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4. Proofs

In the proof of Lemma 3.1 we use a certain version of Central Limit Theorem that
is an immediate consequence of the Lindeberg-Feller Theorem.

Theorem 4.1. For n = 1,2,3, fixr 0 < p, < 1,¢, = 1 — p,. Let for every
n € N A,1,A4An2,...., Ann be such independent events that P,(A,;) = pn and S,
be the random variable describing the number of events A, ; that occur, so

Sp = ;HAnmPn(Sn = k) = (Z) 'pfl ) quk»E[Sn] =n 'me2[Sn] =N Pn - qn-
Assume that lim p, =p € (0,1) and lim z, =z € R. Then
n—oo n—oo

e05 gy 1= o(x).

Sn — npp ) n—oqo / 1
Pl ——<=z,|] —
<\/n'pn'Qn V2T

[91]
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Proof of Lemma 8.1. Let us notice that taking in (3.1.1):
Cl n(SO Ul n dn l) = H( oo,s/lyk](so ul N dn l)

we get

1~ (n *n—l l 1
Co.n(s0) = o Z <l> D a4 (s0 - ul, - di) = TIP(Sn <lp),
1=0
where 5, is the random variable having Bernoulli distribution with the probability
pi, of the success in each sample that describes the number of the upper stock
price’s changes during the first period of time (from the moment 0 to the moment
1); lj is the solution of the equation sq - uf ,, - d?;ll = 8]}, SO

) , Insy— lnso+01f
b=

3\“

From Theorem 4.1 we have:

" — np*
(2)  0< lim Cpp(so) = lim iP(S <l = iq& ( lim Onpl’”) )

n—oo n—oo e’l e’ n—o00 /np’i< nqik n

By [6, lemmas 2. 21 and 2.2.3] we know that for n — oo: \/p7 a7, — 1 and

Vvn(l —2pj,,) — 301 — 2. Hence from (1) we obtain:
!
. I —np* . 1 ke n ) In 1"

lim ——Pln_ — iy —=0 —— "~ = —0 — L4 15y From (2) we get
n—00 \/"P1 nq1,n n— o0 201\/P1,nq1,n 91 91

S/

1,k

1 In — ri 1

3 lim Cy,(s0) = —¢ 0o _ 40y
( ) n— 0o n( ) er o1 o1 2

Estimate (3.1.2) gives us:
. 1 = n *n—1 n—I
tim 3 () ot oo 1) >

> hInZ(l> pln qlnlzxkﬂ(slksnlk](so uln d l)'
=0

k=1

Since all the terms are nonnegative, we can change the order of summation, so

. 1 - /n el -
hm;(;) pln d1,n Zxkﬂ(slks”1k](50 uln d )

k=1

= lim — Zxk Z < ) pl n qfr;z lH(S'l,k,S”Lk](SO 'U’ll,n ’ d?,:bl)
k=1 =

n—oo €’
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and for every M € N we get the following estimate:

hmzxk2< >'p>{f7b qln H(Slksulk](so uln d )2
M n
- _Enlzka( ) pln qr?z lH(élké”lk](sO uln dn l)
=0
M n
Z m Z( ) pln qiq:y, l]I(s/lwk,s”l,k](So ull’nd?;l)
k=

1 " /n
lim —— J)kZ() pln qln lH(Slks”lk](SO uln d )Z

) 1 o0 n n . .
hmzka(l)'plfn qlﬁl l]I(Slks”lk](So uln dn l)_

e
n—oo k=1 1—0
1" S/
oo 1,k 1,k
1 In s 11 o1 In s o1
> — E || ———+ 5| —o| —+—5 =
er — o1 2 o1 2
" o__ Ins?,
k - _
- ’ Ins] -
k= "o,
oo
1 y Insg r 1 , Insg rm 1
=2 Tk |0t — —— 4501 -t — -—+-0
er — o1 oy 2 o1 oy 2
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Finally, from the Lebesgue Monotone Convergence Theorem we have

