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Summary

Jacobi polynomials are used to derive approximate solutions of the complete singular
integral equation with Cauchy—type kernel defined on the real half-line in the case of
constant complex coefficients. Moreover, estimations of errors of the approximated solutions
are presented and proved.
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1. Introduction

In the theory of singular integral equations (SIEs) with Cauchy—type kernels [9,12,
13,26, 30] there is considered the following equation:
1

L Mdt+i.lk(xt)s@(t)dt=f(33) —l<z<l
Ty

alz)e (@) + — [ 225

(1) 7Ti_1
a®(x) —b*(z) #0, Vo€ [-1,1].

The equation (1) plays a pivotal role in the airfoil theory, aeroelasticity, and other
problems of solid and fluid mechanics [3,4,16,22,27,28,37]. A comprehensive survey
of applications of SIEs to mechanics can be found in [5]. The first studies on the
approximate solutions of this equation appeared in the beginning of the third decade
of the previous century and now the number of papers concerning numerical method
of solving singular integral equations with Cauchy-type kernels is very large. For the
details one can consult the papers [6,7,10,11,14,17-21,23, 38, 41, 43|, monographs
[2,8,15] and citations therein.
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In the present paper, we consider the complete singular integral equation

where k(z,0), f(x) are given complex-valued Holder continuous functions, the co-
efficients @ and b are given complex numbers satisfying the conditions a? — b # 0,
b # 0, and ¢ () is the unknown function. We assume that the behavior of the kernel
k(x,0) as |o| — oo is described by the relation k(z, o) = ko(z,0)(c+1)"%, Rea > 1,
where ko(z, o) satisfies Holder condition with respect to both variables.

The solution ¢(z), z > 0, will be sought in the class of Holder functions, vanishing
at infinity and having an integrable singularity in a neighbourhood of z = 0 (h(c0)
class) or bounded at z = 0 (h(0,00) class) (cf. [34,35]).

The theory of singular integral equations defined on the infinite curve can be
slightly different from the theory of corresponding equations on the finite curve, see,
eg. the works [1,9, 24,29, 33, 35, 36]. Equations of this type occur i.a. in quantum
mechanics [31].

The exact solution of dominant equation

+oo
®) o)+ = [~ @), >0,
0

which is a special case of equation (3), was presented i.a. in [9,34]. Moreover, in [34]
Jacobi polynomials were applied to derive approximate solutions of (3).

The main objective of the present paper is to build the approximate solutions of
(2) in the h(oo) and h(0, c0) function classes.

The paper is organized as follows. First we reduce the equation (2) to a Fred-
holm equation using Carleman-Vekua regularization and we find the conditions for
the unique solvability of (2). Next, we present efficient numerical schemes for equa-
tion (2) based on Jacobi polynomials and estimate the order of accuracy of the
approximate solution.

2. Exact solution

In this section, we reduce the singular integral equation (2) to a Fredholm equation
by Carleman—Vekua regularization [12,30,40]. Setting

1+t 1+7
4 — o=
(4) T 1—7’

we can present the equation (2) in the form
1 1 1
* b * 1
ap*(t) + i /QO (7) dr — — /(p ) dr + —,/k‘*(t,r)gp*(T) dr = f* (t),
(5) m ) T—1 m ) T—1 m
“1 1 1

T—r00

—1<t<1, lime* ()= lim p(z) =0,
t—1-
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e 0= (1) =1 (15) e =2k (P a0

t 1—t 1—t'1—7

Passing in (5) to the new unknown function w (¢) by the rule ¢* (t) = af(ng u(t),

and introducing notation A = %5, B = a?gb% we reduce Eq. (5) to the form

1 1
AZ(t)u(t)+i/Md7_i/wdT
™ T —1 ) 7—_1
© 1
1 * Z(7) e
+E/k (lf,T)aQ_b2 w(r)dr = f*(), te(-1,1).
21
Note that k*(¢,7) as 7 — 1 has the form
oy (1t 14T s
* :21 @ - r- 1_ .
(7) k*(t,T) k(l—t’l—T)( 7)

