
N
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tel. +48 42 6366171

The journal appears in the bases Copernicus and EBSCOhost



INSTRUCTION AUX AUTEURS

1. La présente Série du Bulletin de la Société des Sciences et des Lettres de �Lódź
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ainsi que de leurs applications liées aux déformations au sense large.
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en italique.

8. Les articles cités seront rangés dans l’ordre alphabétique et précédés de leurs
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Name and surname of the authors

TITLE – INSTRUCTION FOR AUTHORS
SUBMITTING THE PAPERS FOR BULLETIN

Summary

Abstract should be written in clear and concise way, and should present all the main

points of the paper. In particular, new results obtained, new approaches or methods applied,

scientific significance of the paper and conclusions should be emphasized.

1. General information

The paper for BULLETIN DE LA SOCIÉTÉ DES SCIENCES ET DES LETTRES
DE �LÓDŹ should be written in LaTeX, preferably in LaTeX 2e, using the style (the
file bull.cls).

2. How to prepare a manuscript

To prepare the LaTeX 2e source file of your paper, copy the template file in-
str.tex with Fig1.eps, give the title of the paper, the authors with their affilia-
tions/addresses, and go on with the body of the paper using all other means and
commands of the standard class/style ‘bull.cls’.

2.1. Example of a figure

Figures (including graphs and images) should be carefully prepared and submitted
in electronic form (as separate files) in Encapsulated PostScript (EPS) format.

Fig. 1: The figure caption is located below the figure itself; it is automatically centered and
should be typeset in small letters.

2.2. Example of a table

Tab. 1: The table caption is located above the table itself; it is automatically centered and
should be typeset in small letters.

Description 1 Description 2 Description 3 Description 4

Row 1, Col 1 Row 1, Col 2 Row 1, Col 3 Row 1, Col 4
Row 2, Col 1 Row 2, Col 2 Row 2, Col 3 Row 2, Col 4

[4]



2.3. “Ghostwriting” and “guest authorship” are strictly forbiden

The printed version of an article is primary (comparing with the electronic version).
Each contribution submitted is sent for evaluation to two independent referees before
publishing.

3. How to submit a manuscript

Manuscripts have to be submitted in electronic form, preferably via e-mail as attach-
ment files sent to the address zofija@uni.lodz.pl. If a whole manuscript exceeds
2 MB composed of more than one file, all parts of the manuscript, i.e. the text
(including equations, tables, acknowledgements and references) and figures, should
be ZIP-compressed to one file prior to transfer. If authors are unable to send their
manuscript electronically, it should be provided on a disk (DOS format floppy or
CD-ROM), containing the text and all electronic figures, and may be sent by reg-
ular mail to the address: Department of Solid State Physics, University of
Lodz, Bulletin de la Société des Sciences et des Lettres de �Lódź, Pomorska
149/153, 90-236 �Lódź, Poland.
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11. J. �Lawrynowicz, K. Nôno, D. Nagayama, and O. Suzuki,
A method of noncommutative Galois theory for construction of
quark models (Kobayashi-Masukawa model) I. Successive Galois
extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95–112

[6]
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Photo by Prof. Z.-D. Zhang.

[7]



[8]



PL ISSN 0459-6854

B U L L E T I N
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ON QUATERNIONIC FUNCTIONS

Summary
Several sets of quaternionic functions are described and studied. Residue current of the

right inverse of a quaternionic function is introduced in particular cases.

Keywords and phrases: Cauchy-Fueter, hyperholomorphy, residue

1. Introduction

We will work with the definition of quaternions using pairs of complex numbers and
with a modified Cauchy-Fueter operator that have been introduced in [CLSSS 07].
We will only use right multiplication; the (right) inverse of a nonzero quaternion
is defined. We will consider (for simplicity) C∞ IHI-valued quaternionic functions
defined on an open set U of IHI containing 0. If such a function does not vanish over
U , it has an (algebraic) inverse which is defined almost everywhere on U . Examples
are given (Section 2).

The origin of this research is a tentative of extension to right inverse of a quater-
nionic function of the notion of residue current of a meromorphic differential 1-form
of one complex variable, which will be developed in Section 5. In one complex vari-
able, if the given function is holomorphic, with isolated zeros of finite multiplicity,
its inverse is meromorphic, then holomorphic outside the set of poles; so it is natural
to search when this property extends to hyperholomorphic functions.

In Section 3, we characterize the quaternionic functions which are hyperholo-
morphic and whose inverses are hyperholomorphic almost everywhere, on U , as the
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solutions of a system of two non linear PDE. We only find non trivial examples of
a solution, showing that the considered space of functions is significant: we will call
theses functions hypermeromorphic. This also defines a space of germs of functions
at 0.

In Section 4, we try to describe a subspace HU of hyperholomorphic and hyper-
meromorphic functions defined almost everywhere on U , having “good properties
for addition and multiplication”; we obtain again systems of non linear PDE, and
we give first results on, mainly unknown, spaces of functions.

In Section 5, we first recall Cauchy principal value and residue current in C,
locally at 0. Afterwards, we define and study, locally, Cauchy principal value and
residue current for the inverse of a quaternionic function, in very particular cases,
and in relation with the classical theory in two complex variables.

This paper is a first announcement of a more complete one in progress.

2. Quaternions. IHI-valued functions [CLSSS 07]

2.1. Quaternions

If q ∈ IHI, then q = z1 + z2j where z1, z2 ∈ C, hence IHI ∼= C
2 ∼= IR4 as complex

or real vector space. We have: z1j = jz1 (by computation in real coordinates); by
definition, the modulus of q is

|| q ||= (|z1|2 + |z2|2)
1
2 .

The conjugate of q is q = z1 − z2j. Let * denote the (right) multiplication in IHI:

q ∗ q = (z1 + z2j) ∗ (z1 − z2j) = |z1|2 − z1z2j + z2jz1 − z2jz2j = |z1|2 + |z2|2,
then: the (right) inverse of q = z1 + z2j is:

(|z1|2 + |z2|2)−1q = (|z1|2 + |z2|2)−1(z1 − z2j).

Moreover:
(|z1|2 + |z2|2)−1(z1 − z2j) ∗ (z1 + z2j) = 1,

so the right inverse of q−1 is q.

2.2. Quaternionic functions

Let U be an open set of IHI ∼= C
2 and f ∈ C∞(U, IHI), then f = f1 + f2j, where

f1, f2 ∈ C∞(U,C). The complex valued functions f1, f2 will be called the components
of f .

Remark that IHI is a real vector space in which real analysis is valid, in particular
differential forms, distributions and currents are defined in IHI.

Remark that
∂f1
∂z1

j = j
∂f1

∂z1

and analogous relations.
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2.3. Modified Cauchy-Fueter operator D. Hyperholomorphic functions
[CLSSS 07, F 39]

For f ∈ C∞(U, IHI), with f = f1 + f2j, where f1, f2 ∈ C∞(U,C),

Df(q) =
1
2
( ∂

∂z1
+ j

∂

∂z2

)
f(q) =

1
2
(∂f1
∂z1

− ∂f2

∂z2

)
(q) + j

1
2
(∂f1
∂z2

+
∂f2

∂z1

)
(q).

A function f ∈ C∞(U, IHI) s said to be hyperholomorphic if Df = 0.
Characterization of the hyperholomorphic function f on U :

∂f1
∂z1

− ∂f2

∂z2
= 0;

∂f1
∂z2

+
∂f2

∂z1
= 0, on U.

The conditions:f1 is holomorphic and: f2 is holomorphic are equivalent. So holo-
morphic functions will be identified with hyperholomorphic functions f such that
f2 = 0.

Let
f ′ = f ′

1 + f ′
2j, f” = f”1 + f”2j

be two hyperholomorphic functions.
For every α ∈ IHI, D(f ′α) = 0, D(f ′ + f”) = Df ′ + Df” = 0.

Proposition 1. The set H of almost everywhere defined hyperholomorphic functions
is an IHI-right vector space.

Proposition 2. Let f ′, f” be two hyperholomorphic functions. Then, their product
f ′ ∗ f” satisfies:

D(f ′ ∗ f”) = Df ′ ∗ jf” +
(
f ′(

∂

∂z1
) + f

′
j
∂

∂z2

)
f”

Proof. f ′ = f ′
1 + f ′

2j, f” = f”1 + f”2j be two hyperholomorphic functions.
We have:

f ′ ∗ f” = (f ′
1 + f ′

2j)(f”1 + f”2j) = f ′
1f”1 − f ′

2f”2 + (f ′
1f”2 + f ′

2f”1)j.

Compute
1
2
( ∂

∂z1
+ j

∂

∂z2

)(
f ′
1f”1 − f ′

2f”2 + (f ′
1f”2 + f ′

2f”1)j
)
.

By derivation of the first factors of the sum f ′ ∗ f”, we get the first term:
1
2
(∂f ′

1

∂z1
+ j

∂f ′
1

∂z2

)
(f”1 + f”2j) +

1
2
(∂f ′

2

∂z1
+ j

∂f ′
2

∂z2

)
jj(f”2 − f”1j)

=
1
2
(∂f ′

1

∂z1
+ j

∂f ′
1

∂z2

)
(f”1 + f”2j) +

1
2
(∂f ′

2j
∂z1

+ j
∂f ′

2j
∂z2

)
j(f”2j + f”1) = Df ′ ∗ jf”.

By derivation in
1
2
( ∂

∂z1
+ j

∂

∂z2

)(
f ′
1f”1 + f ′

2jf”2j + (f ′
1f”2j + f ′

2jf”1)
)
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of the second factors of the sum f ′ ∗ f”, we get the second term (up to factor 1
2 ):

f ′
1

∂f”1

∂z1
+f

′
1j
∂f”1

∂z2
+f ′

1

∂f”2

∂z1
j+f

′
1j
∂f”2

∂z2
j+f ′

2j
∂f”2

∂z1
j+f

′
2j
∂f”2

∂z2
+f ′

2j
∂f”1

∂z1
+f

′
2jj
∂f”1

∂z2

= (f ′
1 + f ′

2j)(
∂

∂z1
)(f”1 + f”2j) + (f

′
1 + f

′
2j)j

∂

∂z2
(f”1 + f”2j)

=
(
(f ′

1 + f ′
2j)(

∂

∂z1
) + (f

′
1 + f

′
2j)j

∂

∂z2

)
(f”1 + f”2j)

=
(
f ′(

∂

∂z1
) + f

′
j
∂

∂z2

)
f”.

If the components of f ′ and f” are real, the second term is:

1
2

(f ′
1 + f ′

2j)(
∂

∂z1
+ j

∂

∂z2
)(f”1 + f”2j) = f ′ ∗ Df”

i.e.

Corollary 1. The set HIR of almost everywhere defined hyperholomorphic functions
whose components are real is an IR-right algebra.

2.4. Null set and inverse of a quaternionic function

We call inverse of a function f : q �→ f(q), the function f−1 : q �→ f(q)−1. Let f =
f1 + f2j be a quaternionic function on U . The null set Z(f) satisfies: f1 = 0; f2 = 0,
then Z(f) is of measure 0 in U .

Ex.: f1 = z1; f2 = z2, then Z(f) = {0}. Note that if f is holomorphic, then,
f2 ≡ 0 and Z(f) is a complex hypersurface in C2.

Inversion and hyperholomorphy. The inverse of the quaternionic function f is the
peculiar quaternionic function defined almost everywhere on U :

1
f

= (|f1|2 + |f2|2)−1(f1 − f2j) = |f |−1f

where f is the (quaternionic) conjugate of f .
Assume f to be hyperholomorphic and Z(f) = {0}, then 1

f is not necessarily
hyperholomorphic outside {0}.

Ex.: f = z1 + z2j, then
1
f

= (z1z1 + z2z2)−1(z1 − z2j); D(
1
f

) �= 0,

Example of a function hyperholomorphic outside 0.

H(q) = (z1z1 + z2z2)−2(z1 − z2j)

is hyperholomorphic since:

DH(q) =
1
2

(z1z1 + z2z2)−3(−2z1z1 + z1z1 + z2z2 − 2z2z2 + (z1z1 + z2z2)) = 0.
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But F = z1 + z2j is not hyperholomorphic: the conjugate of F is

F = z1 − z2j; (z1 + z2j) ∗ (z1 − z2j) = z1z1 + z2z2.

So
F−1 = (z1 − z2j)(z1z1 + z2z2)−1,

and

H(q) = F−1(z1z1 + z2z2)−1 =
F−1

|F | .

(H is the Cauchy kernel for the modified Cauchy-Fueter operator D).

Inverse of a holomorphic function. Let f = f1 + 0j be a hyperholomorphic func-
tion. Then f−1 = f−1

1 + 0j and f−1 is hyperholomorphic outside of the complex
hypersurface Z(f). Remark that Z(f) is a subvariety of complex dimension 1, then
of measure zero, in U .

We will consider almost everywhere defined hyperholomorphic functions on U .
Ex.: holomorphic, meromorphic functions.

3. Hyperholomorphic functions whose inverses are hyperholo-
morphic almost everywhere

Proposition 3. The following conditions are equivalent
(i) the function f = f1 + f2j and its right inverse are hyperholomorphic, when

they are defined;
(ii) we have the equations:

(3) (f1 − f1)
∂f1

∂z1
− f2

∂f2
∂z1

− f2
∂f1

∂z2
= 0,

(4) f2

∂f1
∂z1

+
∂f2

∂z1
(f1 − f1) − f2

∂f2

∂z2
= 0.

Proof. Let f = f1 + f2j be a hyperholomorphic function and

g = g1 + g2j = |f |−1(f1 − f2j)

its inverse; so
g1 = |f |−1f1; g2 = −|f |−1f2,

where
|f | = (f1f1 + f2f2).

Dg(q) =
1
2
( ∂

∂z1
+ j

∂

∂z2

)
g(q) =

1
2
(∂g1
∂z1

− ∂g2

∂z2

)
(q) + j

1
2
(∂g1
∂z2

+
∂g2

∂z1

)
(q)

∂g1
∂z1

= |f |−1 ∂f1

∂z1
− |f |−2f1

(∂f1
∂z1

f1 + f1
∂f1

∂z1
+
∂f2
∂z1

f2 + f2
∂f2

∂z1

)
, etc
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(∗∗) 2|f |2Dg = (f1f1 + f2f2)(
∂f1

∂z1
+
∂f2

∂z2
) − f1f1

∂f1

∂z1
− f1f1

∂f1
∂z1

− f1f2
∂f2

∂z1

−f1f2

∂f2
∂z1

− f1f2

∂f1
∂z2

− f1f2

∂f1

∂z2
.− f2f2

∂f2
∂z2

− f2f2

∂f2

∂z2

+j
(

(f1f1 + f2f2)(
∂f1

∂z2
− ∂f2

∂z1
) − f1f1

∂f1
∂z2

− f1f1
∂f1

∂z2
− f1f2

∂f2
∂z2

− f1f2
∂f2

∂z2

+f1f2

∂f1
∂z1

+ f1f2

∂f1

∂z1
+ f2f2

∂f2
∂z1

+ f2f2

∂f2

∂z1

)

f being hyperholomorphic, g hyperholomorphic is equivalent to:

(∗∗) +f1f1

∂f2

∂z2
+ f2f2

∂f1

∂z1
− f1f1

∂f1
∂z1

− f1f2
∂f2

∂z1
− f1f2

∂f1
∂z2

− f2f2

∂f2
∂z2

+f2

∂f2
∂z1

(f1 − f1) = 0

+f2f2

∂f1

∂z2
− f1f2

∂f2
∂z2

− f1f2
∂f2

∂z2
+ f1

∂f1
∂z2

(f1 − f1) + f1f2

∂f1
∂z1

+ f1f2

∂f1

∂z1

+f2f2

∂f2
∂z1

= 0.

After conjugaison of the first equation, and using

(1)
∂f1
∂z1

− ∂f2

∂z2
= 0;

∂f1
∂z2

+
∂f2

∂z1
= 0,

we get:
(∗∗)

+f2f2

∂f1
∂z1

+ f1(f1 − f1)
∂f1

∂z1
− f1f2

∂f2
∂z1

+ f2
∂f2

∂z1
(f1 − f1)− f1f2

∂f1

∂z2
− f2f2

∂f2

∂z2
= 0

+f1f2

∂f1
∂z1

+(f1−f1)f2

∂f1

∂z1
+f2f2

∂f2
∂z1

+f1

∂f1
∂z2

(f1−f1)+f2f2

∂f1

∂z2
.−f1f2

∂f2

∂z2
= 0.

Assume f1 �= 0, f2 �= 0. After multiplication of the first equation by f1 and of
the second by −f2, and sum, we get

(f1 − f1)
∂f1

∂z1
− f2

∂f2
∂z1

− f2
∂f1

∂z2
= 0.

By an analogous process, we get:

f2

∂f1
∂z1

+
∂f2

∂z1
(f1 − f1) − f2

∂f2

∂z2
= 0.

Corollary 2. If f satisfies the conditions of the Proposition, the same is true for
αf with α ∈ IR.