1 < /n _
tim 3 () pit - ain ! Cunton- - i) >

ert -

1 7 In sq rl
Z e f <t — o1 - — 0'1) Zxk]l(t/k e d =

— 00

1 T IHSO T1 g1 >
= f (t — 70_1 — ;1 + 5 ’;mkﬂ(%lnsi,k’ﬁlnsz.k](t)dt'

— 00

d

Proof of Lemma 3.2. Observe that intervals (s} ,,s7 ],k = 0,1,..., are mutually
disjoint and for every v > 0, the interval (0, v] has common points with finite number

M,
M, of these intervals. Fix the number v > 0 and let (0,v] C J (s} 4,57 ;). Then

n

- n *n n— n * *n,
Z(l) pln qlnl Cln(so uln d l)z<l)p15n qlnl
=0 =0

l l l u n—1 (3:2.1)
- [Crn(soul ,dT 7, )]I(O o (souy ,di, ) + C1n(s0uy ,d7 5, )H(U o] (s0-1n-din)] <

1,n 1,n

M,
< Z (l>p1n qlz lzxkﬂ(% ko lk] (80 ul” dn l)

n

1=0 k=1
n
n *n—1 l —1 l
+ Z (l) p1 n ql?v CL”(SO TU g d?,n )]I(’UxOO] (SO ul n dn ) :
1=0

The proof is divided into two steps.
I. We will show that

" 1 = *n—1 l ~ l n—I
nh—{goeTl Z (l)pl nn Zka(SQ,kaI,k] <SO “Uin .dlvn ) <

k=1

(1) <

o0
1 Insg 7 o1 o= _
ert f <t - o1 - 0'71 + ? ;l'kﬂ(ﬁlnsiyk,g—ll lnsik](t)dt‘

— 00

Indeed. Since the sums have the finite number of summands, we can change the order
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of summation and moreover change the limit and the sum:

-7171 *l *n—1 m—I
TS ()t it S o) =

=0 k=1

M, n
Eren 1 = ~ *n—I n—l1
= lim 723716 <l>p1n R ]I(s"l,k,s;,k] (SO uln d )

A
Bl

]
5

=
LE]
M

1 M, n
~ T * ! l -1
(l)pl n qlr; ]I(sl k’sf &) (50 : ul,n : d?,n ) <
k=

A
Kl
[~]
=
=
15|
]

oo n
~ T n *[ *n—I l m—I
(l)pl,n “din H(s‘l‘k,s;k] (SO TUY g dl,n ) :

Taking into account the inequality above and the formula (3) in the proof of Lemma
3.1, we have

M. n
T ]- - ~ *1N— mn—
nh—)néoeTl Zxk Z <Z)pl ndin lH(Si,k’SI,k] (SO ul n d l)
=0

k=1
1 (oo} n
- T * 1 l
< o Y ()t a5 ) (o ) =
k=1 1=0
1 & e e
= - i |lo| ————+;o0| ¢ —>——+ ;01 =
er — o1 o1 2 o1 oy 2
1 > In So 1 1 In S0 T1 1
= — 1’: t// _ —0 / _ _ — + —0 =
er b <¢ ( k o1 o1 2 ! e o1 o1 2 !

In S0 T1 g1
= o Zl‘k/ (t - - 071 + 2) (t)dt.

As in the proof of Lemma 3.1 using The Lebesgue Theorem we get:

//

1 1
xk/ (t_nsﬁﬁ 01>dt:
e’“l o1 2
N 1 1H80+7’1 O’ > ~ Dt —
7671 'f ti ZI (t1k71k )

g1

1 Insg + 7 o1 = .
= = f (t -+ 5 Zxkﬂ(ﬁln%,kﬁIHSI,k](t)dt'
k=1

Thus, we have shown that for every v > 0, (1) holds.
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II. We will show that Ve > 0 Jv. > 0 Vv > v,

T 1 - n * n— n— n—
(2 Jm > ( l>pllnq1 'O (50t 5 ) w,00) (5005 7)) <€
=0

Indeed. With the notation

In 3t +ry+ 2 In3 +r _ %
Ci(s1) =519 <022> - 672¢ ((;)

and using the uniform convergence of C1 ,, to Cy ([3]) we have for every € > 0 for n
larger than some n. (where n is independent of v):