Function Z(t) depends on the function class in which we are looking for its
solution. If the solution ¢* (t) belongs to h (1) function class [30] (i.e. the class of
Holder continuous functions on (—1,1), bounded in a neighbourhood of the point
z = 1, and admitting an integrable singularity at the point z = —1), then for
0 < 0 < w we have (cf. [34])

8) Z{)=vVa2-—21-t)*1+8)", a=w +iws, B=—w —iws,
and for —m < 6 < 0 we obtain
9) Z({t)=—-Va2—21—-)"1+t)", a=1+w, +iws, B=—1—w — iws,

where

—b 0 1
G:Z—_H), 0 = arg G, wi =5 and w2:—%1n|G|.
The index of the characteristic operator is equal to k = — (a + ) = 0.

If the solution ¢* (t) is sought in the class h (—1,1) [30] (i.e. the class of Holder
continuous functions on (—1, 1), bounded at neighbourhoods of points z = £1), then
for 0 < 6 < 7 we have (cf. [34])

(100 ZW)=Va>—21-0)"1+1)", a=w +iwy, B=1—w —iwy,
and for —m < 6 < 0 we obtain
(1) Z(W)=—vVa2 =21 =)"1+1)°, a=14w +iws, B =—w; — iws.

In this case, the index & is equal to kK = — (o + 3) = —1.
Moving the regular term of Eq. (6) to the right-hand side and then solving it as
a dominant equation in h(1) class (cf. [34]), after a few elementary transformations
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Eq. (6) can be reduced to the Fredholm equation of the form
1

(12) u(t) +/N(t, m)u(r)dn = F(t),
]
where
1
1 k*(7,7m1)
N . *
(t:7) A a2—b2 [ak tm) /Z (1) 7—1t dri
21
1
Flt) = ! / ) dr +
o Z e’ Z(r) T ft T,
]

where 7 is an arbitrary complex constant. The theory of Fredholm equations is valid
for Eq. (12) ([12]). Therefore, if the corresponding equation with F(¢) = 0 is un-
solvable (has only the trivial solution), then the solution of the non homogeneous
equation (12) is equal to
1
(13) u(t) = F(t) — /F(t, T)F(7) dr, te(—1,1),
-1
where I'(¢, 7) is the resolvent of the kernel N (¢, 7).
The constant vy will be uniquely determined if we supplement the equation (6)
by the following orthogonality condition

1 ulr) .
(14) = BZ (1) -1 dr = Ag,
e

where A§ is a given complex number. Indeed, taking into account the Poincaré-
Bertrand formula [9,12] and the relation [30, p.140]

L(t,7) = N(t,7) + /N(LTg)F(Tg,T) drs,

by a straightforward substitution we verify that v = Aj.

Remark 1. The same result can be retrieved by defining

and considering the Muskhelishvilli class ho (index k =1).

In h(—1,1) class (k < 0), Eq. (6) is solvable if and only if

1
1 b 1 VA
*./ I (T)*f/k*(T,ﬁ)%u(ﬁ)dﬁJrAé dr =0,
-1
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where Aj is given by (14). Since the above condition is equivalent to the relation
1 1

1 b . _ 1 . u(T) .
/IZ(T)f (T)dT_m'il Bz( )Tfld

(15) o
1 b Z(Tl)
+(m')2_/1_1 Z (1) a2 — b2

E* (1,1 ) u(m1) dm dr,

Eq.(6) can be rewritten in the form

1 1
AZ(t)u(t) + i/M dr + %/k‘*(t, 7')a2Zl u(r)dr

i T—t — b2
(16) N o
. b [f*(r)dr b Z(m1) u(m) .,
=)+ E/ ACECE // Z(;) P k* (1,1 ) dr dr.

Then, in the same way as in the previous case, one can pass from Eq.(16), to Fred-
holm Eq.(12), in whose right-hand side one should set 79 = 0.