Let f = f1 + 0j be an almost everywhere holomorphic function, then the condition
(ii) of Proposition 3.1 is satisfied.
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Now give another example of quaternionic function satisfying the conditions of
Proposition 3.1:

Proposition 4. Let f = f1 + f2j, with

f1 = z1 + z1 + z2 + z2 +A, f2 = −z1 − z1 + z2 + z2 +B,

A,B ∈ IR, then: f and f−1 outside the zero set of f , are hyperholomorphic The null
set of f = f1 + f2j, for f1, f2 as above, for A = B = 0, is:

z1 + z1 + z2 + z2 = 0;−z1 − z1 + z2 + z2 = 0

i.e, by difference and sum: z1 + z1 = 0; z2 + z2 = 0, i.e. x1 = 0;x2 = 0 in IR4.

Proof. f1 = z1 + z1 + z2 + z2 +A, A constant; then:

(3) −f2

∂f2
∂z1

− f2
∂f1

∂z2
= 0, i.e. − f2

∂f2
∂z1

− f2 = 0.

Try: f2 real. Then
∂f2
∂z1

= −1 and f2 = −z1 + C(z1, z2, z2) = −z1 − z1 + C′(z1, z2, z2),

with C′ real and
∂C′

∂z1
= 0.

From (4),
∂f2
∂z2

=
∂C′

∂z2
= 1,

and
C′ = z2 + z2 + C”(z1, z2),

with C” real.
f2 = −z1 − z1 + z2 + z2 + C”(z1, z2),

with C” real, and
∂C”
∂z2

= 0,
∂C”
∂z1

= 0.

C” being holomorphic in z2 and z1 is a constant B.
Hence: f2 = −z1 − z1 + z2 + z2 +B, with B ∈ IR.

4. On the space of hyperalgebraic functions

Definition 4.1. Let U be an open neighborhood of 0 in IHI ∼= C2. From now on,we will
only consider the quaternionic functions f = f1+f2j having the following properties:

(i) when f1 and f2 are not holomorphic, the set Z(f1) ∩ Z(f2) is discrete on U ;
(ii) for every q ∈ Z(f1)∩Z(f2), Jα

q (.) denoting the jet of order α at q [M 66], let

mi = sup
αi

Jαi
q (fi) = 0; mi, i = 1, 2,

is finite.
Define: mq = inf

i
mi.
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Remark that, in this paper, the considered peculiar examples of quaternionic
functions f satisfy: the set Z(f1) ∩ Z(f2) is reduced to one point and that αi = 1.

Let f = f1+f2j be a quaternonic function on U and g = g1+g2j = |f |−1(f1−f2j)
its inverse; so

g1 = |f |−1f1; g2 = −|f |−1f2,

where |f | = (f1f1 + f2f2).
The right inverse of g is h = h1 + h2j, with

h1 = |g|−1g1; h2 = −|g|−1g2; |g| = |f |−2(f1f1 + f2f2) = |f |−1;

then: h1 = |g|−1g1 = f1, ... So the right inverse of g is f .

Definition 4.2. We will call hypermeromorphic function, on U , any almost everywhere
defined hyperholomorphic function whose right inverse is hyperholomorphic almost
everywhere.

Thanks to Definition 4.1, meromorphic functions in one complex varable are
hypermeromorphic.

From Proposition 3.3, the set M of hypermeromorphic functions is not reduced
to the space of meromorphic functions in one complex variable.

Let M0 be the set of elements f of M described in Proposition 3.3. M0 is an
IR-vector space; it also contains f−1 and the products f ∗ f−1 = 1.

Proposition 5. Let f , g be two hypermeromorphic functions on U , then the follow-
ing conditions are equivalent:

(i) the product f ∗ g is hypermeremorphic;
(ii) f and g satisfy the system of PDE:

g1(
∂f1
∂z1

+
∂f2

∂z2
) + (f1 − f1)

∂g1
∂z1

+ f2

∂g1
∂z2

− f2
∂g2

∂z1
= 0

g1(
∂f1
∂z2

− ∂f2

∂z1
) + (f1 − f1)

∂g1
∂z2

− f2

∂g1
∂z1

− f2
∂g2

∂z2
= 0.

Proof. Let f = f1 + f2j and g = g1 + g2j two hypermeromorphic functions and

f ∗ g = f1g1 − f2g2 + (f1g2 − f2g1)j

their product, then

∂f1
∂z1

− ∂f2

∂z2
= 0;

∂f1
∂z2

+
∂f2

∂z1
= 0

and..., on U and, the conditions for the product to be hyperholomorphic are:

∂(f1g1 − f2g2)
∂z1

− ∂(f1g2 − f2g1)
∂z2

=

g1(
∂f1
∂z1

+
∂f2

∂z2
) + f1

∂g1
∂z1

− f1

∂g2

∂z2
+ f2

∂g1
∂z2

− f2
∂g2

∂z1
= 0,
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∂(f1g1 − f2g2)
∂z2

+
∂(f1g2 − f2g1)

∂z1
=

g1(
∂f1
∂z2

− ∂f2

∂z1
) + f1

∂g1
∂z2

+ f1

∂g2

∂z1
− f2

∂g1
∂z1

− f2
∂g2

∂z2
= 0.

Corollary 3. Let f , g be two hypermeromorphic functions on U , whose components
are real, then the following conditions are equivalent:

(i) the product f ∗ g is hypermeremorphic;
(ii) f and g satisfy te system of PDE:

g1(
∂f1
∂z1

+
∂f2
∂z2

) + f2
∂g1
∂z2

− f2
∂g2
∂z1

= 0

g1(
f1
∂z2

− ∂f2
∂z1

) − f2
∂g1
∂z1

− f2
∂g2
∂z2

= 0.

Definition 4.3. We will call hyperalgebraic the hypermeromorphic functions whose
sum and product are hypermeromorphic: see Section 4.2.

Proposition 6. The set M of hypermeromorphic functions on U is a subalgebra of
the algebra of quaternionic functions.

Proposition 7. The set A of hyperalgebraic functions on U is a “field” with only
associativity of the multiplication.

5. About residue current in quaternionic analysis:
particular cases

5.1. Residue current in an open set of C [D10a, D10b]

Let ω = g(z)dz be a meromorphic 1-form on a small enough open set 0 ∈ U ⊂ C

having 0 as unique pole, with multiplicity k:

g =
k∑

l=1

a−l

zl
+ holomorphic function.

Note that ω is d-closed.
Let ψ = ψ0dz ∈ D1(U) be a 1-test form. In general gψ is not integrable, but the

Cauchy principal value

V p[ω](ψ) = lim
ε→0

∫
|z|≥ε

ω ∧ ψ

exists as a current, and dV p[ω] = d”V p[ω] = Res[ω] is the residue current of ω. For
any test function ϕ on U ,
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Res[ω](ϕ) = lim
ε→0

∫
|z|=ε

ω ∧ ϕ.

Then

Res[ω] = 2πi res0(ω)δ0 + dB =
k−1∑
j=0

bj
∂j

∂zj
δ0

where res0(ω) = a−1 is the Cauchy residue. We remark that δ0 is the integration
current on the subvariety {0} of U , that

D =
k−1∑
j=0

bj
∂j

∂zj

with bj = λja−j where the λj are universal constants.
Conversely, given the subvariety {0} and the differential operator D, then the

meromorphic differential form ω is equal to gdz, up to holomorphic form; hence the
residue current Res[ω] = Dδ0, can be constructed.

5.2. Cauchy principal value of a quaternionic 1-form

Let f be a quaternionic function on an open neighborhood U of 0 in IHI satisfying
the conditions of Definition 4.1, with mi = 1, i = 1, 2.

Let

ω =
df

f
=

1
f

(df1 + df2j).

We want to extend ω into a current of degree 1; first, consider the part of type (1,0).
Let

ψ = ψ1dz1 ∧ dz2 ∧ dz2 + ψ2dz1 ∧ dz1 ∧ dz2

be a test form.
Define:

V p[ω](ψ)

= lim
ε→0

∫
|f |≥ε

(|f1|2+|f2|2)−1(f1−f2j)(df1+df2j)∧(ψ1dz1∧dz2∧dz2+ψ2dz1∧dz1∧dz2).

We have to prove the existence of V p[ω] at least if f is hyperholomorphic (Check
the proof in the classical case where f is holomorphic in one complex variable or in
two complex variables where the proof is less easy, but don’t need the resolution of
singularities).

(df1 + df2j) ∧ (ψ1dz1 ∧ dz2 ∧ dz2 + ψ2dz1 ∧ dz1 ∧ dz2)

=
(∂f1
∂z1

ψ1 +
∂f1
∂z2

ψ2 − (
∂f2
∂z1

ψ1 −
∂f2
∂z2

ψ2)j
)
dz1 ∧ dz1 ∧ dz2 ∧ dz2.

Take polar coordinates:

λ =|| q ||= (|z1|2 + |z2|2)
1
2
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and the spherical coordinates on λS3. Let dσ be the volume element on S3, and K

a convenient universal constant, then:

dz1 ∧ dz1 ∧ dz2 ∧ dz2 = Kλdλ ∧ dσ,

V p[ω](ψ)

= lim
ε→0

∫
|f |≥ε

(|f1|2+|f2|2)−1(f1−f2j)
(∂f1
∂z1

ψ1+
∂f1
∂z2

ψ2−(
∂f2
∂z1

ψ1−
∂f2
∂z2

ψ2)j
)
Kλdλ∧dσ.

Same result for the part of type ((0,1) of V p[ω].
We will prove the existence of V p[ω] in a particular case:

5.2.2. Particular case: f1 = z1; f2 = z2. Then: Df = 0.

V p[ω](ψ)

= lim
ε→0

∫
|f |≥ε

(|z1|2+|z2|2)−1(z1−z2j)(dz1+dz2j)∧(ψ1dz1∧dz2∧dz2+ψ2dz1∧dz1∧dz2)

V p[ω](ψ) = lim
ε→0

∫
|f |≥ε

(|z1|2 + |z2|2)−1(z1 − z2j)(ψ2dz1 ∧ dz1 ∧ dz2 ∧ dz2j)

V p[ω](ψ) = lim
ε→0

∫
λ≥ε

λ−2(z1 − z2j)(Kψ2λdλ ∧ dσj).

Same result for the part of type ((0,1) of V p[ω].
This defines a current of order 0 on IHI.

5.2.3. If f2 = 0 and f = f1 is holomorphic, then

V p[ω](ψ) = lim
ε→0

∫
|f |≥ε

df

f
∧ (ψ1dz1 ∧ dz2 ∧ dz2 + ψ2dz1 ∧ dz1 ∧ dz2)

= V p[ω](ψ) = lim
ε→0

∫
|f |≥ε

1
f

(
∂f

∂z1
ψ1 +

∂f

∂z2
ψ2)dz1 ∧ dz1 ∧ dz2 ∧ dz2.

5.3. Residue

5.3.1. Assume: Z(f) = {0}.

We want to define a current, Res[ω], and first its part of type (1, 1), on a test form

ϕ = ϕ11dz1 ∧ dz1 + ϕ12dz1 ∧ dz2 + ϕ21dz2 ∧ dz1 + ϕ22dz2 ∧ dz2,

as follows:

(5) Res[ω](ϕ) = lim
ε→0

∫
|f |=ε

(|f1|2 + |f2|2)−1(f1 − f2j)(df1 + df2j)(ϕ)
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(df1 + df2j)(ϕ) =

=
(∂f1
∂z1

dz1 +
∂f1
∂z2

dz2 − (
∂f2
∂z1

dz1 − ∂f2
∂z2

dz2)j
)×

×(ϕ11dz1 ∧ dz1 + ϕ12dz1 ∧ dz2 + ϕ21dz2 ∧ dz1 + ϕ22dz2 ∧ dz2)

=
∂f1
∂z1

dz1 ∧ (ϕ21dz2 ∧ dz1

+ϕ22dz2 ∧ dz2) +
∂f1
∂z2

dz2 ∧ (ϕ11dz1 ∧ dz1 + ϕ12dz1 ∧ dz2)

−∂f2
∂z1

dz1j ∧ (ϕ21dz2 ∧ dz1

+ϕ22dz2 ∧ dz2) +
∂f2
∂z2

dz2j ∧ (ϕ11dz1 ∧ dz1 + ϕ12dz1 ∧ dz2)

= (−∂f1
∂z1

ϕ21 +
∂f1
∂z2

ϕ11)dz1 ∧ dz1 ∧ dz2 + (
∂f1
∂z1

ϕ22 − ∂f1
∂z2

ϕ12)dz1 ∧ dz2 ∧ dz2

+
(∂f2
∂z1

ϕ21 −
∂f2
∂z2

ϕ11

)
jdz1 ∧ dz1 ∧ dz2 +

(− ∂f2
∂z1

ϕ22 −
∂f2
∂z2

ϕ12

)
jdz1 ∧ dz2 ∧ dz2

= (A+Bj)dz1 ∧ dz1 ∧ dz2 + (C +Dj)dz1 ∧ dz2 ∧ dz2.

Take polar coordinates: λ =|| q ||= (|z1|2 + |z2|2)
1
2 and the spherical coordinates

on S3. Let dσ the volume element on S3, and Kj, (j = 1, 2) a convenient universal
constant:

dz1 ∧ dz1 ∧ dz2|S3 = K1dλ ∧ dσ,
dz1 ∧ dz2 ∧ dz2|S3 = K2dλ ∧ dσ.

Same result for the part of any type of Res[ω].

5.3.2. Particular case

f1 = z1; f2 = z2. Then: Df = 0.

(dz1 + dz2j)(ϕ) = ϕ22dz1 ∧ dz2 ∧ dz2 + dz2j ∧ ϕ12dz1 ∧ dz2

= ϕ22dz1 ∧ dz2 ∧ dz2 + ϕ12dz1 ∧ dz2 ∧ dz2j

Res[ω](ϕ)

= lim
ε→0

∫
|f |=ε

(|z1|2 + |z2|2)−1(z1 − z2j)(ϕ22dz1 ∧ dz2 ∧ dz2 + ϕ12dz1 ∧ dz2 ∧ dz2j)

= lim
ε→0

∫
||f ||=ε

(|z1|2 + |z2|2)−1(z1 − z2j)(ϕ22 − ϕ12j)dz1 ∧ dz2 ∧ dz2)

= lim
ε→0

∫
S3

(|z1|2 + |z2|2)−1(z1 − z2j)(ϕ22 − ϕ12j)εdσ

= res[ω](ϕ22 − ϕ12j)(0) = δ0(ϕ22 − ϕ12j)
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∫
||f ||=ε

means the integration on εS3, where S3 is the unit 3-sphere and dσ the volume

element on S3, res[ω], a constant playing the part of the Cauchy residue, and δ0 the
Dirac measure at 0.

Same result for the part of any type of Res[ω].

5.3.3. f holomorphic

If f2 = 0 and f = f1 is holomorphic,

Res[ω](ϕ) = lim
ε→0

∫
|f1|=ε

df1
f1

(ϕ).

Assume f1 = z1, then: z1 = εiθ, and

Res[ω](ϕ) = lim
ε→0

∫ 2π

0

idθϕ2,2(εeiθ, z2)dz2 ∧ dz2 = 2πi[Z(z1)](ϕ).

Same result for any holomorphic f1 since f1 = εeiθ.
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O FUKCJACH KWATERNIONOWYCH

S t r e s z c z e n i e
Scharakteryzowane sa̧ i zbadane rozmaite rodziny funkcji kwaternionowych. W szcze-

gólnych przypadkach wprowadzony jest pra̧d residualny prawego odwrócenia funkcji kwa-
ternionowej.
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1. Introduction

The subject of this article is to combine in one bundle some questions of complex
analysis, geometry and probability theory. First investigations of geometric prob-
ability start with the well-known Buffoon’s needle problem and related paradoxes.
A needle is considered as the real line and then the problem reduces to finding an in-
variant measure of a set relative to a movement (R. V. Ambartsumyan, G. Matheron,
L. Santalo [1, 9, 13]).

Many questions of integral geometry are reduced to the estimation of a measure
of linear spaces crossing a convex set. Finding such a measure we obtain probabilistic
estimations. Other problems, more close to geometry, are the estimations of prop-
erties of the set under investigation if properties of its intersections with families of
some sets are well known:

1) with planes of fixed dimension:
a) the real case (G. Aumann, A. Kosiński, E. Shchepin [2, 7, 14]);
b) the complex case (Yu. Zelinskii [19]);
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2) with a set of vertices of an arbitrary rectangle (A. S. Besicovitch, L. Danzer,
M. Tkachuk, T. Zamfirescu [3, 4, 15, 18]).

The first problem is connected with the well-known Ulam’s problem [10].
Ulam’s problem. Let Mn be an n-dimensional manifold and every section of

Mn by arbitrary hyperplane L be homeomorphic to an (n − 1)-dimensional sphere
Sn−1. Is it true that Mn is an n-dimensional sphere?

In the real case A. Kosiński solved this problem in 1962 [7]. L. Montejano obtained
the same result in 1990 [11]. In the complex case Yu. Zelinskii got a similar result in
1993 [19].

The second problem is known in literature as Mizel’s problem (a characteriza-
tion of the circle): A closed convex curve such that, if three vertices of any rectangle
lie on it, so does the fourth, must be a circle.

In 1961 A. S. Besicovitch [3] solved this problem. Later, a modified proof of this
statement was presented by L. W. Danzer, W. H. Koenen, C. St. J. A. Nash-Williams,
A. G. D. Watson [4, 6, 12, 17].