Z( ) i O (soub L, di D 000y (soud ,di ") <
=

Z < > p] an’; ! [Cl(sou1 ndin l) +0, 56] Tn,00) (soullmd?;ll) .
=0
Notice that C(

s1) < s1. Hence

n

n * mn— mn—
(l)p lnql n Cl’n(soull,ndl,nl)]l(vyoo) (Soull,ndl,nl) <
0

< <7>P*lan72 Hs0ud,ndt 5" + 0, 58] Ty o0) (S0t d15") =
=0

(3) =FE [(S(lvn) +0, 55)11(1;,00) (S(l,n))] <F [(S(la n))E(v,oo) (S(lvn))] +0, %e,

where S(1,n) signifies the stock price after one period of time (after n moments of

the portfolios change), S(1,0) = so.

We will show that lim E [(S(1,n))L(y,00) (S(1,1))] = E [(s(1))I(s,00) (s(1))], where
n—oo

(1) := spe™ ~0:591+91Z 7 i the random variable with normal distribution N (0, 1).
From Corollary 5.1 we have: S(1,n) =3 s(1) in distribution. By Skorochod’s

Theorem (Theorem 5.1), there is a probability space (Q, F, P), a sequence of ran-
dom variables (S(1,7))5%, and a random variable 3(1) such as Vn € N ,S(1,n) <
S(1,n),5(1) £ s(1) and S(1,n) %% 5(1). Notice that for every =, P(3(1) = ) = 0.
Then h(S(1,n)) <% h(5(1)), where h : [0,00) — [0,00), h(z) := 2| (). Since
0 < h(z) < w for each z € [0,00), from the Lebesgue Dominated Convergence Theo-

n—o0

rem we conclude that E[h(S(1,n))] "—5° E[h(3(1))], where E is the expected value
by P. Thus

(4) E[h(S(1,n))] = E[A(S(1,n))] "= E[h(3(1))] = E[h(s(1))]
Let us observe that

E[S(1,n)] = E [S(1,n)l. (S(1,n))] + E [S(1,n)I(y00) (S(1,n))],
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Bls(1)] = E [s()Ijo,y) (s(1))] + E [s(1)(0,00) (s(1))] -

From this, (4) and Collorary 5.1 we get
(5) lim E [S(1,1)(,00) (S(1,1))] = E [s(1)[(y,00) (s(1))] -

n—oo

Now we prove that
(6) Uli)H;OE [s(1)(y,00) (s(1))] = 0.

m—> 00

Indeed. Let v,,, "~ 00. Then the random variable ¢, == s(1)[(,,,. o0)(s(1)) "= 0
a.s. and Vw € Q 0 < (n(w) < s(1), where E[s(1)] < oo, so from the Lebesgue
Dominated Convergence Theorem we obtain (6).

From (3) and (5) it follows that for each ¢ > 0 and for all v > 0:

(7) lim — Z <7>p1lRQI lCl n (SO : ull,n : d ) ]I(U o) (30 U’l n d l)

n—oo el
=0

< 1 i (B [S(1,n)(y,00) (S(1,n))] +0,5¢) = ei (E [s(1)I(y,00) (s(1))] +0,5¢).

e’ n—oo

Then (2) follows from (6) and (7).
Finally, according to calculations in both parts od this proof we get for fixed € > 0
and large v > 0 (v > v > 0)

nh~>noloeTlZ (l>p1lnq1 lCl R (SO ul T d l)

— 1 .
T o> (3 it S (o i) ¢

k=1

n

+ lim — Z (l) p1 n Qi ~1CY (50 - ul Ay l)H(vm) (s0 - ul Ay l)
1=0

oo

1 1H80+’)"1 o1 > -

< | f (t ———t3 ;xkﬂ(ﬁlnsiyk,ﬁlnsi’k](t)dt +e.
e -

Since ¢ is arbitrary, we obtain the conclusion of Lemma 3.2. [

Proof of Corollary 3.1. Since the function (é¢1(-)—¢)* is continuous and non-negative,
the set ®.(+) is non-empty. Let ¢(-) : R — [0,00) be a step function taking a finite
number of values and bounding from below the function (¢;(-) — )™, (for all t € R
o(t) < (¢1(-)—¢e)* ). Denote t := 1’;% From the uniform convergence of CRR model
to Black-Scholes model ([3]) we have:

Ve>0 Jnge N Vn>nyg VteR [é1(t) —Crn(t) <e,
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where

A 1 < /n N _ —
Cl’"(t) = Z ( ) .prn : q;% L (etal : ul2,n ’ dg,nl - K)+ = Cl,n(sl)ﬂsl = €'

er2

=0 :

Fix € > 0. Hence for n > ng we have for every t € R:
(&1(t) —e)t < Crn(t) <& (t) +e.

Then
Voe®. VtER ,p(t) < Cra(t).

Let us note that we also have
Vo € &, Vsy =e7 >0, P(e”h) = @(s1) < Cin(s1),

where ¢(s1) = go(]r;%) = (t). From Lemma 3.1 we get

o0
1 1
Ve € @, mn%sz/fQ—“%—”+“>qu
n—00 e o1 o1 2

and finally

o0
. 1
lim Cyn(so)> sup — f (t -
n—o00 £>0,pcd, €

— 00

Proof of Corollary 3.2. This proof is analogous to the proof of Corollary 3.1.

Proof of Theorem 3.1. From Corollary 3.1 and Corollary 3.2 we have

o0
1 ]
(1) lim Cpn(so) > sup — fG—“%—” “)ﬂM@
n—00 e>0,0€P, e 01 g1 2
17 ]
— . 1 Sp T1 g1
2 im Co.,(s0) < [ p— =20 T P (t)dt.
(2) Aim Con(so) < _inf - f( i ) ¥(t)

We will prove the equalities (3), (4) below:

1
sup / f <t s + Ul) p(t)dt =
£>0,pCP, o1 o1 2
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oo

. Insg 7 o1
f t— — L+ y)dt =
e>012)e\115 / f( o1 o1 + 2 ) ¥(t)
7 1
(4) - /f(t— nso—“+01> & (t)dt,
g1 g1 2

where ¢; is the function given by the formula (3.2), ¥.(-) is a set of step functions
defined in Corollary 3.1, ®.(-) is a set of step functions defined in Corollary 3.2.

The proof is divided into two steps.

I. Proof of (3). Because each continuous function f : /8 — [0,00) can be point-
wisely approximated from below in non-decreasing way by step functions having
finite ranges, so for each fixed n € N there exists a non-decreasing sequence of
non-negative step functions (@ m)os_; such that G, 7 (61 — 2)T as m — oo.
Fix m € N and let (@n.m)>_, be the sequence having the following terms:

P1m = 351,ma
©2.m = MaxX(P1,m, P2,m) = Max(P1,m, P2,m),

Pn,m = max((pn—l,ma ¢7L,m) = maX(‘ﬁl,ma 952,m7 ceey an,m)v n € N.

Because for the fixed n € N, (@n.m )50, is non-decreasing sequence of step functions,
so for the fixed n € N (¢n,m)22, is also non-decreasing sequence of step functions
pointwisely approximating the function (¢, — %)4‘ Thus

011 < P19 < e S Prm <ot T (6 — %)Jr,
IN IN IA
(5)
IN IN IA
m—s00 1

On1 < Pn2 < e < Ppm <0 (61 — E)in € N.

Let p be the distribution with the density f , where

(6) F) = f(t—a)a=250 L 191 og

g1 g1 2

so t = N(a,1). We know that for each n € N, @pm —s (& — L)+ pointwisely in
R, so foreachn € N, ¢y, m £y (6 — %)“‘ as m — 0o. The convergence in probability
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is metrizable, for example with metric p (see [9], exercise 8, p.112). Hence for n-th
row in (5) we have

(7) Im(n) e N Vm >m(n) p ((él - Tll)*',cpn’m) < l

n
Choose a subsequence (¢nm, )22, that satisfies (7). We take in (n + 1)-th step
Mypt1 = max(m(n + 1), m, ), where m(n + 1) is a number definited in (7) for n 4 1.
Then Vni1muss = Prmnis = Prm, (because (0nm)ody,—1 is a non-decreasing se-
quence in a column and in a row in (5)). From (7), because my4+1 > m(n + 1), we
get