In the original variables z, o, the conditions (14) and (15) acquire the following
forms

+o0o
(17) 1 [ bp(o)

™ c+1
0

do = Aj,

where Af is an arbitrary number, and

“+oo
sgn(d) 1 flo) do
Va2 =2 o o+1
0

(18)

—+oo

“+o0+4o00
_ 1 (o) do n sgn(f) 1 //k(a,ol) ;p(o) doydo,
0 0

m o+1 a2 -2 (mi)? oP +1

where «, 8 are specified in (10) or (11) depending on 6 = arg Z—;g, respectively.
We have thereby proved the following assertion.

Theorem 2.1. Suppose that the coefficients a,b occurring in Eq. (6) are given com-
plex numbers such that a®> —b? # 0, b # 0, the functions f*(t), k*(t,T) belong to the
Hélder class (k*(t,T) with respect to both variables), and the kernel k*(t,T) can be
represented in the form (7) in a neighbourhood of T = 1.

If the index of (6) is equal to zero (k = 0) and the homogeneous equation (12)
is unsolvable, then the problem (6), (14) has a unique solution.

If k = —1, then Eq. (6) is equivalent (in the sense of solvability) to the Fredholm
equation (12) with vy = 0, supplemented with the condition (15).
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3. Approximate solution

Now, we will find an approximate solution u,, () of the problem (6), (14) in h(1) class
(k = 0). For this purpose, we interpolate the function f* (t) at Chebyshev nodes

2k—-1)w
2(n+1)’
of degree n of the form (cf. [32])

(19) tr = cos k=1,2,...,n+1,

by polynomial f (¢

)
* 9 n n+1 . 1, j: 07
(20) _ 25] (Z T; (t) f (tk)> T; (), 6= { 2, j>0
J =0 |

)

where T (t) = cos (j arccost) are Chebyshev polynomials of the first kind. By ex-
pressing Chebyshev polynomials Tj (¢) in terms of Jacobi polynomials [42], we obtain

J
(21) Ty (1) =Y puP ),
=0
where
1 1 h
L -1
1 1 Cu , e
(22) = (*I)Wsmmﬁii{('z*” +1)7 T () P (),

) =1-0""(1+07", a+p=0,

1

(—a,—p) _ 1 —a,— 2 _21“(1—04-&-1)]?‘([—5-1—1)
@) M B_%/q(“ [ @] e = QA+ )T+

Using (21), the interpolation polynomial (20) takes the form
(24) IMOED SN a0
k=0

where

k

n+1
n+1z§ (ZT )ija k=0,2,....,n

Next, we interpolate the regular kernel k(¢,7) at Chebyshev nodes (19) with the
polynomial k%, (x,t) of the form

(25) sz* PP () Pled)(7),

7=0p=0

Z Z aum py; P pl?,

_]mp

where
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coefficients pl(j_a’_ﬂ ), pgfff ) are given by (22), and ay,, are defined as follows

5[ n+1 (5 n+1
m=— Ti(tr){ —— > T (r)E*(ts, 1) p.
o =32 S {22 S i |

k=1 r=1
As in this case, by (6) we have

1
L[ Z(1) _

1

Therefore the approximate solution

(27) un(t) = Y en P (8),
k=0

of the problem (6), (14) can be defined as the solution of the following equation

AZ(t)un(t)—F%/W

(28) 1

1 * * Z(T)’U,n(T) dT * * *
b [aer) = k() SR — 0 ) 4
1
where A is a given complex number, coefficients «, 8 are defined in (8) for 0 < § < 7
and in (9) for —7 < 6 < 0.