In 1989 T. Zamfirescu [18] proved a similar result for a Jordan curve (not convex
à priori) and for a rectangle with the infinitesimal relation between its sides:∣∣∣a

b

∣∣∣ ≤ ε, ε > 0,

where a and b are side lengths of a rectangle.
In 2006 M. Tkachuk [15] obtained the most general result in this area for any

arbitrary compact set C ⊂ R2, where the complement R2\C is not connected.
It is obvious that the requirement of the compactness is necessary, otherwise

the straight line and some other sets noted below will satisfy the stated require-
ment. But if the partition of the plane is not required, the ensembles below will
satisfy, for instance, that condition of a rectangle: an ensemble from three points of
a plane such that the triangle with vertices in these points will not be rectangular, a
proper arc of a semicircle, a set of points of a plane with rational (irrational) coor-
dinates.

T. Zamfirescu proved that every analytic curve of constant width satisfying the
infinitesimal rectangle property is a circle. Our aim is to prove the theorem for a
convex curve without the analyticity condition (Theorem 1) and to discuss new
unsolved problems concerning Mizel’s problem.

2. The main theorem

Definition 2.1. A set in R2 is called convex if it contains, with any two distinct points
x and y, the (closed) line segment between x and y.

Definition 2.2. A width of a convex curve in the direction is the distance between
two parallel support lines of this curve perpendicular to this direction. A curve has
a constant width if its width is equal in all directions.
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Definition 2.3. A set in R2 has the infinitesimal rectangle property if there is some
ε > 0 such that no rectangle with side lengths ratio at most ε has exactly three
vertices in the set (if three vertices of any such rectangle lie on the set, so does the
fourth).

We introduce the following notation: let Γ be a convex curve of constant width
satisfying the infinitesimal rectangle property and for each point x ∈ Γ the circle
having with the curve Γ a common tangent at the point x be denoted by ∂Δx in
some neighbourhood of a point of the curve Γ we assume that the upward direction
is the direction along the inner normal and thus we consider the right direction and
the left direction along the curve Γ; Uε(x,Γ) is the ε-neighborhood of x on the curve
Γ, U l

ε(x,Γ) is the left ε-neighborhood of x on the curve Γ, i.e. the subset of Uε(x,Γ)
each point of which lies to the left of x; U r

ε (x,Γ) is the right ε-neighborhood of x
on Γ.

Definition 2.4. A point y ∈ Γ is called opposite to a point x ∈ Γ if the straight line xy
is perpendicular to the straight line Tx that is supporting for Γ and passes through
the point x. The straight line xy is called a normal of a convex curve at the point x.
A straight line that is a normal of a convex curve at two points of their intersection
is called a binormal.

Theorem 2.1. Any convex curve of constant width satisfying the infinitesimal rect-
angular condition is a circle.

Proof. We are only interested in rectangles with the diagonal length d. Let a and b

be sides of the rectangle. By the infinitesimal rectangular property:
a

b
< δ.

From the Pythagorean theorem we have:

b =
√
d2 − a2.

Hence
a√

d2 − a2
< δ,

a2 < δ2(d2 − a2),

a2 <
δ2d2

1 + δ2
.

Let δd/
√

1 + δ2 = ε; then a < ε, ε > 0. Hence the infinitesimal condition may be
replaced by the requirement that the smaller rectangle side has length less than some
ε for the fixed diagonal length d.

In [15] it was proved that the curve Γ has a continuous tangent.
We prove that Γ does not contain the points through which several different

straight lines supporting Γ may pass. In what follows, we call these points angular
and the other points regular. The proof of the statement that every normal of a
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convex curve that satisfies the rectangle condition (if three vertices of a rectangle
belong to Γ then its fourth vertex also belongs to Γ) is a binormal is given in [3] and
can also be applied to Γ in the case considered (this was proved by T. Zamfirescu).

Let x be an angular point of Γ. Consider the set λ of points z ∈ Γ opposite to
the point x. Consider a mapping that associates every point z ∈ λ with the straight
line p perpendicular to xz, z ∈ p, that is supporting for Γ at the point z. We obtain
a continuous mapping of the arc λ onto the set of elements supporting for the arc λ
of the convex curve Γ [8]. Thus the arc λ cannot contain angular points because the
mapping p(z) is continuous.

Let us prove that the supporting straight line p(z) is tangent to λ at a point
z in the classical sense of this word (the limit location of a secant). It is known
that one can represent a convex curve in the neighborhood of an arbitrary point of
it as the graph of a convex function by choosing corresponding coordinate axes. A
convex function has right-hand and left-hand derivatives everywhere but they may
be different at certain points [8]. We prove that the tangents to λ from the right and
from the left at all points coincide with supporting straight lines. For an arbitrary
point z0 ∈ λ we take a sequence of points zn ∈ λ such that zn → z0, from the right
with respect to the chosen orientation of axes. The straight line znz0 tends to the
right tangent at the point z0. Since the mapping p(z) is continuous, there exists a
point tn ∈ ⋃ z0zn such that p(tn) is parallel to z0zn. Since zn → z0 and tn ∈ ⋃ z0zn

, we have tn → z0 , and, hence, p(tn) tends to the right tangent at the point z0 that
coincides with p(z0). For the left tangent the arguments are analogous.

Thus, the arc λ is smooth, i.e., a diffeomorphism of an open segment onto the
plane. Using differential calculus and taking into account the condition p(z) perpen-
dicular to xz, we prove that λ is an arc of a circle. For an arbitrary point of a circle,
there exists its neighbourhood on the arc symmetric relative to the normal to the
arc at this point, and the neighborhood of the angular point x can be symmetric
only relative to the bisector of the supporting angle (the supporting straight lines
have also to be symmetric). We draw a binormal different from the bisector of the
supporting angle through the point x and an interior point of the arc of the circle
and construct a rectangle with two points of the arc of the circle symmetric rela-
tive to the binormal and the third vertex in the neighborhood of the point x. The
fourth vertex, which is symmetric to the third one, belongs to Γ. Thus, there exists
a neighborhood of the angular point x that is symmetric relative to this binormal,
which is impossible. Therefore Γ does not contain angular points and is a smooth
curve.

Let A ⊂ R2 be some set of points and ΛA linear measure of A.
A. S. Besicovitch proved the following four lemmas:

Lemma 2.1. If E, ΛE = 0, is the set of the end points of a set of normals of Γ and
U the set of mid-points of the normals, then ΛU = 0.
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Lemma 2.2. The set of centres of curvature of Γ at the points, at which the curva-
ture is equal to 2/d, is of linear measure 0.

Lemma 2.3. Given a set E, ΛE > 0, of points of Γ, at which the radius of curvature
is different from 1

2d the set U of mid-points of the normals at E is also of positive
measure and at almost all points of U the tangent to U exists and is perpendicular
to the normal to which the point belongs.

Lemma 2.4. If at almost all points of an arc � AB of Γ, and of the opposite arc
� A

′
B

′
the radius of curvature is 1

2d then � AB and � A
′
B

′
are circular arcs.

Notice that these lemmas are valid for the infinitesimal rectangle property since
they have a local character. But the result following from these lemmas changes: if
at some point x ∈ Γ the circle ∂Δx intersects Γ at y and the distance between x and
y is less than ε; then in some neighbourhood of x (and also of the opposite point
x∗) the curve Γ is an arc of the circle ∂Δx.

Consequently, all points of the curve Γ can be divided into five disjoint sets:

A = {x ∈ Γ|Uε(x,Γ)\{x} ⊂ Δx}
is the set of points of the curve Γ such that the curve Γ lies in the open circular disk
Δx in ε-neighbourhood of x ∈ A except the point x itself;

B = {x ∈ Γ|Uε(x,Γ)\{x} ⊂ R
2\Δx}

is the set of points of the curve Γ such that in their ε−neighborhood the curve Γ is
situated outside of the closed circular disk �x except for the point x itself;

AB = {x ∈ Γ|U l
ε(x,Γ) ⊂ Δx, U

r
ε (x,Γ) ⊂ R

2\Δx}
is the set of points of the curve Γ such that in their ε-neighbourhood the curve Γ
lies in the open circular disk �x to the left of x and outside of the closed circular
disk �x to the right of x except the point x itself;

BA = {x ∈ Γ|U l
ε(x,Γ) ⊂ R

2\Δx, U
r
ε (x,Γ) ⊂ Δx}

is the set of points of the curve Γ such that in their ε-neighbourhood the curve Γ
lies in the open circular disk �x to the right of x and outside of the closed circular
disk �x to the left of x except for the point x itself;

C is the set of points of the curve Γ each of which has the neighbourhood where
the curve coincides with an arc of the circle ∂Δx.

Hence
Γ = A

⋃
B
⋃
AB

⋃
BA

⋃
C.

Suppose that xn → x, xn ∈ Γ and let all xn be in ε-neighbourhood of x to the left
of it. Assume that xn ∈ A

⋃
BA and x ∈ AB then in some neighbourhood of x the
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curve Γ lies above each circle ∂Δxn . Γ is inside the circular disk �x. This fact follows
from the continuity of a tangent to Γ. We obtain a contradiction with x ∈ AB. So in
some neighbourhood of x to the left of it there are no points of the sets A and BA.
In this neighbourhood we consider a similar sequence of points xn ∈ B

⋃
AB and as

a consequence we find that in some neighbourhood of x the curve Γ lies under every
circle ∂Δxn and therefore outside of the circular disk Δx which is impossible. So in
some left half-neighborhood of x our curve is an arc of a circle ∂Δx which is also
not compatible with the condition x ∈ AB. We conclude that AB = ∅. Similarly,
BA = ∅.

Thus
Γ = A

⋃
B
⋃
C.

Suppose that C = ∅, Γ = A
⋃
B. Consider a sequence of points xn ∈ A, xn → x. If

x ∈ B then as we know the contradiction is obtained. Hence x belongs to A and A is
a closed set. Similarly, B is closed. The curve Γ is connected and therefore either A
or B is empty. It means that Γ = A or Γ = B, which implies that the curve Γ either
contains a circular disk Δx or is contained in a circular disk Δx, which contradicts
the fact that Γ is the convex curve of constant width and has a length πd.

Hence C 	= ∅ and there exists a point x ∈ C. Some neighbourhood of x is also
contained in the set C. We shall move along the curve Γ to the left from the point x
to the first point y that does not belong to C. It is obvious that y can belong neither
to A nor to B and therefore Γ = C. Then by applying the Heine-Borel lemma we
conclude that Γ is a circle and Theorem 1 is proved.

Combining this result with the result of Zamfirescu [18], we obtain:

Corollary 2.1. Every Jordan curve satisfying the infinitesimal rectangle condition
is a circle.

3. Open Problems

A row of similar open problems in the plane and in an n-dimensional case appears
in connection with Mizel’s problem.

Problem 3.1. Let C be a closed Jordan curve in R2, and for an arbitrary algebraic
closed curve L of the order n from the property that the intersection C ∩L contains
m points follows that C ∩ L contains no less than m+ 1 points. Does there exist a
number m such that from the property above follows that C is an algebraic curve
of the order n?

Problem 3.2. In the previous question let L be a circle and m = 3. Is it true that
also C is a circle?

Problem 3.3. In Problem 3.1 let L be an ellipse and m = 5. Is it true that also C is
an ellipse?
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Problem 3.4. Will a compact C be a sphere in Rn if C divides the space and if from
the belonging n+ 1 tops of the arbitrary rectangular parallelepiped to a compact C,
it follows that one more top lies in C too?

The latter question is interesting even if C is an (n− 1)-dimensional manifold or
a boundary of a convex set.

Problem 3.5. Let C be an (n− 1)-dimensional manifold (or a boundary of a convex
domain) in Rn and there does not exist an (n − 1)-dimensional sphere Sn−1 such
that the intersection C ∩ Sn−1 contains exactly n+ 1 points. Is it true that C is an
(n− 1)-dimensional sphere?

Problem 3.6. Does the result of [18] remain valid if we consider a compact set C ⊂ R
2

where the complement R2\C is not connected?

Problem 3.7. Are the cited results and Problems 3.1-3.5 true, if one point (top) on
C is fixed?

Problem 3.8. Will the Problems 3.1-3.6 be true if one of the intersection points
belongs to some selected subset E ⊂ C that is not everywhere dense in C? What is
the minimum power of this set for the correctness of problems quoted?

Example 3.1. Let C = F ∪ S1, where S1 is a unit circle in the plane and F is any
compact subset of y-axis. Let all points of F be at the distance more than one unit
from the origin. If the selected set consists of the pair of points E = (0, 1)∪ (0,−1),
it is obvious that the compact C satisfies the Mizel’s problem for the vertices of a
rectangle withh one vertex lying on the set E, but C is not a circle.

This example shows that the selected set of Problem 3.8 should contain at least
three points or we restrict ourselves to study compacts that are Jordan curves.

The example below will show that in Problem 3.2 it is impossible to consider a
compact set dividing the plane instead of a curve, in analogy Tkachuk’s result.

Example 3.2. Consider the domain D on the plane bounded by the circle S1. Next,
remove from the interior of the domain D the infinite ensemble of opened balls Di

everywhere dense in D which do not intersect pairwise even on the border and also
do not intersect the circle S1.

Then we obtain the compact fractal set K = D̄\ ∪ Di without interior points
that divides the plane into a countable set of components. Yet, it is easy to see that
the intersection of an arbitrary circle and K is only one point or an infinite number
of points (see Figure 1).

We receive other examples if domains D(Di) are domains bounded by ellipses
or squares. In this case intersections with a circle can contain one, two, four or
infinitely many points but never three points. These examples give a negative answer
to Problem 8 from [20].
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Fig. 1: Construction for Example 3.2.

Corollary 3.1. On the two-dimensional plane R2 there exist compact sets that di-
vide the plane and such that there are no circles having with them precisely three
cross points.

In particular, a class of similar sets includes the Shottky sets and Sierpiński’s
carpet.

Other similar problems can be found in the work of Grünbaum [5].
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S t r e s z c z e n i e
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HISTORICAL DEVELOPMENTS OF COMPUTING
OF THE INHOMOGENEOUS DIRICHLET PROBLEM
IN BIDIMENSIONAL OR MULTIDIMENSIONAL DOMAINS

Summary
We present the question of solving and computing nonhomogeneous Dirichlet problems

in domains in R
2 or R

n (n ≥ 2). Using complex analysis we present the Kutta-Joukowski
method of computing a bidimesional flow around a profile. In the case [1, 2] of a three-
dimensional flow around a cylindrical profile, we determine Sobolev spaces concerned and
calculate by optimization methods an approximation of the solution by the use of Galerkin
approximations [5–7]. This problem arises in engineering science, thermal physics or dy-
namics of flows in porous media [6, 9].

Keywords and phrases: Dirichlet problem, flow profile, Dirichlet beam

1. Flows past a Jordan curve profile

It is well known that a continuous differentiable plane flow u+ iv defined in a simply
connected domain G is irrotational and only solenoidal if and if

u+ iv = f ′(z) with z = x+ iy,(1)

where f(z), an analytic function defining the complex potential of the flow u + iv,
is solenoidal and irrotational. Let

w = u+ iv.(2)
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Define a Jordan curve c and observe that∫

c

wdz =
∫

c

(
u+ iv

)
(dx+ idy) =

∫

c

(udx+ vdy) + i

∫

c

(−vdx+ udy)(3)

and ∫

c

udx+ vdy = Re
∫

c

wdz,(4)

∫
c

−vdx+ udy = Im
∫
c

wdz.(5)

We have

u =
∂ϕ

∂x
, v =

∂ϕ

∂y
,(6)

−v =
∂ψ

∂x
, u =

∂ψ

∂y
(7)

f ′(z) =
∂ϕ

∂x
+ i

∂φ

∂x
= u− iv

and we get (1).
Conversely, take u+ iv to satisfy (1), where f(z) in analytic in G. Take a smooth

closed Jordan curve c contained in G. We get∫
c

wdz =
∫
c

f ′(z)dz = 0.

We use the Cauchy integral theorem – the derivative of an analytic function is
itself analytic:

∫

c

wdz =
∫

c

f ′(z)dz = 0.

Then, the flow u + iv is irrotational and solenoidal by (4) and (5). ϕ and ψ

define the velocity potential and the stream function. Equipotential and stream
lines correspond to

ϕ(x, y) = cts, φ(x, y) = cts′.(8)

The mapping ζ = ξ + iη = f(z) is the complex potential; it is conformal at every
point of G except at points where f ′(z) vanishes. There are also points, stagnation
points where the velocity u+ iv vanishes and ζ = f(z) maps the curve (8) into the
curves:

ξ = cts, η = cts′,(9)

and every curve ξ = cts is orthogonal to every curve η = cts′ and vice versa. The
curves (8) form an orthogonal system except at stagnation points. By (8), we get
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the equipotential lines
∂ϕ

∂x
dx+

∂ϕ

∂y
dy = udx+ vdy = 0(10)

and the streamlines
∂ψ

∂x
dx+

∂ψ

dy
= −vdx+ udy = 0.

The velocity is normal to the equipotential line through (x, y) and tangential
to the streamline through (x, y). The streamlines are the actual trajectories of the
moving fluid elements. Every curve making the boundary Γ of the flow domain G

has to be a part of the streamline ψ(x, y) and, if f(z) is to be the complex potential,
then ψ(x, y) = Imf(z) has to be constant on every curve making up Γ.