1 1
Ao +
(8) p ((Cl Tl+1) 7‘Pn+1,mn+1>> < n+1'

Let us observe that
(9) Ve>0 p((&1—e)t,é) <e.
From (8) and (9) we deduce

2
n+1
By the above, we have a non-decreasing sequence of non-negative step functions

(10) 14 (617 L)07L+1,7nn+1) <

(¢Pn.m, )22, convergent in the measure p to the function ¢é;. Let us choose a subse-
quence (@, m,, ) convergent p almost everywhere to ¢; (the Riesz Theorem). Note

that ©n, m,, € Pe, where e = rle Then
T 1
sup /f(t— nso—rl+gl)<p(t)dt2
£>0,0€P, o1 o1 2
T 1
1 So T1 g1
— 00
From the Lebesgue Monotone Convergence Theorem we get
(11) sup / wdp > lim Oy, At = / érdpu.
e>0,0€d. J; ni /oo Joy F "

Moreover, Ve >0 Vo€ ®., ¢<é  and [ @du < [ éidp o

(12) sup /godug/ é1dp.
e>0,p€®. JR R

Then we deduce (3) from (11) and (12).

II. Proof of (4). Because each continuous function g : [0,00) — [0, 00) can be point-
wisely approximated from above in non-increasing way by step functions having
countable ranges, so for each fixed n € N there exists a non-increasing sequence of
non-negative step functions (¢, m)5_; that are elements of the set ¥_(-) such that
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Vnom N (61 + L)t asm — oo.

Analogously as in the first step of the proof we get the non-increasing sequence of
non-negative step functions (¢, m, )5, convergent in the measure p to the function
¢1. Let us choose a subsequence convergent u almost everywhere to ¢;. Note that
Yny,m,, € Ve, where e = nik Then

>0,V

inf / f (t— so _r, C;) b(t)dt <

7 Insg r1 o1
(13) < / f (t - pn - ; + 2) ¢nk,mn,k (t)dt = /ER ¢nk,mnk dp.

1 1

We will prove that we can find a sequence (¢ m)n,—1 such that
(14) vn,m eN Q/Jn,m < m,

where [, ndu < oco.
Let us notice that 0 < Cy(s1) < s1 for s; > 0, then taking C1(0) = 0 we obtain the

continuous function on [0, c0). Hence for s € (5, ££1]

_ E+1 k

wl,m(s)ﬁ max Cy(s1)+1< max 31+1§Lm+1§—m+2§s+2.
s1€( ke, 5] = 2 2

Hence 11 m(s) < s+ 2 for each s > 0. What is more, the sequence (1 ,)_; is the
non-increasing sequence (we take max for smaller intervals), so

VEeR Prm(t) Ly (et < et 2L ).
Analogously we define for n € N, s € (0,00):
_ 1 _
l/}n,m(s) = n + (wl,m(s) —1).
Thus for fixed n € N, the sequence (¢,,.,,)3°_; is non-increasing and

- 1
lim ¢n7m(5) =] (S) + E’ s> 0.

m— o0

Moreover, for fixed m € N, the sequence (¢, )52 is also non-increasing.

n=1
Let
Vm,n € N ynm(t) = &n)m(e””),t € fA.

Then (¢n,m)52, is non-increasing, so for each t € R

VREN VmeEN Unm(t) <rm(t) <n(t).
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Moreover,

_ (t—a— o‘)
e

=2+ @01 +050% _ 9 4TINS — 9 4 g < 0.

The second to last equality follows from (6).
Thus we have proved (14).
From (13)-(14) and the Lebesguea Monotone Convergence Theorem we have

(15) inf /wdug lim / Wiy d,u:/ érdp.
7 ¥ %

>0,V R ngToo

We also have
Ve>0 VyeW, ¢>¢ and /wduz/éld,u.
R R
Thus

i > % .
(16) €>017%€5‘1’s/m¢du_/quu

From (15) and (16) we get (4).

In the proof of Theorem 2.1 we use the following lemma.