Substituting (27), (25), and (24) into (28) and using formula [23, 34]

1

B PPt o

AZ (2) PP (z) *E/Z (t)%dt =P @), a+B=0, k>0,
21

for the computation of the singular integrals, we obtain

zn:CkP,g_m_ﬁ)(t) + zn: (zn: kzkmhm> (Pl(—a,—ﬁ)(t) _ 13[(—(17—5)(1))
k=0 1=0

m=0

=N RPN — £ + 4,
k=0

where
1
1 Z(7) 2 sgn (arg(f)) , (a,8)
— pla.B) — ,
(20) fim m‘/a2—b2( m (T)) ar="Jo—p
21

= % Res <(z 1)z 4 1) (ng@(z))z).
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Thus, coefficients ¢, k = 0,1,...,n, of the solution u,(t) can be determined
from the following system of linear equations

Ci+ZCjk;4hj: r,ot=1,2,...,n,

(30) n = R

COJFZOCijjhj chjkljhp (1) = 5+ Ao — fr(1).
j=

1=035=0

If kK < 0, then the approximate solution
n—1
(31) w1 (t) = > e PP (1)

of (16) in the class h(—1,1) may be found as a solution of the following problem

1 1

1 un—l(T) 1 'Tz,n—l(ta T)

AZ(t)u”_l(t) + E /BZ(T)ﬁdT + E /WZ(T)Un—I(T)dT
1 -1

1

1 1
* b f'rt T b Z n, (Tv Tl)
- fn (t) + E / 7 (7_ 2 //a2 — b2 7 (7_) unfl(Tl)dTld’n
—1 —-1-

1
where f;(t) is defined by the rule (24). Moreover, k;, ,,_;(t,7) is the interpolation
polynomial of the kernel k*(t,7) with Chebyshev nodes

(32)

’ 20— 1 2k —1
(33) 7 :cos%, l=1,...,n, t, = cos (2(n+)1;T’ =1,....,n+1,
and it has the form
n n—1
(34) Knna (t,7) = k5, PP (0B (r),
§=0 p=0
where
n n—1
DI
_] m=p
5 1, k=0
— T _ ) )
im n+1; Z () s 0 2, k=12, ..,
and pl(] o ),pgn’ﬁ) are defined in the same way as in (22). Let us stress that in

this case taking into account the relation (26) doesn’t have an influence on final
algorithm.
Substituting (31), (34) and (24) into (32), and using formula [23, 34|

1
B P(Q’B)
AZ (2) PP (z) 77/2 dt72p,§+‘f @), a+B=1, k>0,

-1
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we obtain
n—1 n n—1 n
2> P+ (Z ki cm hm> Py =3 ),
k=0 =1 \m=0 k=1

where h,, are defined in the same way as in (29). The coefficients «, § and the
function Z(t) occurring in h,, are given by (10) for 0 < 6 = arg Z—jrg < 7 and by (11)

for —m < 6§ < 0. Comparing the coefficients at P,E_a’_’g) (t), k=1,...,n, we derive
the system

n—1
(35) 202’71"‘20]‘ kihg=f, i=1,...,n
j=0

4. Numerical examples

Let us find the solution the following problem

+o0 oo
) 1—i [fe(o)doe 2 ¢(o)do _ 1
(1 +i)p () + — / _7/(g:+1)(0+1)(0+2)_2m+3’

™ oc—x ™
0
a0,
T oc+1

0
in the h(oo) class (k = 0). Using the above substitutions (4) the problem (36)
acquires the form

1 1
1—zZ(t)u(t>_14;1;;/Z(:)j¢§7‘)d7__t—1_i/ Z(T) 1_tu(7')d7‘—1,
-1 -1

4 T t—5 mwi) a2—b2 71—

w

where
Z(t) =vV2(1+i) 1 — )/ 1+ 1)~
By solving the above equation in the h(1) class (cf. [34]), we obtain
1 1—-2t Z 1 1-1¢
I, 7) = - 3 2 =(V2+iv2) Vit

”2(55555’—2') di T —

Since

0 2A-1v3-v2 (1+0)v2 +4<3)i 1
u = — ot
2 V2 54i(1-4v2) 2) t-5
or, which is the same,
(x)__ie% v-3V3-V2 _ (1+iV2 (3>i z+1
P T T me 1T V2 s+i(1-4v2) Ve 2z +3°