2. Flow past a circular cylinder of radius R

Suppose thatf(z) is the complex potential and f ′(z) is an analytic function in the
domain |z| > R taking the value w∞ at infinity. By Laurent expansion, f ′(z) has
the form

f ′(z) = w∞ +
c1
z

+
c2
z2

+
c3
z3

+ . . .(11)

and f(z) is

f(z) = w∞z + c1 ln z − c2
z

− c3
2z2

.(12)

Integration has no effect on the velocity field. In polar coordinates ψ(r, θ) =
Imf(z), we have with w∞ = u∞ + iv∞, z = reiθ and

c1 = a1 + ib1, c2 = a2 + ib2 c3 = a3 + ib3,

the formula

ψ(r, θ) = a1θ + b1 ln r +
a2 + r2u∞

r
sin θ(13)

− b2 + r2v∞ cos θ
r

+
a3

2r2
sin 2θ − b3

2r2
cos 2θ.

Let Γ be the circle |z| = R; Γ must be one of the streamlines of the flow. The
function ψ(r, θ) has to be constant for r = R and arbitrary θ. This is satisfied if we
make the following choice:

a1 = 0, b2 +Rv∞ = 0, a2 +R2u∞ = 0 a3 = b3 = 0,

and we have

b′(z) = w∞ +
ib1
z

− R2w∞
z2

(14)

f(z) = w∞z + ib1 ln z +
R2

z
w∞.(15)
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We get the circulation around Γ:

κ = Re
∫

Γ

f ′(z)dz = Re
∫

|z|=r

f ′(z)dz = Re
∫

|z|=r

w∞ +
ib1
z

− R2w∞
z2

= −2πb1(16)

if r > R. Eq. (14) and (15) become:

f ′(z) = w∞ − κ

2iπz
− R2w∞

z2
,(17)

f(z) = w∞z +
κ

2iπ
ln z +

R2w∞
z

.(18)

The second term of (18) is a pure circulatory flow. This holds also when Γ is an
arbitrary closed Jordan curve instead of the circle |z| = R. In fact κ is the circulation
around Γ and take |z| = r to be any circle surrounding Γ. Eq. (16) is changed to

κ = Re
∫

|z|=r

(
w∞ +

c1
z

+
c2

z2 + . . .

)
dz = Re(2iπc1), |z| = r.

The flux through Γ, equal to 2iπc1, must vanish, the flow being solenoidal in G.
Thus, c1 is purely imaginary and again we have

c1 =
κ

2iπ
,

f ′(z) = w∞ +
κ

2iπz
+
c2
z2
.

We assume that w − ∞ = u∞ > 0 and with this last expression of f ′(z) we get
stagnation points of the flow (u = v = 0) and

z2 +
κ

2πiu∞
z −R2 = 0,

z1,2 =
iκ

4πu∞
±
√
R2 −

(
κ

4πu∞

)2

.

a) If |κ| ≥ 4πRu∞, z1 and z2 are purely imaginary. With the relation z1z2 = −R2,
one of the points lies outside the circle |z| = R, in the flow domain;

b) If |κ| = 4πRu∞ only there is one stagnation point, at one of the points in
which the imaginary axis intersects the circle z = R;

c) If |κ| < 4πRu∞, there are two stagnation points z1 and z2 on the circle |z| = R

which are symmetric with respect the imaginary axis.
If κ = 0, there are two stagnation points at the points ±R in which the real axis

intersects the circle |z| = R.
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3. Kutta-Joukowski theorem – circulation of the flow around
a Jordan curve Γ

Define ζ = g(z) the unique conformal mapping of the exterior of Γ onto the exterior
of the unit circle |ζ| = 1 such that g(∞) = ∞ and g′(∞) ia a positive number. The
Laurent expansion of g(z) at infinity has the form

ζ = g(z) = cz + c0 +
c1
z

+ . . . , 0 < c < +∞.(19)

The complex flow past the circle |ζ| = 1 with velocity A at infinity is

Φ(ζ) =
κ

2iπ
Lnζ +Aζ +

A

ζ
,(20)

where A can be chosen so that, with ζ = g(z),

f(z) = Φ (g(z)) =
κ

2iπ
Lng(z) +Ag(z) +

A

g(z)
.(21)

On Γ, we have a constant imaginary part for f(z) and its derivative is analytic
outside Γ. At infinity we have

w∞ = f ′(∞) = Φ′(∞)g′(∞) = Ac.

Here A can be expressed as

A =
w∞
c

=
w∞
g′(∞)

with f(z) given by

(21′) f(z) =
κ

2iπ
ln g(z) +

w∞
g′(∞)

g(z) +
w∞

g′(∞)g(z)
.

The force exerted on a cylinder of cross section Γ is an application of Bernoulli
law

P +
1
2
p|w|2

which is constant along streamlines and hence along the cross section Γ. With (21’),
A being positive, we get

P = A− 1
2
ρ|w|2.

Take an element of Γ, dz = dx+ idy. The force acting on dz due to the pressure is

Pidz = Aidz − 1
2
ρi|w|2dz,

F = X + iY =
∫

Γ

Pidz = Ai

∫

Γ

dz − 1
2
ρi

∫

Γ

|w|2dz,(22)

X + iY = −1
2
ρi

∫

Γ

|w|2dz.(23)
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The first integral of (22) vanishes. Γ is a streamline, f(z) stands for the complex
potential

w = f ′(z) = |w|eiθ,

θ = arg dz, and we have

|w| = f ′(z)e−iθ.(24)

Putting (24) in (23) we have

X + iY = −1
2
ρi

∫

Γ

|f ′(z)|2e−2iθdz = −1
2
ρi

∫

Γ

|f ′(z)|2 × dz.(25)

Take the complex conjugate of (25):

X − iY =
1
2
ρi

∫

Γ

|f ′(z)|2dz =
1
2
ρi

∫

|z|=r

|f ′(z)|2dz.(26)

We replace Γ by any circle |z| = r. Put (17) in (26). We get

X − iY =
1
2

∫

|z|=r

ρi
(
w∞ +

κ

2iπz
+
c1
z2

+ . . .
)
dz =

1
2
ρi

2κw∞
2iπ

∫

c

dz

z
= ρκw∞i,

(27)

so X = 0, Y = −ρκw∞.

4. Dirichlet beam problem of Rn in a cylinder

A certain number of problems needs to be solved in a beam (x1, . . . , xn−1) (xn =
+h, xn = −h) on the boundary Γ of the beam; we have u = 0 for xn = +h and
xn = −h. For x1 = 0 we have u = 1. In the case of R2, the beam is infinite in the
x1-direction. We have

Δu =
∂2u

∂x2
1

+
∂2u

∂x2
1

= 0,(28)

⎧⎨
⎩

u = 0, x1 = 1 and x1 = −1
u = 1, x2

u→ 0, x2 → ∞
on Γ(29)

in the case of κ, (n = 2). Let

Ω =] − 1,+1[×ω,
ω =]0,+∞] (x2 > 0),

Γ1 =] − 1,+1[∪[x2 = 0],

Γ2 =]0,+∞] ∪ {x2 > 0} ∪ {|x1| = 1}.
We are going to solve

Δu = 0 on Ω
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and {
u = 0 on Γ2,

u = 1 on Γ1,

with w = u + iv, z = x + iy, the function w = sin
(

π
2 z
)

maps the slab Ω on the
half-plane v > 0 (Im w > 0).

We have to solve a Dirichlet problem in the half-plane (u, v; v > 0); u is equal to
1 on Γ1 =] − 1,+1[. The solution disappears on ] −∞,−1] and [1,+∞[:

u0 =
1
π

+1∫

−1

v

(ξ − u)2 + v2
dξ

=
1
π

[
arctan

(
1 − u

v

)
− arctan

(−1 − u

v

)]
(30)

=
1
π

arctan
(
w − 1
w + 1

)
=

2
π

arctan
(

cos
1
2
πx× 1

sinh 1
2πy

)
.

This gives the behaviour of u0 close to the boundary [9].
Define now Ω as the cylinder of Rn:

Ω = (−1,+1) × ω,

where ω is a Lipschitz domain of Rn−1. Define

x1 = {x0, x1, . . . , xn−1}, x2 = xn,

Γ = ] −∞,−1]n−1 ∪ [1,+∞[n−1∪[xn = 0, x1 ∈ ω],

Γ1 =
{[
x1 ∈] −∞,−1]n−1

] ∪ [x1 ∈]1,+∞]n−1
]}
,(31)

Γ2 = {xn = 0 ∪ ω} .

We are interested in solving the problem related with

Δu = 0 on Ω,(32)

{
u = 0 on Γ1,

u = 1 on Γ2.
(33)

Several problems of determination of the harmonic function in Ω ⊂ R
n (n ≥ 3) with

nonhomogeneous conditions on Γ are met in dynamics of flows in porous media, in
thermal physics, or hydrodynamic flows [3, 4, 6]. This type of problem, especially
when Ω in a three dimensional domain (R3 ⊃ Ω), requires functional analysis ap-
plications [5, 7]. The use of Sobolev spaces with Galerkin discrete spaces [5, 7] is
needed (finite elements).

In R3, it is the problem in a half-cylinder of square section parallel to the plane
(x1, x2). The cylinder is infinite in the direction (x3 > 0). No manual computing
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method is used for this type of problem. We use Sobolev spaces and Lax-Milgram
theorem [5]. Define

H1(Ω) =

⎧⎨
⎩v
∫

Ω

( →
gradv

)2

dΩ < +∞
⎫⎬
⎭ ,

‖v‖2
H1(Ω) = a(v, v) =

∫

Ω

( →
gradv

)2

dΩ,

K =
{
v ∈ H1(Ω)|v = 0 on Γ1; v = 1 on Γ2

}
,

K is a closed convex set and we can define [5] the trace of v ∈ H1(Ω) on v on Γ2,
v ∈ L2(Γ2). By the Lax-Milgram theorems [5] it exists u ∈ K such that for every
v ∈ K we have

a(u, v − u) ≥ L(v − u),

L(v) =
∫

Γ2

vdΓ, u = 1 = v on Γ2.

We construct Kh ⊂ K, the space of continuous functions, Kh being of finite
dimension [7] and we have to solve (Galerkin method) the problem related with

Kh ⊂ K, ∃uh ∈ Kh ∀vh ∈ Kh

a(uh, vh − uh) ≥ L(vh − uh).

We have suggested that in the case of Dirichlet problem with non-homogeneous
boundary values, in the following cases:

– n = 2 (in R2); we can get manual computing solutions using applied complex
analysis [8];

– n = 3 (in R3); we can get numerical solutions using Galerkin approximations
in Sobolev spaces by Lax-Milgram theorem and the use of optimization methods.

The analytic solution of this bidimensional problem can be used as test function
for computing (in the case of bidimensional finite element problem) a compared
solution.
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HISTORYCZNY ROZWÓJ WYLICZEŃ NIEJEDNORODNEGO
PROBLEMU DIRICHLETA W OBSZARACH DWU-
I WIELOWYMIAROWYCH

S t r e s z c z e n i e
Omawiamy zadanie rozwia̧zania i wyliczeń niejednorodnego problemu Dirichleta w ob-

szarach z R
2 wzglȩdnie R

n (n ≥ 2). W oparciu o analizȩ zespolona̧ przedstawiamy metodȩ
Kutty-Żukowskiego wyznaczania dwuwymiarowych przep�lywów wokó�l profilu. W przy-
padku trójwymiarowego przep�lywu wokó�l profilu cylindrycznego, wyznaczamy stosowne
przestrzenie Sobolewa i przy użyciu metod optymizacji aproksymujemy rozwia̧zanie przy
użyciu aproksymacji Galerkina. Wskazujemy, że problem może powstać na gruncie roz-
ważań technicznych, termodynamicznych i w zakresie dynamiki przep�lywów w cia�lach
porowatych.
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REGULAR GROWTH OF ENTIRE FUNCTIONS OF ORDER ZERO

Summary
We establish a relationship between strongly regular growth of entire functions of order

zero and regular growth of their logarithm of modulus and argument in Lp[0, 2π]-metrics.
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1. Introduction

Suppose that f is an entire function of order zero, f(0) = 1; n(r, α, β) is a counting
function of zeros aj of the function f in the sector {z : |z| ≤ r, α < arg z ≤ β},
n(r) = n(r, 0, 2π) is a counting function of zeros of f . By λ(r) we denote the refined
order of counting function n(r), i.e.,

1) λ(r) is a continuously differentiable function on [0,+∞);
2) λ(r) → 0 as r → ∞;
3) λ(r) + rλ′(r) ln r ↘ 0 as r → ∞;

4) 0 < lim
r→∞

n(r)
V (r)

< +∞, where V (r) = rλ(r).

We denote the set of such functions f by H0(λ(r)).
We say [1] that the set of zeros of a function f ∈ H0(λ(r)) has an angular density,

if the limit

lim
r→+∞

n(r, α, β)
V (r)

= Δ(α, β)
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exists for all 0 ≤ α < β < 2π, perhaps, with the exception of α or β belonging to a
countable set.

The equality Δ(β) − Δ(α) = Δ(α, β) determines for fixed α, up to a constant
term, a nondecreasing function Δ(β), which is called angular density.

Rays {z : arg z = θ} satisfying the condition

lim
ε→0+

{
lim

r→+∞
n(r, θ − ε, θ + ε)

V (r)

}
= 0

are said to be ordinary for the function f ∈ H0(λ(r)).
We denote by ln f the unique branch of the multivalued function

Lnf = ln |f(z)| + iArgf(z)

in the domain

G = C \
∞⋃

j=1

{z : |z| ≥ |aj |, arg z = arg aj} with ln f(0) = 0.

We say [1] that an entire function f ∈ H0(λ(r)) is of strongly regular growth
(s.r.gr.) on the ordinary ray {z : arg z = θ} if the following limit

lim
r→+∞

∗ ln f(reiθ) −N(r)
V (r)

= H(θ, f)

exists, where lim∗ indicates that r tends to infinity outside some E0-set.
If an entire function f ∈ H0(λ(r)) is of s.r.gr. on all ordinary rays arg z = θ, 0 ≤

θ < 2π, then f is called a function of s.r.gr. We denote the set of such functions by
H�

0(λ(r)).

Theorem A [1]. If f ∈ H0(λ(r)) and the set of its zeros has an angular density,
then f ∈ H�

0(λ(r)) and

H(θ, f) = i

∫ θ−0

θ−2π

(θ − ψ − π)dΔ(ψ).

Conversely, if f ∈ H�
0(λ(r)) and zeros of f are arranged on a finite system of

rays, then the set of these zeros has an angular density.

In Theorem A it is essential that zeros are located on finitely many rays In the
general case [2], strongly regular growth of an entire function f does not imply the
existence of angular density of its zeros.

Suppose that
nk(r) =

∑
|aj|≤r

e−ik arg aj , k ∈ Z.

From Carathéodory-Levy theorem (see, for example, [3, p. 98]) it follows that
zeros of f ∈ H0(λ(r)) have an angular density if and only if for all k ∈ Z there exists
a finite limit

lim
r→+∞

nk(r)
v(r)

= δk, δk ∈ C.
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In [4] necessary and sufficient conditions of regular growth for functions ln |f |
and arg f in Lp[0, 2π]-metrics were established.

We denote by ‖ · ‖ – p-norm in the space Lp[0, 2π],

G(θ, f) = i
∑
k �=0

δk
k
eikθ, V1(r) =

r∫

0

V (t)
t
dt.

Theorem B [4]. If zeros of a function f ∈ H0(λ(r)) have an angular density, then
for all p ∈ [1,+∞) conditions∥∥∥∥ ln |f(reiθ)|

V1(r)
− δ0

∥∥∥∥
p

→ 0,
∥∥∥∥arg f(reiθ)

V (r)
−G(θ, f)

∥∥∥∥
p

→ 0, r → +∞,

hold.
Conversely, suppose that f ∈ H0(λ(r)) and for some numbers p ∈ [1,+∞), b0 ∈ R

and a function g ∈ Lp[0, 2π] conditions∥∥∥∥ ln |f(reiθ)|
V1(r)

− b0

∥∥∥∥
p

→ 0, r → +∞,(1)

∥∥∥∥arg f(reiθ)
V (r)

− g(θ)
∥∥∥∥

p

→ 0, r → +∞,(2)

hold. Then zeros of f have an angular density, b0 = δ0, g(θ) = G(θ, f) for almost
all θ ∈ [0, 2π].

2. Results

We establish such results concerning the relationship between strongly regular
growth of entire functions of order zero and regular growth of their logarithm of
modulus and argument in Lp[0, 2π]-metrics.

Theorem 1. Suppose that f ∈ H0(λ(r)) and for some numbers p ∈ [1,+∞), b0 ∈ R

and function g ∈ Lp[0, 2π] conditions (1) and (2) hold. Then f ∈ H�
0(λ(r)), b0 = δ0,

g(θ) = −iH(θ, f) for almost all θ ∈ [0, 2π].

Proof. By Theorem B part 2 we get, that zeros of f have angular density. Using
Theorem B once again (part 1) we obtain, that b0 = δ0 and g(θ) = G(θ, f). From
Theorem A it follows that f ∈ H�

0(λ(r)).
Let γ = γ0̂ – 2π be the periodic continuation on R of the function

γ0(θ) = i
∑
k �=0

1
k
eikθ = −2

+∞∑
k=1

1
k

sin(kθ) = −2
π − θ

2
= θ − π, 0 < θ < 2π;

Δ(θ) being the angular density of zeros of f , and γ ∗ dΔ denoting convolution of
2π-periodic function γ with measure dΔ. Then (see, for example, [3, p. 109]) we
obtain
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G(θ, f) = i
∑
k �=0

δk
k
eikθ = γ ∗ dΔ.