Lemma 4.1. Let X and Y be independent continuous random variables fx be the

probability density function of the random variable X, ¢y (a) := f fy (w)du be the

cumulative distribution function of the random variable Y. Then

PX+Y <a)= /fx(s)~¢>y(a—s)ds.
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Proof of Theorem 2.1. From Theorem 3.1 we have

n—00 n—oo €'l l

1 - n *N mn—
lim Cp,(so) = lim Z() pln qlnl Cin(s0- U1n dy l)

=0
o0
1 Ins r o
- L f(t_ 0_1+1>.
e o1 o1 2
— 00
0'2 0'2
.lem%(oltanJrTng;) _K¢<01tan+r2;>] e
g2 er2 g9
H( o))

1 _1
= — e
e/ 2w /
— 00

Ult¢ O’lt—an—f—T’Q—l-%g qu alt—an—&—rg—%g
€ 02 er2 02

((t_“;io_;ll_?)2>.¢<o—lt_ In K + 7y + UQ%)dt—

dt =

02

02

K 7 e’%<(tﬁ%*%+% ) .¢<o'1t ~InK +7ry— JE)dt.

Substituting w = ‘;—“ we obtain:
2

nILH;O Co,n(So) =

r * (0211) Insg 01)2 In K & 1o+ o2

Spo2€e"! **( 1 T Tor ol T2 ) —lIn T2+ &5

_ _V¥er e 2 1 1 1 2 ¢ w4 2 dw—
V2moent oo

— 00

(oo} 2
Koy /e—;((?;”-“;,;o_w) >.¢<w+ 1nK+r2>dw_

V2moperitra o9

— 0o

[’} w—(In 50+7'1+0,5a%)% 2 0_2
o1 InK —ry — 3
7 1-¢|-w+—2"2 || dw-
02

— 00

w (In So+7‘170,50‘%)% 2 2
% oT 2 InK —ry+ %
7 l—¢|-wt+—2"2) ) dw.
eTl+72 27-‘- 02

M\»—-
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Let us notice that

) w7(11150+7‘1+0,50%)% 2
1 -2 71
fx(w):= e 72

271'%;
is a probability density function of the random variable X with the normal distribu-

2
tion NV ((ln So+71+ %Uf) L <ﬂ> ) . If Y is the random variable with the normal

0'2’ o2

distribution N(0, 1) independent of X, then from Lemma 4.1 we get

') w—(In 30+r1+0,50%)% 2 2
1 —%< o1 2 InK —ry— 2
Te 72 ¢ -+ — dw ==

o1 o
7'('02 2

— 00

mK —ry— %
—P(xty< 2273 )
o2

X+Y7(ln so+r1+%af)

()

1
What is more, the random variable 72 has the normal distribu-

tion N(0,1). Analogously

2
o w—(lnso+7‘]—(),5a%)%
1 2 oL

fx(w) = me 72

g2

is a probability density function of the random variable X with the normal distribu-

2
tion N ((ln so+r1—30f) 2 (ﬂ> ) and from Lemma 4.1 for the random variable

0'27 g2

Y with the normal distribution N(0,1) independent of X:

w—(In sg+r1—0,507) L 2 2
< oT 2 InK —ry+ 2
72 ol w4+ ——= | dw =

[N

oo
1 _
e
V2rZL o9
% o2
02

2
~ In K — 2
P<X+Y<nr2+2>,

and

X—I—Y—(lnso—l—rl—%rf%)é
2
1+ (2)

is the random variable with the normal distribution N(0,1). Thus




Option pricing in CRR model with time dependent parameters 105

InK —ry — 152
lim Co,n(s0) = so (1 P<X+Y<nr22”2>)_

n—oo g2

~ InK — 7o + Lo2
K .<1P(X+Y<n T2+2"2)>

eem 09

mK—ry— 1 Insg—ry — 2
o (1_¢<n ) 20'2 11 Sp T1 20'1>> _
01—1—02

K 1 an—’I“Q—‘r%O'%—lDSo—Tl-F%O'% B
67‘167‘2 U%+J§ =

=30 -®(A-lnsg+ B) — K - $(A-Insg + B).