2

The values of u(t), un(t) for n = 10 are shown in Table 1. In Table 2 we tabulate
the values of the exact and approximated solutions of the problem (36) in the h(c0)
class at the points x corresponding to ¢ from the previous table.
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Tab. 1: Comparison of the values of u(t), un(t)

[ t]

u(t) |

Un (t) ‘

-0.717
0.0016
-0.956

0.185

-0.690070196863+0.0763149531861
-0.851205627507+0.031230292033i
-0.642559577943+0.0912721576571
-0.897813651028+0.019688117490i

-0.690070196857+0.076314953184i
-0.851205627521+0.0312302920331
-0.642559577944+0.0912721576551
-0.897813651035+0.019688117489i

Tab. 2: Comparison of the values of exact and approximated solutions of (36)

3 o(x) | on() |
41.37 | -0.160791967205  0.1528313478041 | -0.160791967212 1 0.1528813478111
7.916 | -0.22853057977910.2212480092431 | -0.228530579772+0.221248009237i
4787 | -0.248345980190+0.2437209602131 | -0.248345980195 1 0.243720960218i
0.020 | -0.513057865584 + 0.6834920172651 | -0.513057865587 1 0.683492017263i

5. Estimation of errors

In this section, we determine the estimates of errors of the approximate solutions
of (5). In order to investigate proposed algorithms, we need the following theorem
presented in [40].

Theorem 5.1. Let us consider two Fredholm equations, namely the exact

(37)

K(p;x) =

and the approximate

(38)

1
mmez%m+/mm@%wﬁ=nw,

o)+ [ bl tp(t)dt =

f(z)7

—-1<x<1

—1<x<1,

where k(x,t), ky(z,t), f(x) and f,(x) are given continuous functions (the first two
can have an integrable singularity at £1).
In addition, suppose that the homogeneous equation (37) is not solvable (i.e. it has

1

only the zero solution) and max [ Iz, )| dt < p, where y(x,t) is the resolvent
~1<2<1 Y

of the kernel k(x,t).
If the following condition e1B < 1 is satisfied, where

11

€1 = max// |k(x,t) — kn(z,0)| |kn(t,7)|drdt, B =1+ p,

T
—1-1
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then the non homogeneous equation (38) is solvable and

1+ BK
HK 1HOO < 14__7631, where K :mgx/|kn7n(x,t)|dt.
1
Besides,
1+ BK;
n 5 - D B ’
I = el < T 2B Il + 3]
where

g9 = max/ |k(z,t) — kn(x,t)|dt, e3=|f— full

Theorem 5.2. Let us suppose that the Hélder continuous functions f*(t), k*(t,7)
(t,7) defined
as in (24) and (25), respectively, and that the homogeneous equation corresponding
o (12) is not solvable.

Then the system of linear equations (30) is solvable for sufficiently large n, and

occurring in Eq. (6) are approzimated by the polynomials f}:(t) and k,

n,n

the estimate

3
(39) (0= ) ((t) ~ un (@)l < M, Rea >0,

holds, where M is a constant independent of n.

Proof. The system (30) and the problem (28) are simultaneously solvable or unsolv-
able. As follows from the above-performed considerations, the latter is equivalent to
the solvability of the equation
1
40) (1= ) %un(t) + /Nn(t,T)(l —)un(r)dr = Fu(t), Rea >0,
-1

where

1
1 Z(n) ak* i/ 7'1, ) dm
(1 —=71)> mi(a® —b?) i (1 — 1)
21

Fult) = (10§ 0 £ () - 1/ b I gy,

( m ) Z(r) T—t
-1
By Theorem 5.1, to establish the solvability of Eq.(40), it suffices to estimate
11
1= max, // |N (t,7) — Ny, (t, 7)| | Ny (1, 71)| drdT1.