Taking into account Theorem A, for a ∈ R we have

G(θ, f) =
∫ a+2π−0

a

γ(θ − ψ)dΔ(ψ) =
∫ θ−0

θ−2π

(θ − ψ − π)̂ dΔ(ψ)

=
∫ θ−0

θ−2π

(θ − ψ − π)dΔ(ψ) = −iH(θ, f).

This proves Theorem 1.

Let

Γm =
m⋃

j=1

lθj , lθj = {z : arg z = θj}, 0 ≤ θ1 < . . . < θm < 2π,

be a finite system of rays.

Theorem 2. If f ∈ H�
0(λ(r)) and its zeros are arranged on a finite system of rays

Γm, then for arbitrary p ∈ [1,+∞)∥∥∥∥ ln |f(reiθ)|
V1(r)

− δ0

∥∥∥∥
p

→ 0, r → +∞(3)

and ∥∥∥∥arg f(reiθ)
V (r)

+ iH(r, θ)
∥∥∥∥

p

→ 0, r → +∞(4)

holds, then H(θ, f) = iG(θ, f) for almost all θ ∈ [0, 2π].

Proof. Since the conditions of Theorem A hold, then zeros of f have an angular
density. Taking into account Theorem B, we obtain relations (3) and∥∥∥∥arg f(reiθ)

V (r)
−G(θ, f)

∥∥∥∥
p

→ 0, r → +∞.

Further, using Theorem 1, for almost all θ ∈ [0, 2π] we get G(θ, f) = −iH(θ, f), and
therefore, (4) holds. The theorem is proved.
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O REGULARNYM WZROŚCIE FUNKCJI CA�LKOWITYCH RZȨDU
ZERO

S t r e s z c z e n i e
Wyznaczamy zwia̧zek miȩdzy silnie regularnym wzrostem funkcji ca�lkowitych rzȩdu

zero a regularnym wzrostem ich logarytmu modu�lu i argumentu w metrykach przestrzeni
Lp[0, 2π].
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Summary
We prove Sheremeta conjecture concerning l-index boundedness of the Weierstrass σ-

function with l(r) = r, r ≥ 1.

Keywords and phrases: entire function of bounded l-index; Weierstrass σ-function; Weier-
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Let Λ be a class of positive continuous functions l on [0,+∞) and Q be a class
of functions l ∈ Λ such that

l(x+O(1/l(x))) = O(l(x)) (x→ +∞).

For l ∈ Λ an entire function f is said [1] to be of bounded l-index if there exists
N ∈ Z+ such that

|f (n)(z)|
n!ln(|z|) ≤ max

{ |f (k)(z)|
k!lk(|z|) : 0 ≤ k ≤ N

}

for all n ∈ Z+ and z ∈ C. The least such integer N is called l-index of f . If l(r) ≡ 1
we obtain the definition [2] of entire function of bounded index.

It is known ([1], p. 71) that if l ∈ Q and f is of bounded l-index then

lnMf(R) = O

(∫ R

0

l(r)dr

)
, R → ∞,
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where Mf (R) = max{|f(z) : |z| = R}. Among the functions of bounded l-index with
l(r) = rρ−1, r ≥ 1, we may mention the Mittag-Leffler function Eρ(z) ( [4]; [1], p. 94;
[5]) and a function of Mittag-Leffler type Eρ(z;μ) [6]. The boundedness of l-index of
entire functions from Laguerre-Polya class is investigated in [7]. M. M. Sheremeta in
1996 conjectured that the Weierstrass σ-function is of bounded l-index with l(r) = r,

r ≥ 1. (About the Weierstrass σ-function see [3].) In this paper we give a proof of
Sheremeta conjecture.

We need the following criterion. For entire function f with zeros (ak) let

n(r, z0, 1/f) =
∑

|ak−z0|≤r

1, r > 0,

and
Gq(f) =

⋃
k

{z : |z − ak| ≤ q

l(|ak|)}, q > 0.

Lemma 1. [1] Let l ∈ Q. An entire function f is of bounded l-index iff:
1) for every q > 0 there exists n∗(q) ∈ N such that

n

(
q

l(|z0|) , z0,
1
f

)
≤ n∗(q)

for all z0 ∈ C and
2) for every q > 0 there exists P (q) > 0 such that∣∣∣∣f

′(z)
f(z)

∣∣∣∣ ≤ P (q)l(|z|)

for all z ∈ C \Gq(f).

Theorem 1. The Weierstrass σ-function

σ(z) = σ(z|L) = z
∏

a∈L\{0}

(
1 − z

a

)
exp

{
z

a
+

z2

2a2

}
,

where
L = {akj : akj = 2kω1 + 2jω2, k, j ∈ Z},

ω1, ω2 ∈ C \ {0}, Im
(
ω2

ω1

)
> 0,

is of bounded l-index with l(r) = max{1, r}.
Proof. Since l(r) is an increasing function for r ≥ 1, condition 1) of Lemma 1 for
lattice L holds.

Let us show the validity of condition 2), that is for all z ∈ C \Gq(σ), |z| ≥ 1,
∣∣∣∣ σ

′(z)
zσ(z)

∣∣∣∣ =
∣∣∣∣ζ(z)
z

∣∣∣∣ =

∣∣∣∣∣∣
1
z2

+
∑

a∈L\{0}

z

a2(z − a)

∣∣∣∣∣∣ ≤ P (q),(1)
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where ζ(z) is the Weierstrass ζ-function.
We restrict us to the case when the lattice has generators 2ω1 = 1, 2ω2 = i; the

general case can be obtained similarly for

2ω1 = 1, 2ω2 = λeiθ , λ > 0, θ ∈ (0, π/2]

and then we have to use the homogeneity property of σ(z).
We fix z = n+ ε1 + (m+ ε2)i, m, n ∈ Z, |ε1| ≤ 1/2, |ε2| ≤ 1/2. Without loss of

generality we can set m ≥ 1, n ≥ 1, |z| ≥ 3 and let q > 0 be so small that the disks
in Gq(σ) are pairwise disjoint.

Let us define
f(τ) = fz(τ) =

z

τ2(τ − z)
.

Then
∑

a∈L\{0}

z

a2(z − a)
=

−1∑
j=−∞

∞∑
k=−∞

f(akj) +
∞∑

j=−∞,j �=0

f(ak0) +
m−1∑
j=1

∞∑
k=−∞

f(akj)

+
∞∑

k=−∞
f(akm) +

∞∑
j=m+1

∞∑
k=−∞

f(akj) = S1 + S2 + S3 + S4 + S5.

We shall estimate each sum using transition to the corresponding integral by the
trapezoidal rule. For S2 we consider the curve

C2 = (−∞;−1] ∪ C0 ∪ [1; +∞),

where C0 =
{
τ : τ = τ(t) = t+ i

2 (1 + cosπt), t ∈ [−1; 1]
}
. Then

∫

C0

f(τ)dτ =

1∫

−1

f(τ(t))(1 − πi

2
sinπt)dt =

f(−1)
2

+
f(1)

2
+ f(i) +R0,(2)

where using the trapezoidal rule the remainder term for a complex-valued function
has an estimate ([8], p. 162):

|R0| ≤ 2 · 23

12 · 22
max

t∈[−1;1]
|F ′′(t)|, F (t) = f(τ(t))τ ′(t).

Since f(τ) =
1
τ2

+
1
zτ

+
1

z(z − τ)
and |z − τ | ≥ 1, |τ | ≥ 1/2 for τ ∈ C0, we have

|R0| ≤ 1
3

(
π3

2
+ 1
)

max
τ∈C0

{|f ′′(τ)| + 3|f ′(τ)| + |f(τ)|} ≤ K1 +
K2

|z| ,

(K1,K2, . . . are positive constants). Thus from (2) we get

f(−1)
2

+
f(1)

2
=
∫

C0

f(τ)dτ +
z

z − i
−R0 =

∫

C0

f(τ)dτ + O(1), |z| ≥ 3.(3)

Similarly, for S4 we consider the curve

C4 = (−∞ +mi;n− 2 +mi] ∪ C̃ ∪ [n+ 2 +mi; +∞ +mi),
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where C̃ =
{
τ : τ = τ(t) = t+ n+ i

2 (1 + cos πt
2 ) +mi, t ∈ [−2; 2]

}
. Then

∫
C̃

f(τ)dτ =
∫ 2

−2

f(τ(t))(1 − πi

4
sin

πt

2
)dt

=
f(n− 2 +mi)

2
+
f(n+ 2 +mi)

2
+ f(n− 1 + i(m+

1
2

))(1 +
πi

4
)

+f(n+ i(m+ 1)) + f(n+ 1 + i(m+
1
2

))(1 − πi

4
) + R̃,(4)

where

(|τ | ≥ 1, |z − τ | ≥ 1/5, |z| ≥ 3, F (t) = f(τ(t))τ ′(t))

|R̃| ≤ 2 · 43

12 · 42
max

t∈[−2;2]
|F ′′(t)| = O(1).

Since

|f(τ)| ≤ |z|
|τ − z|(|z| − |τ − z|)2 ,

and therefore
∣∣∣∣
(

1 +
πi

4

)
f

(
n− 1 + i

(
m+

1
2

))∣∣∣∣ ≤ 2
√

2|z|
(|z| − 2)2

,

∣∣∣∣
(

1 − πi

4

)
f

(
n+ 1 + i

(
m+

1
2

))∣∣∣∣ ≤ 2
√

2|z|
|z|2 ,

|f(n+ i(m+ 1))| ≤ 2|z|
(|z| − 2)2

,

then from (4) we deduce

f(n− 2 +mi)
2

+
f(n+ 2 +mi)

2
=
∫

C̃

f(τ)dτ +O(1), |z| ≥ 3.(5)

Let us consider S1. We shall use the trapezoidal rule to inner sum for each segment
of the form [k + ij; k + 1 + ij]:

∞∑
k=−∞

f(akj) =
∞∑

k=−∞

⎛
⎜⎝

k+1+ij∫

k+ij

f(τ)dτ +R
(j)
k

⎞
⎟⎠ =

∞+ij∫

−∞+ij

f(τ)dτ +
∞∑

k=−∞
R

(j)
k .

Since the function f(τ) has a third-order zero at infinity, then according to the
residue theorem we have

∞+ij∫

−∞+ij

f(τ)dτ = 2πi
(

resτ=0
z

τ2(z − τ)
+ resτ=z

z
τ2(z − τ)

)
= 0.
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Now we estimate remainder terms ( |τ | ≥ 1).

|R(j)
k | ≤ 2

12
max

τ∈[k+ij;k+1+ij]

∣∣∣∣ 6
τ4

+
2
zτ3

+
2

z(z − τ)3

∣∣∣∣
≤7

6
max

x∈[k;k+1]

(
1

(x2 + j2)3/2
+

1
((x− n− ε1)2 + (j −m− ε2)2)3/2

)

≤7
6

max
x∈[k;k+1]

(
1

(x2 + 1)3/4|j|3/2
+

1
((x − n− ε1)2 + 1)3/4|j|3/2

)
;

therefore

−1∑
j=−∞

∞∑
k=−∞

|R(j)
k | ≤ K3

⎛
⎝ ∞∑

j=1

1
j3/2

⎞
⎠
( ∞∑

k=−∞

1
(k2 + 1/2)3/4

)
= O(1).

Hence

S1 =
−1∑

j=−∞

⎛
⎝

∞+ij∫

−∞+ij

f(τ)dτ +
∞∑

k=−∞
R

(j)
k

⎞
⎠ = O(1), |z| ≥ 3.(6)

For S2 with ak0 ∈ C2, by analogy, in view of (5), we obtain

S2 =

( −1∑
k=−∞

f(ak0) +
f(−1)

2

)
+
(
f(−1)

2
+
f(1)

2

)
+

(
f(1)

2
+

∞∑
k=1

f(ak0)

)

=

−1∫
−∞

f(τ)dτ +
−2∑

k=−∞
R

(0)
k +

∫

C0

f(τ)dτ +O(1) +

+∞∫

1

f(τ)dτ +
∞∑

k=1

R
(0)
k

=
∫

C2

f(τ)dτ +
∞∑

k=−∞,k �=−1,0

R
(0)
k +O(1).

Since τ = 0 is located under the curve C2, we have
∫

C2

f(τ)dτ = 2πiresτ=z
z

τ2(z − τ)
= −2πi

z
.

Farther (k 
= −1, 0, |x| ≥ 1),

|R(0)
k | ≤ 1

6
max

x∈[k;k+1]

(
7

|x|3 +
2

3|x− z|3
)
,

∞∑
k=−∞,k �=−1;0

R
(0)
k ≤ K4

∞∑
k=2

1
k3
,

and

S2 = −2πi
z

+O(1) = O(1), |z| ≥ 3.(7)
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We estimate S3 by analogy to S1:

∞∑
k=−∞

f(akj) =

∞+ij∫

−∞+ij

f(τ)dτ +
∞∑

k=−∞
R

(j)
k ,

∞+ij∫

−∞+ij

f(τ)dτ = 2πiresτ=z
z

τ2(z − τ)
= −2πi

z
,

|R(j)
k | ≤ 7

6
max

x∈[k;k+1]

(
1

(x2 + j2)3/2
+

1
((x − n− ε1)2 + (j −m− ε2)2)3/2

)

≤ 7
6

max
x∈[k;k+1]

(
1

(x2 + 1)3/4|j|3/2
+

1
((x− n− ε1)2 + 1/2)3/4(j −m− ε2)3/2

)

and
m−1∑
j=1

∞∑
k=−∞

|R(j)
k | ≤ K5

⎛
⎝m−1∑

j=1

1
j3/2

⎞
⎠
( ∞∑

k=−∞

1
(k2 + 1)3/4

)

+K6

⎛
⎝m−1∑

j=1

1
(k2 + 1/2)3/4

⎞
⎠
(

m−1∑
d=1

1
(d− 1/2)3/2

)
= O(1);

hence for |z| ≥ 3

S3 =
m−1∑
j=1

⎛
⎝

∞+ij∫

−∞+ij

f(τ)dτ +
∞∑

k=−∞
R

(j)
k

⎞
⎠ = − (m− 1)2πi

z
+O(1) = O(1).(8)

Let us consider S4. Here akm ∈ C4 and C4 contains a neighbourhood of the point
z. By analogy to S2, in view of (5), we get

S4 =

(
n−3∑

k=−∞
f(akm) +

f(n− 2 + im)
2

)
+
(
f(n− 2 +mi)

2
+
f(n+ 2 +mi)

2

)

+
n+1∑

k=n−1

f(k + im) +

(
f(n+ 2 + im)

2
+

∞∑
k=n+3

f(akm)

)

=
∫

C4

f(τ)dτ +
∞∑

k=−∞,k �=n−2,n−1,n,n+1

R
(m)
k +O(1),

because
|z − τ | ≥ q

|τ |
for τ = k + im ∈ C4 and therefore∣∣∣∣∣

n+1∑
k=n−1

f(k + im)

∣∣∣∣∣ ≤
n+1∑

k=n−1

|z|
q|k + im| ≤

K7

q
.
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Since τ = z is located under the curve C4, we have
∫

C4
f(τ)dτ = 0. Farther (k 
=

n− 2, n− 1, n, n+ 1):

|R(m)
k | ≤ 1

6
max

x∈[k;k+1]

(
7

(x2 +m2)3/2
+

2
3|x− n− ε1|3

)
,

∞∑
k=−∞,k �=n−2,n−1,n,n+1

R
(m)
k ≤ K8

( ∞∑
k=−∞

1
(k2 + 1)3/2

+
∞∑

d=2

1
(d− 1/2)3

)
= O(1)

and for |z| ≥ 3, z /∈ Gq(σ),

S4 = O(1).(9)

Finally, we consider S5. As for S1, we have

∞∑
k=−∞

f(akj) =

∞+ij∫

−∞+ij

f(τ)dτ +
∞∑

k=−∞
R

(j)
k ,

∞+ij∫

−∞+ij

f(τ)dτ = 0,

|R(j)
k | ≤7

6
max

x∈[k;k+1]

(
1

(x2 + 1)3/4j3/2

+
1

((x− n− ε1)2 + 1/2)3/4(j −m− ε2)3/2

)
,

∞∑
j=m+1

∞∑
k=−∞

|R(j)
k | ≤K9

⎛
⎝
( ∞∑

k=−∞

1
(k2 + 1)3/4

)⎛
⎝ ∞∑

j=m+1

1
j3/2

⎞
⎠

+

( ∞∑
k=−∞

1
(k2 + 1/2)3/4

)( ∞∑
d=1

1
(d− 1/2)3/2

))
= O(1);

hence for |z| ≥ 3

S5 = O(1).(10)

Combining all the estimates (6)–(10), we obtain (1). The theorem is proved.
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O OGRANICZONOŚCI l-INDEKSU FUNKCJI σ WEIERSTRASSA

S t r e s z c z e n i e
Wykazujemy, że jest spe�lniona hipoteza Szeremety o ograniczoności funkcji σ Weier-

strassa dla l(r) = r, r ≥ 1.
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7�# * 86 & -%)2 # n ∈ N * $5$+ ) .�,-+$

An = {ak ∈ C : k = 1, n},
(�#)$ *- n
����������� 
�
��� �� �����
 ,( (�# *�� k = 1, n +" (����9,-4 # �*+,�- ,$
$*+,$8 &:

arg ak =
2π
n

(k − 1), k = 1, n.;�<

�%!" * $5$+ ) 9,�� 2 !�-$,& # & *- *-4%�*# &�)*,-:

Pk =
{
w ∈ C :

2π
n

(k − 1) < argw <
2π
n
k

}
, k = 1, n.
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μ (An) :=
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k=1

χ

(∣∣∣∣ak+1

ak

∣∣∣∣
n
4
)

· |ak|,

9" # 

χ(t) =
1
2
(t+

1
t
), t ∈ R+.
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k=1

*-& �. - $ + D1 An ⊂ D1 9 & 8- Dk(ap) 2 ,-4 +" !�-- !+ & !�).�- -+ �(
D(ap)

⋂
Pk1 +"*+ !�-+*,-$ +" .�,-+

ap, k = 1, n, p = k, k + 1, s = 1,m, an+1 := a1.

