
—oo

where f(-) is the density of the standard normal distribution.

Corollary 3.1. If we take for fired K > 0

1 < /n « _
(31 Cials) =) <z> Pt g (1 by 3~ K)FL s > 0
=0
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for C1.n(+) in Lemma 3.1,
then we have the following lower bound:
In So 1 2

- t3 ) p(t)dt

01 01

o0
1
lim Cyn(so) > sup — f(t—
n— 00 £>0,pcd, €

where, for fized e > 0, D.(-) is the set of step functions defined on R that take a finite
number of values and bound from below the function (¢1(-) — &)™, where

O'lt—h’lK—‘rT‘Q—f—U;) K (0’1t—1ﬂK+7’2—2§>

9 er2 09

(3.2) & (t) = e‘”%(
t € R, f() is the density of the standard normal distribution, ¢(-) is the cumulative
normal distribution function.
Corollary 3.2. The following upper bound is true

_ 17 1

lim Cppn(so) < inf — / f (t _ M Moy Ul) ¥ (t)dt,

n—s o0 e>0,e¥,. e o1 01 2

— 00

where, for fized e > 0,V_(-) is the set of step functions defined on disjoint intervals
in R, (t/l,k,t;k] which satisfy the assumptions of Lemma 3.2 with t/l,O = —oo and

bound from above the function ¢, (-) + &, where é() is given by (5.2).

Theorem 3.1. Under the previous notation and assumptions, for a fited K > 0 and
Cin(s1) given by (3.1), for any so > 0 we have the following equality:

17 1
lim Co.(s0) = — / f(t =% “+“l>.
n—oo ert o1 o1 2

— 00

0'2 0_2
. [601t¢<01t_1nK+r2+22> _K¢<O'1t—an+T2— 22>‘| dt.

o0} er2 09

where f(-) is the density of the standard normal distribution, ¢(-) is the cumulative
normal distribution function.

References

[1] P.Billingsley, Prawdopodobieristwo i miara, Paistwowe Wydawnictwo Naukowe,
Warszawa 1987.

[2] F.Black and M. Scholes, The pricing of options and corporate liabilities, Journal of
Political Economy 81, no.3 (1973), 637—-654.

[3] A.Chojnowska-Michalik and E.Fraszka-Sobczyk, On the uniform convergence of
Coz-Ross-Rubinstein formulas, Bull. Soc. Sci. Lettres E6dz 66, no.1 (2016), 29-38.



Option pricing in CRR model with time dependent parameters 89

[4] C.J.Cox, A.S.Ross and M. Rubinstein, Option pricing: a simplified approach, Jour-
nal of Financial Economics 7 (1979), 229-263.

[5] R.J.Elliot and P. E. Kopp, Mathematics of Financial Markets, Springer-Verlag, New
York 2005.

[6] E.Fraszka-Sobczyk, On some generalization of the Coz-Ross-Rubinstein model and
its asymptotics of Black-Scholes type, Bull. Soc. Sci. Lettres L6dZ 64, no.1 (2014),
25-34.

[7] J.Jakubowski, Modelowanie rynkdéw finansowych, SCRIPT, Warszawa 2006.

[8] J.Jakubowski, A.Palczewski, M. Rutkowski and L. Stettner, Matematyka finansowa.
Instrumenty pochodne, Wydawnictwo Naukowo-Techniczne, Warszawa 2006.

[9] J.Jakubowski and R.Sztencel, Wstep do teorii prawdopodobieristwa, SCRIPT,
Warszawa 2000.

[10] M.Musiela and M. Rutkowski, Martingale Methods in Financial Modelling, Springer-
Verlag, Berlin 2005.

Emilia Fraszka-Sobczyk Anna Chojnowska-Michalik

Faculty of Economics and Sociology Faculty of Mathematics and Informatics
University of Lédz University of Lédz

POW 3/5, PL-90-255 L6dz Banacha 22, P1-90-238 L4dz

Poland Poland

E-mail: emilia.fraszka@uni.lodz.pl E-mail: anmich@math.uni.lodz.pl

Presented by Adam Paszkiewicz at the Session of the Mathematical-Physical Com-
mission of the L6dZ Society of Sciences and Arts on December 4, 2018.

WYCENA OPCJI W MODELU CRR Z PARAMETRAMI ZALEZNYMI
OD CZASU DLA DWOCH JEDNOSTEK CZASU - CZESC I

Streszczenie

W pracy przedstawiono pewien uogdlniony model Coxa-Rossa-Rubinsteina na wycene
opcji. Zalozono, ze dwa parametry modelu (stopa procentowa oraz wspélczynnik zmiennosci
logartymu cen akcji-volatility) zmieniaja si¢ w kazdej z dwéch jednostek czasu.

Stowa kluczowe: model Coxa-Rossa-Rubinsteina, model CRR, wzér Blacka-Scholesa, wycena

opcji