—-1-1
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Since in the h(1) class we have
ZM) =+vVa2 -2 (1-)*(1+t)", 0<Rea<1, —1<ReB<0,

one can apply the estimates from [39] in order to get

2

In“n
e (2, 7) = kan (8, Tl < Mi——,
dmy My In®n

1
1 b
— k - knn ) S .
i / Z(Tl) [ (7—177') (Tl 7')] -t (1 —t)Rea i
-1

Consequently, we have

(1-t)*Z(7)
i (a2 _ b2) Z(t) {CL [k (t77-) - knn (t77—)}

N (t,7) — N, (t,7)| =

)

1
Z (t) b dT1 Ref 1113 n
_ _ < -
P [ i B =k (] ST <M () 2
-1

where M, My, My are constants independent of n.
Hence it follows that ¢ < M % Thus, the Eq. (40) is solvable for sufficiently
large n.
Using the following estimations
1 1
K, = mtax/|Nn (t,7)|dr = max [Ny (t,7) = N (t,7)] + N (t,7)| dr=0(1),
—1 —1

3

1
1
€ :Inax/|]\7(t,7) ~ N, (t,7)|dr < M2,
t nk
21
In®n
es = IF (1)~ Fu (e <MD,
we finish the proof of (39). O

Theorem 5.3. Let the Hdlder continuous functions f*(t),k*(t,7) be approximated
by polynomials f;(t) and k;, ,,_1(t,7) defined as in (24) and (34), respectively, and
the let the homogeneous equation (12) with vo = 0 be not solvable.

Then the system of linear equations (35) is solvable for sufficiently large n and
the estimate

5n

)

(41) 1Z () (ult) — w1 ()] < Mh:w

holds, where M is a constant independent of n.
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Proof. We have to estimate the value
1

1
€] = max //|N*(t,7')— o ()| | Ny (7, m0) | drdmy,

—1<t<1
—-1-1
where
1
11 b [k noa(m,7)dn
N (6, T)=— 55—~ K t —Zt)— | =
n—l( vT) i (CL2 _ b2) a n,n—l( vT) ( )ﬂ'i / Z(Tl) (7_1 _ t)

Since Z (t) = £va? — 62 (1 —t)* (1 +1)” ,0 < Rea, Ref < 1, in the h(—1,1) class,
it follows from [39] that

In®n

n

|N*(t,7) — *71(t,7)| < M,

nt
Thus, for sufficiently large n, the equation

Z(t)un 1 () + / N (6 7) 2 (Pt 1 (F) dr = FX(t), —1<t<1,
2

ZE’T) ff:) dr, is solvable.

where Ff(t) =a [} (t) — Z(t)

T

=

Further, using the estimates

1
Ky = max /yzv;;_l(t,rn dr = O(1),
2

1 ,
N . In®n
€g= mtax/’N (t,7)=Nj_y (t,7)|dr < MW,
21
N " In®n
g3 =||F"(t) — Fy ()] < MnTv
we finish the proof of estimate (41). O

References

[1] R. P. Agarwal, D. O’'Regan, Infinite Interval Problems for Differential, Difference
and Integral Equations, Kluwer Academic Publishers, Dordrecht, 2001.

[2] S. M. Belotserkovskii, I. K. Lifanov, Numerical Methods in Singular Integral Equa-
tions, Nauka, Moscow, 1985.

[3] R. L. Bisplinghoff, H. Ashley, R. L. Halfman, Aeroelasticity, Dover Publications,
Mineola, 1996.

[4] Z. Chen, C. Wang, Y. Zhou, A new method for solving Cauchy type singular integral
equations of the second kind, Int. J. Comput. Math. 87 (2010), 2076-2087.

[5] J. A. Cuminato, A. D. Fitt, S. McKee, A review of linear and nonlinear Cauchy
singular integral and integro—differential equations arising in mechanics, J. Integral
Equations Appl. 19 (2007), 163-207.



146
[6]
(7]
(8]

9
[10]
(11]

[12]
[13]

[14]
[15]
[16]
[17]

[18]

(19]

20]
[21]
22]

23]

[24]
25]

[26]
27]

D. Pylak

D. Elliott, The approzimate solution of singular integral equations, Solution Methods
for Integral Equations, Springer, NY, 1979, 83-107.