� + Dk(0) ;# $.� Dk(∞)< & -�+ +" !�-- !+ & !�).�- -+ D(0)
⋂
Pk ;# $.�

D(∞)
⋂
Pk< +"*+ !�-+*,-$ +" .�,-+ w = 0 ;# $.� w = ∞<�

B $*5 +"*+ +" �. - $ + D1 {0,∞} ∪ An ⊂ D $*+,$8 $ +" !�-&,+,�-$ �( -�-

�3 #�*..,-4 # �*+,3 �5 +� +" n
 A%,*-4%�*# $5$+ ) �( .�,-+$ An ,( ,+ $*+,$8 $ +" 
!�-&,+,�-[

Dk(ak)
⋂
Dk(ak+1)

]⋃[
Dk(0)

⋂
Dk(ak)

]⋃[
Dk(0)

⋂
Dk(∞)

]⋃
;�<⋃[

Dk(∞)
⋂
Dk(ak)

]⋃[
Dk(∞)

⋂
Dk(ak+1)

]⋃[
Dk(0)

⋂
Dk(ak+1)

]
= ∅,

k = 1, n1 �- *�� *-4%�*# &�)*,-$ Pk.

7�# * $5$+ ) �( &�)*,-$

{Bk}n
k=1, k = 1, n,

9 & 8- +" 
�
��� �� ��������� ��������������� ������
1 ,(

D :=
n⋃

k=1

Bk,;�<

,$ *- �. - $ +1 25 +" !�-&,+,�- ;�<�
� + r(B; a) 2 +" ,-- # #*&,%$ �( +" &�)*,- B ⊂ C 9,+" # $. !+ +� * .�,-+

a ∈ B ?�0�1 ��@� �- +",$ -�+ 9 $+%&5 +" (����9,-4

	������� � + n ∈ N1 n ≥ 2� B 9,$" +� 8-& +" )*6,)%) (%-!+,�-*�

(r (B0 ; 0) · r (B∞ ; ∞))γ ·
n∏

k=1

r (Bk ; ak) ,

9" # An = {ak}n
k=1 ,$ *- *#2,+#*#5 n
 A%,*-4%�*# $5$+ ) �( .�,-+$ # *�,C,-4 +" 

# �*+,�- ;�<1 *-& {B0, {Bk}n
k=1, B∞} 0 *- *#2,+#*#5 $ + �( .*#+,*��5 -�-�3 #�*..,-4
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&�)*,-$ $*+,$(5,-4 +" !�-&,+,�- ;�<1 0 ∈ B0, ∞ ∈ B∞, ak ∈ Bk1 *-& *�� ak 2 ,-4
 6+# )*�1 k = 1, n�

�",$ .#�2� ) ,$ $��3 & ,- ?/@ (�# *- �. - $ +� �%# # $%�+ # *&$:

������� �� ��� γ ∈ R+, n ∈ N, n ≥ 3. ���� ��� �� ��������� n������������ 
�
���

�� �����
 ;�< ��� ���������

μ (An) = 1

�
 
���
!�� ��� ��� �� ��������� 
�� ��������� �������������� ������
 {B0, Bk, B∞},
��� 
���
!�� ��������� ;�< 

ak ∈ Bk ⊂ C, k = 1, n, 0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C,

(r (B0 ; 0) · r (B∞ ; ∞))γ ·
n∏

k=1

r (Bk ; ak)

;�<

≤ (r (B0
0 ; 0

) · r (B0
∞ ; ∞))γ ·

n∏
k=1

r
(
B0

k ; a0
k

)
.

��� �������� �� (4) �
 �������� "��� �����
 {a0
k} ��� ������
 {B0

0 , B
0
k, B

0
∞}, k = 1, n

��� ��� ����
 ��� ��� �������� ������
 �� ��� ��������� ��#��������

Q(w)dw2 = −γw
2n +

(
n2 − 2γ

)
wn + γ

w2 (wn − 1)2
dw2,;�<

��
����������

��������� �� �� ��� �

�������
 �� ��� ������� ��� 
���
!�� ���� "� ����

(r (B0 ; 0) · r (B∞ ; ∞))γ ·
n∏

k=1

r (Bk ; ak)

;�<

≤
(

4
n

)n

·

⎛
⎜⎜⎜⎜⎝

(
4γ
n2

) 4γ

n2

∣∣∣∣2
√
γ

n
− 1
∣∣∣∣
(

2
√

γ

n −1
)2

·
(

2
√
γ

n
+ 1
)( 2

√
γ

n +1
)2

⎞
⎟⎟⎟⎟⎠

1
2 n

.

��� �������� �� (6) ����
 "��� �����
 {ak} ��� ������
 {B0, Bk, B∞}, k = 1, n ���

��� ����
 ��� ��� �������� ������
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�" -1

B0, Bk, B∞ ⊂ D, k = 1, n.;/<

B +*> ,-+� *!!�%-+ +"*+

r (B0, 0) ≤ r (D, 0) , r (B∞,∞) ≤ r (D,∞) ,

;�<

r (Bk, ak) ≤ r (D, ak) , k = 1, n.

�-&  &1 * +" �# ) 4,3 - ,- =*5)*-D$ )�-�4#*." ?��1 .� 		@ $+*+ $ +"*+ ,(

a ∈ B1 ⊂ B2 ⊂ C,

+" -

r (B1; a) ≤ r (B2; a) .

�- +" �+" # "*-&1 �" �# ) ����� ,- +" )�-�4#*." ?/1 .� ���@ $+* $ +"*+ ,(
n ∈ N, γ ∈ (0;∞)1 +" - (�# *#2,+#*#5 n
 A%,*-4%�*# $5$+ ) �( .�,-+$ An = {ak}n

k=1

μ (An) = 1,

*-& (�# *- *#2,+#*#5 �. - $ + D, {0,∞} ∪ An ⊂ D ⊂ C 9,+" ;�<1 9 "*3 +" 
,- A%*�,+5

(r (D ; 0) · r (D ; ∞))γ ·
n∏

k=1

r (D ; ak)

≤ (r (D0
0 ; 0

) · r (D0
∞ ; ∞))γ ·

n∏
k=1

r
(
D0

k ; a0
k

)
.

�"  A%*�,+5 ,$ *++*,- & ,- +",$ ,- A%*�,+5 (�#

D(0) =
n+1⋃
k=0

D
(0)
k *-& A(0)

n =
{
a
(0)
k

}n

k=1
,

9" # 
{
D

(0)
k

}n+1

k=0
*# !,#!%�*# &�)*,-$1 9",� A(0)

n ∪ {0;∞} *# +" .�� $ �( +" 

A%*&#*+,! &,E # -+,*�

Q(w)dw2 = −γw
2n +

(
n2 − 2γ

)
wn + γ

w2 (wn − 1)2
dw2,

*-&

0 ∈ D
(0)
0 , ∞ ∈ D

(0)
n+1, a

(0)
k ∈ D

(0)
k , k = 1, 2, ..., n.

F $,& $1 ��#���*#5 ����� ,- +" $*) # ( # -! ?/1 .� ��	@ $*5$ +"*+ ,(

α1, α2, ρ, ρ1, ρ2 ∈ (0;∞), a0 = 0, a∞ = ∞, a1 = iρ1, a2 = −iρ2.
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����� 
� 	�������� �
�
�����		��� �
����� ��

+" -1 (�# *#2,+#*#5 -�-�3 #�*..,-4 &�)*,-$ Bq, aq ∈ Bq ⊂ C, q ∈ {0, 1, 2,∞}, 9 
"*3 +" ,- A%*�,+5

(r (B0 ; 0) · r (B∞ ; ∞))α1 ·
(
r (B1 ; a1) · r (B2 ; a2)

|a1 − a2|2
)α2

≤
(
r
(
B

(0)
0 ; 0

)
· r
(
B(0)

∞ ; ∞
))α1 ·

⎛
⎝r

(
B

(0)
1 ; iρ

)
· r
(
B

(0)
2 ; −iρ

)

4ρ2

⎞
⎠

α2

,

B
(0)
q , q ∈ {0, 1, 2,∞} 2 ,-4 ,- # �*+,�- +� +" !,#!%�*# &�)*,-$ A%*&#*+,! &,E # -+,*�

Q(w)dw2 = −
w4 + 2

(
1 − 2α2

α1

)
ρ2w2 + ρ4

w2 (w2 + ρ2)2
dw2,

0 ∈ B
(0)
0 , ∞ ∈ B(0)

∞ , iρ ∈ B
(0)
1 , −iρ ∈ B

(0)
2 .

7,-*��51 9 +*> ,-+� *!!�%-+ � ))* ����� ,- +" $*) # ( # -! ?/1 .� ��	@� �-
+" ��#���*#5 ����� �( ?/@ ;*�# *&5 A%�+ &< 9 "*3 +"  A%*�,+, $

r
(
B

(0)
0 ; 0

)
= ρ ·

√
α1

∣∣√α2 −√
α1

∣∣ 12(√ α2
α1

−1
)

(√
α2 +

√
α1

) 1
2

(√
α2
α1

+1
) ,

r
(
B(0)

∞ ; ∞
)

=
1
ρ
·
√
α1

∣∣√α2 −√
α1

∣∣ 12(√ α2
α1

−1
)

(√
α2 +

√
α1

) 1
2

(√
α2
α1

+1
) ,

r
(
B

(0)
k ; (−1)k+1iρ

)
= 2ρ ·

√
α2

∣∣√α2 −√
α1

∣∣ 12
(√

α1
α2

−1
)

(√
α2 +

√
α1

) 1
2

(√
α1
α2

+1
) , k = 1, 2,

(
r
(
B

(0)
0 ; 0

)
· r
(
B(0)

∞ ; ∞
))α1 ·

⎛
⎝r

(
B

(0)
1 ; iρ

)
· r
(
B

(0)
2 ; −iρ

)

4ρ2

⎞
⎠

α2

=
αα1

1 αα2
2∣∣√α1 −√

α2

∣∣(√α1−√
α2)2 (√

α1 +
√
α2

)(√α1+
√

α2)2
.

��+�4 +" # ;�< 4,3 $

(r (B0 ; 0) · r (B∞ ; ∞))γ ·
n∏

k=1

r (Bk ; ak)

≤ (r (D ; 0) · r (D ; ∞))γ ·
n∏

k=1

r (D ; ak) .
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�
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�� ���� ���	
 �	 ���� ���	 
���� �
���	� �� ��	 �����	� �� ���������� ����	��������	�
���������� ���	�� ��	 
���� �� � 
	���
���� 	�	�	��	 �� ��	 �����	� ����	
�	� �	 �
��	
���	 ����� ��	�
	�� �� ���� ����	�� �� ������ � �	��� ��
 ����������� �� 
��� ��
 ��	����
��������	� �� ���������� ����	��������	� ����������

��
 δ ∈ [−π/2, π/2], μi ∈ N �� ������� ������ ξi ∈ D \ {0}, i = 1, . . . , j, �	 ����
���	 
���� �
���	� �� ��	 �����	� �� ��������� f �������� �� ��	 ���� ��� D �����
��
��
�����	� ���������� ��	 ��������

Re

{
eiδ

j∏
i=1

(1 − ξiz)μif ′(z)

}
≥ 0, z ∈ D.

�������� 	
� ���	��� !��������� ����	��������	� ���������� 
���� �
���	�� ��������� ��
����	 ��
����� ��������� ����	� �� ��	 �
	����� �� ��	 �������
� ����

�� ������	
����

�" (*)�%$ !#,+ #,%) �( %-,1*� -! &% +� ��$",#� 2	3 *-& 4*#$!"*5$6, 2��3 7$  
*�$� 2�8 .� ��39 $+*+ $ +"*+ ,( δ ∈ [−π/2, π/2] *-& f ∈ A, 5" # A $+*-&$ (�# +" 
!�*$$ �( *�� *-*�:+,! (%-!+,�-$ f ,- +" %-,+ &,$6 D = {z ∈ C : |z| < 1} $+*-&*#&�:
-�#)*�,; & <: f(0) = f ′(0) − 1 = 0, $*+,$= $ +" ,- >%*�,+:

Re
{
eiδf ′(z)

} ≥ 0, z ∈ D,7�9



�� "� #�������� �� $� %	���

+" - f ,$ %-,1*� -+ ,- D. ?%-!+,�-$ "*1,-@ $%!" * .#�. #+: *# !*�� & �( �������
������� ��� �������� δ *-& (�#) +" !�*$$ & -�+ & %$%*��: *$ P ′(δ). �- �	�� ��< #+

$�- 2��3 .#�.�$ & +" !�-&,+,�-

Re
{
eiδ
(
1 − e−i(μ−ν)z

)(
1 − e−i(μ+ν)z

)
f ′(z)

}
≥ 0, z ∈ D,7�9

5" # μ, ν ∈ [0, π] *-& δ = μ − π/2, *$ +" *-*�:+,!*� !"*#*!+ #,;*+,�- �( +" !�*$$
CV(i) �( %-,1*� -+ (%-!+,�-$ !*�� & �����! �� � � ��������� �� � � ��������� �!�


,-+#�&%! & <: ",)$ �( *-& " .#�1 & +"  >%,1*� -! .*#+,*��:� ?%#+" # $+%&, $ ,-
+",$ $%<A !+ 5 # !�-+,-% & <: B -@*#+- # *-& �!"�< # 2�38 ��:$+ # *-& C, @� # 2��3
7$  *�$� 2�8 .� ���398 *-& +" �+" #$� �� 1 #,(: ��< #+$�-D$ !�-A !+%# B -@*#+- #
*-& �!"�< # 2�3 &,$+,-@%,$" & ,- CV(i) +" $%<!�*$$ �( (%-!+,�-$ f $%!" +"*+

Re
{(

1 − z2
)
f ′(z)

} ≥ 0, z ∈ D,7�9

*-& 7" # $�,@"+�: )�&,= &9 +" $%<!�*$$ �( f $%!" +"*+

Re
{
(1 − z)2f ′(z)

} ≥ 0, z ∈ D.7�9

��+ +"*+ ,- ��< #+$�-D$ ,- >%*�,+: 7�9 *-&8 .*#+,!%�*#�:8 ,- 7�9 *-& 7�98 *.. *#
$>%*# +#,-�),*�$ 5,+" #��+$ �( )�&%�%$ �- � E - #*�,;,-@ +",$ !�-! .+ +" *%+"�#$
,- 2�3 .#�.�$ & +� %$ ,- ��< #+$�-D$ (�#)%�* *- *#<,+#*#: .��:-�),*� PΛ 5,+" #��+$
�%+$,& �( +" %-,+ &,$6� �-!�%&,-@ +" ,& -+,+: *$ * � & @#  .��:-�),*�8 ,� �8 +" 
!�*$$ P ′(δ) @,1 - <: 7�98 +" !�*$$ $ C(δ, Λ) �( *-*�:+,! (%-!+,�-$ f $*+,$(:,-@ +" 
,- >%*�,+: 7�9 5 # & =- &� �" !*$ �( $>%*# +#,-�),*�$ PΛ 5,+" #��+$ �%+$,& �(
D 5 #  F*),- & ,- 2�3 *-& 2�3�

�$ 5*$ .#�1 & ,- 2�3 $�) $. !,=! #*-@ $ �( #��+$ �( PΛ .#�&%! !�*$$ $ �( %-,

1*� -+ (%-!+,�-$8 $� ,- +",$ 5*: 7�9 ,- $�) !*$ $ !*- < +# *+ & *$ * !#,+ #,%) �(
%-,1*� -! �

�- +",$ .*. # *-& ,- ,+$ $ >% � 2�38 5 & 1 ��. +" # $%�+ �( 2�3 +"*+ +" !�*$$ $ �(
.��:-�),*� !��$ 
+�
!�-1 F (%-!+,�-$ & =- & <: .��:-�),*�$ "*1,-@ &,G # -+ $:$+ )$
�( +" ,# #��+$8 &� -�+ !�-+*,-  *!" �+" #� �",$ *���5$ +� (�#)%�*+ $�) #*&,%$
.#�<� ) 5",!" 5*$ # )*#6 & ,- 2�3 �-�:� �" )*,- @�*� �( +",$ 5�#6 ,$ +� .# $ -+ +" 
) +"�& �( !*�!%�*+,�-$ �( #*&,, �( * # !,.#�!*� & . -& -! �( !�*$$ $ �( .��:-�),*�
!��$ 
+�
!�-1 F (%-!+,�-$ ,- * $. !,*� !*$ 5" - δ1 = δ2 = 0 ,-  =-,+,�- ��

H*$,-@ �- +" $ !�-$,& #*+,�-$8 .*#+,*� $��%+,�-$ *# & )�-$+#*+ & ,- * $ >% � 2�3�
�- �( +" # $%�+ .# $ -+ & +" # 7�*#+ � �( ��#���*#: ���9 $+*+ $ +"*+  1 #: (%-!+,�-

f ,- P ′(0) $*+,$= $ +" ,- >%*�,+: 7�9 ,- +" &,$6 �( #*&,%$
√√

2 − 1 *-& +" #*&,%$
,$ +" �*#@ $+ �- �

�� ������������

?�# r > 0 � +

Dr := {z ∈ C : |z| < r}, Dr := {z ∈ C : |z| ≤ r}, D
0

r := Dr \ {0}
*-& Tr := {z ∈ C : |z| = r}. � + D

0
:= D \ {0} *-& T := T1.