e’ . el2

5. Appendix

A limit stock price in CRR model
Let us note that a stock price S(n) after the first period of time (after n mo-
% 21 VI(LL_)

ments of the portfolio’s change) is given by the formula: S(n) = s, '~

U . . LIAN
Vl(;l) = : /%,Ui(,?) is the random variable that takes the value w;, = ev® with

, Where

. i —di ri/n_g=0i/VE —o
the probability pf, = =g = Coo=¢—" and the value d;,, = ¢ Vi with

u'i,n_di.n

Uin—Tin

the probability ¢;,, = 1 —p;, = (¢ = 1, because we consider only one

ui,n_di,n
period of time). Moreover, for fixed n, the random variables (Ui(,?))?:p i,j =1,2,
are independent, so the random variables (V( )) 1,4, = 1,2, are also independent.
Thus

(n)
InU;;

oi//n

E [Vify)} _E 1

)

nlo; , oi «
= L |:lpi7n - Qi,n:| = Qpi,n
o |vn Vvn

2 2
)| _ n 04« 07« * 2 * *
Var |:‘/;7j :| - 0.7? |:sz7"” + éqhn:| - (2pz,n - 1) - 4p7,an,n
We can easily check that random variables (VZ( )) —y satisfy Lapunov’s Condtition,
so from The Central Limit Theorem of Lapunov we get

(n) _ ()
Z Vi 21 EV;; )
A, Z~N(©,1).

* *
V 4npi,nqi,n n—ree
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Thus

o; (zl VS = (2, - 1>>
= 4 07~ N(0,02).

¥k
V 4npi,nqi,n nreo

From Lemma 2.2.2 [6] we have 4p}, ¢}, "0 1, s0

oin/AP} 45 (-21 V. —n(2p;,, - 1)>
=

d

iZ ~ N(0,02).
NZToI n e’ (0,07)
From Lemma 2.2.3 [6] we know that \/n(2p},, — 1) e L — 1o;. Consequently:

- (n) d L 4 L 5 o
j=

%

Jn

What is more,

1
lnS(n)n_igOo Insg+ 17y — 50% + 01+ Z, where Z ~ N(0,1),

and

d 1,200
S(n) -5 sg-emzortorZ
n—0o0

Let S(i,n) be a stock price after one period of time from the moment ¢ — 1 (after n
moments of the portfolio’s change), so S(i,n) is a stock price at the moment i. Thus
e v
S(i,n) =si_1-e’ =

where s;_; is the value of the positive random variable S(i — 1,n). We get

S(i,n) =8 —1,n)-e" =t
By the above, we have the following lemma:

Lemma 5.1. (Limit stock price) The limit distribution of a relative increment of a
stock price after one period of time is a log-normal distribution:

S(i,n) L o e
S(i — 1,n)n—o0 ’
where Z ~ N(0,1). Moreover,
E [S(l n)
S(i—1,n)
Corollary 5.1. For the first period of time (because sg in a non-negative constant)
we have
a) limy, o0 S(1,n) = lim,, 00 S(n) 2 gy -en—3oitorZ . s(1),
b) E[S(1,n)] = E[S(n)] = s0- €™ = E[s(1)].

:| —e"i = F [em—%af+oi~Z} )
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Now, we recall Skorochod’s Theorem.

Theorem 5.1. (Skorochod’s Theorem, [1],[8]) If u,p1,us2,... are probability
distributions on (R, B(R)) and p,—p (weakly), then there exist random variables
X, X1, Xo, ... with probability distributions p, ji1, to, ... on the interval (0,1) such that
X, (w)— X, (w) for each w € (0,1).
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WYCENA OPCJI W MODELU CRR Z PARAMETRAMI ZALEZNYMI
OD CZASU DLA DWOCH JEDNOSTEK CZASU - CZESC II

Streszczenie
W drugiej czeéci pracy udowodniono zbieznosé ceny opcji w rozwazanym modelu do
ceny, ktéra dana jest formula podobna do wzoru Blacka-Scholesa.

Stowa kluczowe: model Coxa-Rossa-Rubinsteina, model CRR, wzér Blacka-Scholesa, wycena

opcji