D. Elliott, Orthogonal Polynomials associated with singular integral equations having
a Cauchy kernel, STAM J. Math. Anal. 13 (1982), 1041-1052.

F. Erdogan, G. D. Gupta, T. S. Cook, Numerical solution of singular integral equa-
tions, in: G. C. Sih (Ed.), Mechanics of Fracture I, Methods of Analysis and Solutions
to Crack Problems, Noordhoff International Publishing, Leyden, The Netherlands
1973, 368-425.

R. Estrada, R. P. Kanwal, Singular Integral Equations, Birkh&duser, Boston 2000.

B. G. Gabdulkhaev, Finite approximation of singular integral equations and direct
methods of solution of singular integral and integro-differential equations, Itogi Nauki
i Tekhn., Mat. Analiz 18 (1980), 251-307.

B. G. Gabdulkhaev, Direct Methods for Solving Singular Integral Equations, Kazan
1994.

F. D. Gakhov, Boundary Value Problems, New York: Dover 1990.

I. Gohberg, N. Krupnik, One-Dimensional Linear Singular Integral Equations,
Birkhauser, Basel 1992.

M. A. Golberg, The numerical solution of Cauchy singular integral equations with
constant coefficients, J. Integr. Equat. 9 (1985), 127-151.

M. A. Golberg, Introduction to the numerical solution of Cauchy singular integral
equations, in: M. A. Golberg (Ed.), Numerical Solution of Integral Equations, Plenum
Press, New York 1990, 183-308.

V. V. Golubev, Lectures on the Theory of Wings, GITTL, Moscow 1949.

P. Junghanns, R. Kaiser, Collocation for Cauchy singular integral equations, Linear
Algebra Appl. 43 (2013), 729-770.

P. Junghanns, R. Kaiser, D. Potts, Collocation—quadrature methods and fast summa-
tion for Cauchy singular integral equations with fized singularities, Linear Algebra
Appl. 491 (2016), 187-238.

P. Junghanns, U. Luther, Cauchy singular integral equations in spaces of continuous
functions and methods for their numerical solution, J. Comput. Appl. Math. 77
(1997), 201-237.

P. Junghanns, B. Silbermann, Numerical analysis for one-dimensional Cauchy sin-
gular integral equations, J. Comput. Appl. Math. 125 (2000), 395-421.

P. Junghanns, A. Rathsfeld, A polynomial collocation method for Cauchy singular
integral equations over the interval, Electr. Trans. Numer. Anal. 14 (2002), 63—109.
M. A. Kalandiya, Mathematical methods of two dimensional elasticity, Mir Publish-
ers, Moscow 1975.

P. Karczmarek, D. Pylak, M. A. Sheshko, Application of Jacobi polynomials to ap-
prozimate solution of a singular integral equation with Cauchy kernel, Appl. Math.
Comput. 181 (2006), 694-707.

P. Karczmarek, D. Pylak, P. Wéjcik, Singular integral equations with multiplicative
Cauchy-type kernels, Fasc. Math. 50 (2013), 77-90.

L. N. Karpenko, Approximate solution of a singular integral equation with the use of
Jacobi polynomials, Prikl. Mat. i Mekh. 3 (1966), 564-569 (in Russian).

R. Kress, Linear Integral Equations, Springer, New York 2014.

E. G. Ladopoulos, Singular Integral Equations. Linear and Non-linear Theory and
its Applications in Science and Engineering, Springer-Verlang 2000.



Application of Jacobi polynomials 147

[28] I. K. Lifanov, Singular Integral Equations and Discrete Vortices, VSP, Utrecht 1996.
[29] M. Meehan, D. O’Regan, Positive solutions of singular integral equations, J. Integral
Equations Appl. 12 (2000), 271-280.

[30] N. I. Muskhelishvili, Singular Integral Equations. Boundary Problems of Function
Theory and Their Application to Mathematical Physics, Dover Publications, Inc.,
Mineola, New York 2008.