������ ��	
�� �� ������� 	� �	���	��� ��	����	��	���� ������	�� � �0

�"#�%@"�%+ +" 5"�� .*. # 5 *$$%) +"*+ Arg z ∈ [−π, π) (�# *�� z �= 0.
H: P 5,�� < & -�+ & +" !�*$$ �( *�� *-*�:+,! (%-!+,�-$ p ,- D 5,+" p(0) = 1

"*1,-@ * .�$,+,1 # *� .*#+ ,- D. �+ ,$ 6-�5- +"*+ P (�#)$ * !�-1 F !�).*!+ (*),�:
,- +" !�*$$ �( *�� *-*�:+,! (%-!+,�-$ ,- D 5,+" * $+*-&*#& +�.���@:�

?�#  *!" x ∈ T *-& δ ∈ (−π/2, π, 2) � +

px,δ(z) :=
eiδ + e−iδxz

1 − xz
, z ∈ C \ {1/x}.

� + px := px,0. �� *#�: px ∈ P (�#  1 #: x ∈ T. � +

P0 := {px : z ∈ T} .
�" $ + P0 !�-+*,-$ *��  F+# ) .�,-+$ �( P .

?�# k ∈ N *-& 1 ≤ j ≤ k � +

Λj
k := {{(μi, ξi) : i = 1, . . . , j} :

1 ≤ μi ≤ k,

j∑
i=1

μi = k, ξi ∈ D
0
, ξi1 �= ξi2 , i1 �= i2, i1, i2 = 1, . . . , j

}
.

�*#+,!%�*#�:8

Λ1
k =

{
{(k, ξ)} : ξ ∈ D

0
}

*-&

Λk
k =

{
{(1, ξi) : i = 1, . . . , k} : ξi ∈ D

0
, ξi1 �= ξi2 , i1 �= i2, i1, i2 = 1, . . . , j

}
.

?�# k ∈ N � +

Λk :=
k⋃

j=1

Λj
k *-& � + Λ0 := {{(0, 0)}}.

� +
Λ :=

⋃
k∈N∪{0}

Λk.

?�# Λ = {(μi, ξi) : i = 1, . . . , j} ∈ Λ \ Λ0 � +

PΛ(z) :=
j∏

i=1

(1 − ξiz)μi , z ∈ D.

?�# Λ ∈ Λ0 � +
PΛ(z) := 1, z ∈ D.

?�# =F & k ∈ N0  *!" .��:-�),*� PΛ 5,+" Λ ∈ Λk ,$ �( * & @#  k.
�" !�*$$ $ C(δ;Λ) & =- & < ��5 5 # ,-+#�&%! & ,- 2�3�

"�#������ $� � + δ ∈ [−π/2, π/2] *-& Λ ∈ Λ. � (%-!+,�- f ∈ A < ��-@$ +� +" !�*$$
C(δ;Λ) ,( *-& �-�: ,(

Re
{
eiδPΛ(z)f ′(z)

} ≥ 0, z ∈ D.7�9

�%!" (%-!+,�-$ *# !*�� & %��������� ���
�&��&�����! ��� �������� δ.



�� "� #�������� �� $� %	���

'����� $� �� 4" - Λ = {(μi, ξi) : i = 1, . . . , j} ∈ Λ \ Λ0, +" - 7�9 ,$ �( +" (�#)

Re

{
eiδ

j∏
i=1

(1 − ξiz)μif ′(z)

}
≥ 0, z ∈ D.7�9

�� ?�# Λ ∈ Λ0 5 @ + +" !�*$$ P ′(δ) �( (%-!+,�-$ �( <�%-& & +%#-,-@ 5,+"
*#@%) -+ δ8 !*�� & $"�#+�: �( ������� ������� 5" - δ = 0 7$  2�8 1��� �8 .� ���I 1���
��8 .� ��39� 4#,+ P ′ ,-$+ *& �( P ′(0) 7$  2�8 1��� �8 .� ���39�

�$ 5*$ -�+ & ,- 2�3 +" (����5,-@ �<$ #1*+,�- ,$ +#% �

����������� � ! � � 
����� ���(������ �� 7�9  ���
 �� ��� ���� �� δ ∈ (−π/2, π/2).

J�# �1 # &,# !+�: (#�)  =-,+,�- � 5 "*1 

�"����# � � ��� δ ∈ [−π/2, π/2], Λ ∈ Λ ��� f ∈ A. � �� f ∈ C(δ;Λ) �� ��� ����

��

eiδPΛ(z)f ′(z) = p(z) cos δ + i sin δ, z ∈ D,709

��� 
��� p ∈ P .

�� ����	� �������

�" ,-!�%$,�- # �*+,�- < +5  - !�*$$ $ C(δ;Λ) ,$ * -*+%#*� .#�<� ) (�# +" $+%&:�
�" +" �# ) < ��5 5*$ .#�1 & ,- 2�3� �� < $ �(
!�-+*,- & 5 # !*�� ,+$ .#��(�

�"����# $ ! ��� δ1, δ2 ∈ (−π/2, π/2) ��� Λ1, Λ2 ∈ Λ �� 
�� � �� (δ1, Λ1) �=
(δ2, Λ2). � ��

C(δ1;Λ1) �⊂ C(δ2;Λ2).

	����� � +
δ1, δ2 ∈ (−π/2, π/2)

*-&

Λ1 = {(μi, ξi) : i = 1, . . . , j} ∈ Λ, Λ2 = {(νl, ζl) : l = 1, . . . ,m} ∈ Λ

< $%!" +"*+ (δ1, Λ1) �= (δ2, Λ2). ?�# x ∈ T � + fx < *- *-*�:+,! (%-!+,�- & =- & <:
+"  >%*+,�-

f ′
x(z) = e−iδ1

1
PΛ1(z)

px,δ1(z)7�9

(�# z ∈ C \ {1/x,−e2iδ1/x, 1/ξ1, . . . , 1/ξj}. �,-! 
eiδ1PΛ1(z)f

′
x(z) = px,δ1(z) = px(z) cos δ1 + i sin δ1, z ∈ D,

$�8 ,- 1, 5 �( �" �# ) ���8 fx ∈ C(δ1;Λ1) (�#  *!" x ∈ T. �"�5,-@ +"*+ fx /∈ C(δ2;Λ2)
(�# $�) x ∈ T 5 .#�1 +" +" �# )�



������ ��	
�� �� ������� 	� �	���	��� ��	����	��	���� ������	�� � �	

�- 1, 5 �( 7�98 (�# z ∈ C \ {1/x,−e2iδ1/x, 1/ξ1, . . . , 1/ξj} 5 "*1 

eiδ2PΛ2(z)f
′
x(z) = ei(δ2−δ1)PΛ2(z)

PΛ1(z)
px,δ1(z).

B -! (�# z ∈ C \ {1/x,−e2iδ1/x, 1/ξ1, . . . , 1/ξj, 1/ζ1, . . . , 1/ζm} 5 "*1 

arg
{
eiδ2PΛ2(z)f

′
x(z)

}
= δ2 − δ1 + arg

PΛ2(z)
PΛ1(z)

+ arg px,δ1(z).7	9

��+ =#$+ +"*+ (�#  *!" x ∈ T +" !,#!� T ,$ +" %-,�- �( +5� !�).� ) -+*#:
*#!$8 $*: I+(x) *-& I−(x), 5,+"  -&.�,-+$ *+ 1/x *-& −e2iδ1/x $%!" +"*+

arg px,δ1(z) =
π

2
, z ∈ I+(x),7��9

*-&

arg px,δ1(z) = −π
2
, z ∈ I−(x).7��9

?#�) +" *$$%).+,�- +"*+ (δ1, Λ1) �= (δ2, Λ2) ,+ (����5$ +"*+ δ1 �= δ2 *-& Λ1 = Λ2

�# δ1 = δ2 *-& Λ1 �= Λ2, �# δ1 �= δ2 *-& Λ1 �= Λ2.

�� �( δ1 �= δ2 *-& Λ1 = Λ2, +" - 7	98 5,+" arg 1 = 0,  >%*�$

arg
{
eiδ2PΛ2(z)f

′
x(z)

}
= δ2 − δ1 + arg px,δ1(z), z ∈ C \ {1/x}.

4" - δ2 − δ1 ∈ (0, π), +" - +*6,-@ *- *#<,+#*#: x ∈ T *-& *-: z0 ∈ I+(x) +" *<�1 
*-& 7��9 :, �&

arg
{
eiδ2PΛ2(z0)f

′
x(z0)

}
= δ2 − δ1 +

π

2
∈
(
π

2
,
3π
2

)
.

�,-! +" *<�1 "��&$ (�# z ∈ D - *# z0, ,+ (����5$ +"*+ fx /∈ C(δ2;Λ2).
�-*��@�%$�:8 %$,-@ +" *#! I−(x), 5 .#�1 +" !*$ δ2 − δ1 ∈ (−π, 0).
��� � + Λ1 �= Λ2. 4,+"�%+ ��$$ �( @ - #*�,+: 5 !*- *$$%) +"*+ +" #*+,�-*�

(%-!+,�- PΛ2/PΛ1 ,$ �( +" $,).� $+ (�#)8 ,� � *(+ # # &%!,-@ !�))�- (*!+�#$� �" -
+" (%-!+,�-

z �→ g(z) :=
PΛ2(z)
PΛ1(z)

7��9

,$ *-*�:+,! ,- C \ {1/ξ1, . . . , 1/ξj}. �,-! g(0) = 1 *-& g ,$ -�-
1*-,$",-@ ,- D, $�

∂g(D) ∩ [0, 1) �= ∅.
�"%$ +" #  F,$+$ z0 ∈ T \ {1/ξ1, . . . , 1/ξj} $%!" +"*+

arg g(z0) ∈ (0, 2π).

?#�) -�5 �- 5 !�-$,& # *�� !*$ $ 5" # g(z0) 5,+" # $. !+ +� ,+$ *#@%) -+ !*- �, 
,- +" .�*- � 4 %$ *�$� +" �<$ #1*+,�- +"*+ (�# * @,1 - z0 ∈ T 5 !*- =-& x0 ∈ T

,- $%!" * 5*: +"*+  ,+" # z0 ∈ I+(x0) �# z0 ∈ I−(x0). �" -  ,+" # 7��9 �# 7��9 5,+"
x = x0 *-& z = z0 "��& *-& "*1,-@ $%!" !"�,! 5 .#�1 +"*+

arg
{
eiδ2PΛ2(z0)f

′
x0

(z0)
}

= δ2 − δ1 + arg g(z0) + arg px0,δ1(z0) ∈
(
π

2
,
3π
2

)
.



0� "� #�������� �� $� %	���

�( +" *<�1 "��&$ (�# z0 ∈ T, +" - ,+ "��&$ (�# z ∈ D - *# z0, *�$�� ��-$ >% -+�:
fx0 /∈ C(δ2;Λ2).

� + %$ $+*#+ -�+,-@ +"*+ δ2 − δ1 ∈ (−π, π).
�� � + δ2 − δ1 ∈ [0, π/2].
�( arg g(z0) ∈ (0, π/2) , +" - 5 +*6 x0 ∈ T $%!" +"*+ z0 ∈ I+(x0).
�( δ2 = δ1 *-& arg g(z0) = π/2, +" - 5 +*6 x0 ∈ T *$ *<�1 �
�( arg g(z0) ∈ (π/2, π) , +" - 5 !�-$,& # +5� $%<!*$ $K ,(

δ2 − δ1 + arg g(z0) ∈
(π

2
, π
)
,

+" - 5 +*6 x0 ∈ T $%!" +"*+ z0 ∈ I+(x0); ,(

δ2 − δ1 + arg g(z0) ∈
(
π,

3π
2

)
,

+" - 5 +*6 x0 ∈ T $%!" +"*+ z0 ∈ I−(x0).
�( δ2 − δ1 = π/2 *-& arg g(z0) = π, +" - 5 +*6 x0 ∈ T $%!" +"*+ z0 ∈ I−(x0).
�F! .+ (#�) +5� !*$ $ !�-$,& # & < ��5 (%#+" # !*$ $ (�# δ1, δ2 *-& arg g(z0) 5 

.#�1 ,- +" $*) )*-- #�
�� ��5 5 !�-$,& # +5� !*$ $K

δ2 = δ1, Im g(z) ≡ 0,7��9

*-&

δ2 − δ1 =
π

2
, Re g(z) ≡ 0,7��9

(�# z ∈ T \ {1/ξ1, . . . , 1/ξj}.
�%..�$ +"*+ 7��9 "��&$� �,-! g(0) = 1 *-& 0 /∈ g(D), 5 $  +"*+ ∂g(D) ,$ *

"*�(
�,- 5,+" 0 ∈ ∂g(D) @�,-@ +� ∞. �"%$ PΛ1 *-& PΛ2 1*-,$" *+ $�) .�,-+$ �- T,

$*: *+ ξ1 *-& ζ1. � + x := ξ1. �,-! 

g(z) =
PΛ2 (z)
PΛ1 (z)

=
q(z)

(1 − ξ1z)μ1
,

5" # 

q(z) =
∏m

l=1(1 − ζlz)νl∏j
i=2(1 − ξiz)μi

, z ∈ C \ {1/ξ1, . . . , 1/ξj},
$�

g(z)pξ1,δ1(z) =
q1(z)

(1 − ξ1z)μ1+1
,7��9

5" # 
q1(z) :=

(
eiδ1 + e−iδ1ξ1z

)
q(z), z ∈ C \ {1/ξ1, . . . , 1/ξj}.

�$ δ1 �= ±π/2, *-& ξ1 /∈ {ζ1, . . . ζm}, $�
q1(1/ξ1) =

(
eiδ1 + e−iδ1

)
q(1/ξ1) �= 0.7��9

�"%$ +" #*+,�-*� (%-!+,�-

z �→ q1(z)
(1 − ξ1z)μ1+1

, z ∈ C \ {1/ξ1, . . . , 1/ξj},



������ ��	
�� �� ������� 	� �	���	��� ��	����	��	���� ������	�� � 0�

"*$ * .�� �( �#& # μ1 + 1 ≥ 2 *+ 1/ξ1. �<$ #1 *&&,+,�-*��: +"*+ +" (%-!+,�-

D � z �→ 1
1 − ξ1z

)*.$ %-,1*� -+�: +" %-,+ &,$6 D �-+� +" "*�(
.�*- {w ∈ C : Re w > 1/2}. �"%$
(�# z ∈ D 5 "*1 

−(μ1 + 1)
π

2
< arg

1
(1 − ξ1z)μ1+1

< (μ1 + 1)
π

2
.

�,-! μ1 + 1 ≥ 2 *-& q1(1/ξ1) ,$ * =-,+ -�-; #� -%)< # *$ 5*$ -�+ & ,- 7��98 5 
$  +"*+ 5 !*- =-& .�,-+$ ,- D - *# * .�� 1/ξ1 $%!" +"*+

arg
q1(z)

(1 − ξ1z)μ1+1
∈
(
π

2
,
3π
2

)
.

�"%$8 ,- 1, 5 �( 7��98 fξ1 /∈ C(δ2;Λ2).
�%..�$ +"*+ 7��9 "��&$� �" - ∂g(D) ,$ * $+#*,@"+ �,- �# * "*�(
�,- 5,+" 0 ∈

∂g(D) @�,-@ +� ∞. �$ ,- +" *<�1 5 +*6 x := ξ1, 5" # PΛ1(ξ1) = 0. ��5

ei(δ2−δ1)g(z)pξ1,δ1(z) = g1(z)pξ1,δ1(z),

5" # g1 = ig. ?%#+" # *#@%) -+*+,�- ,$ +" $*) *$ ,- +" .# 1,�%$ !*$ �
�� 4" - δ2 − δ1 ∈ (π/2, π) *-& (%#+" # 5" - δ2 − δ1 ∈ (−π, 0] 5 *#@% ,- +" 

$*) )*-- # *$ ,- �*#+$ � *-& ��

�" & =-,+,�- < ��5 ,$ * !�-$ >% -! �( +" �*$+ +" �# )�

"�#������ )� � + δ1, δ2 ∈ (−π/2, π/2) *-& Λ1, Λ2 ∈ Λ < $%!" +"*+ (δ1, Λ1) �=
(δ2, Λ2). H: R (δ1, δ2;Λ1, Λ2) 5 & -�+ +" �*#@ $+ #*&,%$ r ∈ (0, 1) �( +" &,$6 Dr

$%!" +"*+

Re
{
eiδ2PΛ2(z)f

′(z)
}
> 0, z ∈ Dr,7�09

(�# *�� f ∈ C(δ1;Λ1).