[31] E. Omnés, On the solution of certain singular integral equations of quantum field
theory, IlNuovo Cimento 8 (1958), 316-326.

[32] S. Paszkowski, Numerical Applications of Chebyshev Polynomials and Series, PWN,
Warsaw 1975 (in Polish).

[33] A. C. Pipkin, A Course on Integral Equations, Springer-Verlang 1991.

[34] D. Pylak, Application of Jacobi polynomials to the approzimate solution of a singular
integral equation with Cauchy kernel on the real half-line, Comp. Meth. Appl. Math.
6 (2006), 326-335.

[35] D. Pylak, M. A. Sheshko, Inversion of Singular Integrals with Cauchy Kernels in the
Case of an Infinite Integration Domain, Differ. Equ. 41 (2005), 1229-1241.

[36] D. Pylak, R. Smarzewski, M. A. Sheshko, A Singular Integral Equation with a Cauchy
Kernel on the Real Half-Line, Differ. Equ. 41 (2005), 1696-1708.

[37] A. A. Rubinstein, Stability of the numerical procedure for solution of singular integral
equations on semi-infinite interval. Application to fracture mechanics, Computers &
Structures 44 (1992), 71-74.

[38] A. Setia, Numerical solution of various cases of Cauchy type singular integral equa-
tion, Appl. Math. Comput. 230 (2014), 200-207.

[39] M. A. Sheshko, On the convergence of quadrature process for a singular integral,
Izvestiya VUZ. Matematika 20 (1976), 86-94.

[40] M. A. Sheshko, Singular Integral Equations with Cauchy and Hilbert Kernels and
Theirs Approxzimated Solutions, TN KUL, Lublin 2003.

[41] R. Smarzewski, M. A. Sheshko, G. A. Rasolko, Orthogonal approzimate solution of
Cauchy-type singular integral equations, J. Comput. Meth. in Appl. Math. 1 (2001),
1-26.

[42] G. Szegd, Orthogonal polynomials, American Mathematical Society, Colloquium Pub-
lications, Vol. XXIII, 1939.

[43] Q. Wu, S. Xiang, Fast multipole method for singular integral equations of second kind
(English summary), Adv. Difference Equ. 191 (2015), 11 pp.

[44] J. Xiaoqing, L. M. Keer, Q. Wang, A practical method for singular integral equation
of the second kind, Eng. Fract. Mech. 75 (2008), 1005-1014.

[45] V. A. Zolotarevskii, Finite-Dimensional Methods for Solving Singular Integral Equa-
tions on Closed Integration Contours, Shtinitsa, Kishinev 1991.

Institute of Mathematics and Computer Science
The John Paul IT Catholic University of Lublin
Al. Raclawickie 14, PL-20-950 Lublin, Poland
e-mail: dorotab@kul.pl

Presented by Julian Lawrynowicz at the Session of the Mathematical-Physical Com-
mission of the £.6dz Society of Sciences and Arts on November 3, 2016.



148 D. Pylak

ZASTOSOWANIE WIELOMIANOW JACOBIEGO DO
ROZWIAZANIA ZUPELNEGO MOCNO OSOBLIWEGO ROWNANIA
CALKOWEGO Z JADREM CAUCHY’EGO NA NIEUJEMNEJ
POLOSI RZECZYWISTEJ

Streszczenie

W pracy skonstruowane zostaly algorytmy przyblizonego rozwiazania zupelnego mocno
osobliwego réwnania catkowego z jadrem Cauchy’ego na nieujemnej potosi rzeczywistej
o statych wspotczynnikach zespolonych z uzyciem wielomianéw Jacobiego. Ponadto wyzna-
czone zostaly oszacowania bledéw przedstawionych rozwiazan przyblizonych.

Stowa kluczowe: wielomiany Jacobiego, mocno osobliwe rownania catkowe, jadro Cau-
chy’ego, rozwiazanie przyblizone