?#�) -�5 �-8 +"#�%@"�%+ +" 5"�� .*. # 5 !�-$,& # +" !*$ 5" - δ1 = δ2 = 0
�-�:� ?�# $"�#+ 5 5,�� 5#,+ 

C(Λ) := C(0;Λ), R (Λ1, Λ2) := R (0, 0;Λ1, Λ2) .

?�# Λ1, Λ2 ∈ Λ � +

QΛ1,Λ2(z) :=
PΛ2(z)
PΛ1(z)

, z ∈ D.

�( Λ1 ∈ Λ, +" - Λ1 ∈ Λk1 (�# $�) k1 ∈ N0. �"%$  ,+" #

Λ1 = Λj
1 := {(μi, ξi) : i = 1, . . . , j} ∈ Λj

k1

�#
Λ1 = Λ0

1 := {(μ0, ξ0)},
5" # μ0 = ξ0 = 0. �-*��@�%$�:8 ,( Λ2 ∈ Λ, +" - Λ2 ∈ Λk2 (�# $�) k2 ∈ N0. �"%$
 ,+" #

Λ2 = Λm
2 := {(νl, ζl) : l = 1, . . . ,m} ∈ Λm

k2



0� "� #�������� �� $� %	���

�#

Λ2 = Λ0
2 := {(ν0, ζ0)},

5" # ν0 = ζ0 = 0.
� + -�5 f ∈ C(Λ1). �" - <: �" �# ) ��� 5 "*1 

PΛ1 (z)f
′(z) = p(z), z ∈ D,

(�# $�) p ∈ P . B -! 7�09 "*$ +" (�#)

Re {QΛ1,Λ2(z)p(z)} = Re
{
QΛj

1,Λm
2

(z)p(z)
}

7��9

= Re

{∏m
l=0(1 − ζlz)νl∏j
i=0(1 − ξiz)μi

p(z)

}
> 0, z ∈ Dr.

�- +",$ 5*:8 ,- �#& # +� !*�!%�*+ R (Λ1, Λ2) = R
(
Λj

1, Λ
m
2

)
,+ ,$  -�%@" +� !*�!%


�*+ +" �*#@ $+ r ∈ (0, 1) $%!" +"*+ 7��9 ,$ $*+,$= & ,- +" &,$6 Dr (�# *�� (%-!+,�-$
p ∈ P .

?�#  *!" z ∈ D � + JΛ1;Λ2
z : P → C < * (%-!+,�-*� & =- & *$

JΛ1;Λ2
z (p) := QΛ1,Λ2(z)p(z), p ∈ P .

�� *#�:8

JΛ1;Λ2
0 ≡ 1.

��-$ >% -+�:8 7��9 ,$ �( +" (�#)

ReJΛ1;Λ2
z (p) > 0, z ∈ Dr.7�	9

?�# $"�#+ 5 5,�� 5#,+ Jz ,-$+ *& �( JΛ1;Λ2
z . ?�# (%#+" # &,$!%$$,�- 5 *$$%) 5,+"�%+

��$$ �( @ - #*�,+: +"*+ +" #*+,�

QΛ1,Λ2 = PΛ2/PΛ1

,$ *(+ # # &%!,-@ *�� !�))�- (*!+�#$�
�" ) +"�& �( .#��( ,$ <*$ & �- +" (����5,-@ �<$ #1*+,�-� ��+ +"*+ (�#  *!"

z ∈ D \ {0}, Jz : P → C ,$ * !�-+,-%�%$ �,- *# (%-!+,�-*� �1 # +" !�*$$ P . ?#�) +" 
(*!+ +"*+ P ,$ * !�-1 F !�).*!+ (*),�: ,- +" !�*$$ �( *�� *-*�:+,! (%-!+,�-$ ,- D ,+
(����5$ +"*+ ,- �#& # +� !*�!%�*+ +" #*&,%$ R(Λ1, Λ2) ,+ $%L! $ +� !�-$,& # 7��98 $�
7�	98 �1 # +" $ + P0 �( *��  F+# ) .�,-+$ �( P . �"%$ +" .#�<� ) # &%! $ +� =-&
+" �*#@ $+ r ∈ (0, 1) $%!" +"*+

Re Jz(px) > 0, z ∈ Dr,

(�# *�� (%-!+,�-$ px ∈ P0, ,� �8 +� =-& +" �*#@ $+ r ∈ (0, 1) $%!" +"*+

|Arg Jz(px)| < π

2
, z ∈ Dr,

�#  >%,1*� -+�:

−π
2
< Arg {QΛ1,Λ2(z)px(z)} < π

2
, z ∈ Dr,



������ ��	
�� �� ������� 	� �	���	��� ��	����	��	���� ������	�� � 0�

(�# *�� px ∈ P0. B -! *-& (#�) +" )*F,)%) .#,-!,.� (�# "*#)�-,! (%-!+,�-$ 5 
$  +"*+

R(Λ1, Λ2) = min
{
R+(Λ1, Λ2), R−(Λ1, Λ2)

}
,

5" # 
R+(Λ1, Λ2) := r *-& R−(Λ1, Λ2) := r

*# +" $)*�� $+ #��+$ r ,- (0, 1) �( +" (����5,-@  >%*+,�-$K

max
z∈Dr

max
x∈T

Arg {QΛ1,Λ2(z)px(z)}7��9

= max
z∈Tr

max
x∈T

Arg {QΛ1,Λ2(z)px(z)} =
π

2
*-&

min
z∈Dr

min
x∈T

Arg {QΛ1,Λ2(z)px(z)}7��9

= min
z∈Tr

min
x∈T

Arg {QΛ1,Λ2(z)px(z)} = −π
2
,

# $. !+,1 �:� ��+ +"*+ (�#  *!" r ∈ (0, 1),

max
z∈Tr

max
x∈T

Arg px(z) = arcsin
2r

1 + r2
7��9

*-&

min
z∈Tr

min
x∈T

Arg px(z) = − arcsin
2r

1 + r2
.7��9

�,-! +" (%-!+,�- QΛ1,Λ2 ,$ -�-1*-,$",-@ *-& *-*�:+,! ,- D 5,+" QΛ1,Λ2(0) = 1, $�
QΛ1,Λ2(Tr), (�#  *!" r ∈ (0, 1), ,$ * !��$ & *-*�:+,! !%#1 5",!" $%##�%-&$ �� �"%$8
� + r+(Λ1, Λ2) := r < +" $)*�� $+ #��+ r ,- (0, 1) �( +"  >%*+,�-

max
z∈Tr

ArgQΛ1,Λ2(z) =
π

2
7��9

,( ,+ ,$  F,$+$ �# $ + r+(Λ1, Λ2) := 1 �+" #5,$ � �,),�*#�:8 � + r−(Λ1, Λ2) := r < +" 
$)*�� $+ #��+ r ,- (0, 1) �( +"  >%*+,�-

min
z∈Tr

ArgQΛ1,Λ2(z) = −π
2

,( ,+ ,$  F,$+$ �# $ + r−(Λ1, Λ2) := 1 �+" #5,$ �
?,F r ∈ (0, r+(Λ1, Λ2)) . � + θ0 ∈ R < $%!" +"*+ (�# z0 := reiθ0 ,

max
z∈Tr

ArgQΛ1,Λ2(z) = ArgQΛ1,Λ2(z0).7��9

�,-! r ∈ (0, r+(Λ1, Λ2)) , $� (#�) 7��9 ,+ (����5$ +"*+

max
z∈Tr

ArgQΛ1,Λ2(z) ∈ (0, π/2).7��9

?%#+" #8 �<$ #1 +"*+ +*6,-@ x0 := ie−iθ0 ∈ T *-& %$,-@ 7��9 5 "*1 

Arg px0(z0) = Arg
1 + x0z0
1 − x0z0

= Arg
1 + ir

1 − ir

= arcsin
2r

1 + r2
= max

z∈Tr

max
x∈T

Arg px(z).



0� "� #�������� �� $� %	���

�",$8 7��9 *-& 7��9 :, �&
Arg {QΛ1,Λ2(z0)px0(z0)}

≤ max
z∈Tr

max
x∈T

Arg {QΛ1,Λ2(z)px(z)}

= max
z∈Tr

max
x∈T

{ArgQΛ1,Λ2(z) + Arg px(z)}

≤ max
z∈Tr

ArgQΛ1,Λ2(z) + max
z∈Tr

max
x∈T

Arg px(z)

= ArgQΛ1,Λ2(z0) + Arg px0(z0)

= Arg {QΛ1,Λ2(z0)px0(z0)} .
�"%$ (�# r ∈ (0, r+(Λ1, Λ2)) 5 "*1 

max
z∈Tr

max
x∈T

Arg {QΛ1,Λ2(z)px(z)}7�09

= max
z∈Tr

ArgQΛ1,Λ2(z) + max
z∈Tr

max
x∈T

Arg px(z)

= max
z∈Tr

ArgQΛ1,Λ2(z) + arcsin
2r

1 + r2
.

�- * $,),�*# 5*: 5 .#�1 +"*+ (�# r ∈ (0, r−(Λ1, Λ2)) "��&$

min
z∈Tr

min
x∈T

Arg {QΛ1,Λ2(z)px(z)}7��9

= min
z∈Tr

ArgQΛ1,Λ2(z) + min
z∈Tr

max
x∈T

Arg px(z)

= min
z∈Tr

ArgQΛ1,Λ2(z) − arcsin
2r

1 + r2
.

��-$ >% -+�:8 <: 7�098 (�# r ∈ (0, r+(Λ1, Λ2)) +"  >%*+,�- 7��9 ,$ �( +" (�#)

max
z∈Tr

ArgQΛ1,Λ2(z) + arcsin
2r

1 + r2
=
π

2
,7�	9

*-&8 <: 7��98 (�# r ∈ (0, r−(Λ1, Λ2)) +"  >%*+,�- 7��9 ,$ �( +" (�#)

min
z∈Tr

ArgQΛ1,Λ2(z) − arcsin
2r

1 + r2
= −π

2
,

,� �8

− min
z∈Tr

ArgQΛ1,Λ2(z) + arcsin
2r

1 + r2
=
π

2
.7��9

�"%$ R+(Λ1, Λ2) ,$ +" $)*�� $+ #��+ ,- (0, r+(Λ1, Λ2)) �( +"  >%*+,�- 7�	9 *-&
R−(Λ1, Λ2) ,$ +" $)*�� $+ #��+ ,- (0, r−(Λ1, Λ2)) �( +"  >%*+,�- 7��9�

��+ =-*��: +"*+ <�+" $��%+,�-$  F,$+� �� $  +",$8 !�-$,& # +"  >%*+,�- 7�	9�
�*6,-@ ,-+� *!!�%-+ 7��9 *-& +" $+#,!+ )�-�+�-,!,+: �( +" (%-!+,�-

[0, 1] � r �→ arcsin
2r

1 + r2

(#�) 0 *+ 0 +� π/2 *+ �8 5 $  *+ �-! +"*+ R+(Λ1, Λ2)  F,$+$� �-*��@�%$�: 5 .#�1 
+"*+ +"  >%*+,�- 7��9 "*$ * $��%+,�- R−(Λ1, Λ2).



������ ��	
�� �� ������� 	� �	���	��� ��	����	��	���� ������	�� � 0�

?�#  *!" r ∈ (0, r+(Λ1, Λ2)) � +

ϕ (r;Λ1, Λ2) := max
z∈Tr

ArgQΛ1,Λ2(z).7��9

H: 7��9 5 $  +"*+

ϕ (r;Λ1, Λ2) ∈ (0, π/2).7��9

�" - 7�	9 ,$ �( +" (�#)

ϕ (r;Λ1, Λ2) + arcsin
2r

1 + r2
=
π

2
.

B -! 

sinϕ (r;Λ1, Λ2)
1 − r2

1 + r2
+
√

1 − sin2 ϕ (r;Λ1, Λ2)
2r

1 + r2
= 1.

��-$ >% -+�:

4r2
(
1 − sin2 ϕ (r;Λ1, Λ2)

)
=
(
(1 + r2) − (1 − r2) sinϕ (r;Λ1, Λ2)

)2
.

�>%,1*� -+�:8 (
(1 + r2) sinϕ (r;Λ1, Λ2) + r2 − 1

)2
= 0.

�- +",$ 5*: +� !*�!%�*+ R+(Λ1, Λ2) ,+ ,$  -�%@" +� =-& +" $)*�� $+ #��+ ,-
(0, r+(Λ1, Λ2)) �( +"  >%*+,�-

sinϕ (r;Λ1, Λ2) =
1 − r2

1 + r2
7��9

�#8 +*6,-@ ,-+� *!!�%-+ 7��98 +" $)*�� $+ #��+ ,- (0, r+(Λ1, Λ2)) �( +"  >%*+,�-√
1 − sin2 ϕ (r;Λ1, Λ2) = cosϕ (r;Λ1, Λ2) =

2r
1 + r2

.7��9

�-*��@�%$�:8 ,( (�#  *!" r ∈ (0, r−(Λ1, Λ2)) 5 $ +

ψ (r;Λ1, Λ2) := − min
z∈Tr

ArgQΛ1,Λ2(z),7��9

+" - 5 5#,+ 7��9 *$
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JACOBIAN ESTIMATES FOR HARMONIC MAPPINGS
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Summary
Clunie and Sheil-Small introduced in [1] the class SH of all normalized univalent and

sense-preserving harmonic functions in the unit disc Δ. It is well-known that every f ∈ SH

has the canonical representation f = h + g, where h and g are analytic in Δ. In [8] we
have defined the class S̃H consisting of all f ∈ SH such that h + εg is a convex conformal
mapping for some ε ∈ Δ. The main results of this paper are the Jacobian estimates for the
class S̃H and its certain subclasses.

Keywords and phrases: univalent harmonic mappings, conformal mappings onto regular
polygons

1. Introduction

Let Δ := {z ∈ C : |z| < 1} and Δ := {z ∈ C : |z| ≤ 1} be the open and closed unit
disc, respectively. A complex-valued harmonic function f : Δ → C can be uniquely
represented as

f = h+ g,(1)

where h and g are analytic in Δ with g(0) = 0. Consequently, such a function f can
be uniquely determined by coefficients of the following power series expansions

h(z) =
∞∑

n=0

anz
n, g(z) =

∞∑
n=1

bnz
n, z ∈ Δ,(2)

where an ∈ C, n = 0, 1, 2, . . . and bn ∈ C, n = 1, 2, 3, . . . .
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A harmonic function f , not identically constant, satisfying (1) is said to be sense-
preserving in Δ iff it satisfies the condition g′ = ωh′,where ω : Δ → Δ is an
analytic function. The sense-preservity of harmonic function f is closely related to
its Jacobian Jf , which can be expressed in terms of h and g as follows

Jf (z) = |h′(z)|2 − |g′(z)|2, z ∈ Δ.(3)

Recall that the necessary and sufficient condition for f to be locally univalent and
sense-preserving in Δ is Jf (z) > 0, z ∈ Δ.

Clunie and Sheil-Small introduced in [1] the family SH of all univalent and sense-
preserving harmonic functions f satisfying (1) in the unit disc Δ, such that h(0) = 0
and h′(0) = 1. In [8] we have defined the class S̃H of all f ∈ SH such that h+ εg is
a convex conformal mapping for some ε ∈ Δ. In particular, the classical coefficient
problem in the class S̃H has been solved there. In [4] and [5] we have constructed a
lot of various examples of functions of this class (graphical images shown).

The main aim of this paper is to give the Jacobian estimate for S̃H . Addition-
ally, we provide the Jacobian estimate for two interesting subclasses of S̃H , i.e. ŜH

composed of all f ∈ SH such that h is a convex function and SH of all f ∈ SH

with h(z) = z, z ∈ Δ. The classes ŜH and SH first have been studied in [7] and [6],
respectively.

2. Main results

First we establish a genaral Jacobian estimate of f ∈ SH in terms of the distortion
of its analytic part h, where h is taken from the representation (1) of f .

Theorem 1. If f ∈ SH satisfies (1) and α := |g′(0)| then

(1 − α2)(1 − |z|2)|h′(z)|2
(1 + α|z|)2 ≤ Jf (z) ≤

{
(1−α2)(1−|z|2)|h′(z)|2

(1−α|z|)2 , |z| < α,

|h′(z)|2, |z| ≥ α,
(4)

where z ∈ Δ.

Proof. Observe, that if f ∈ SH then h′ does not vanish in Δ and the dilatation of
f can be expressed as ω = g′/h′. So we can write the Jacobian of f given by (3) in
the form

Jf (z) = |h′(z)|2 (1 − |ω(z)|2) , z ∈ Δ.(5)

Let g′(0) = αeiϕ and consider the function

Ω(z) =
e−iϕω(z) − α

1 − αe−iϕω(z)
, z ∈ Δ.

Clearly Ω satisfies the assumptins of the Schwarz lemma, which gives∣∣e−iϕω(z) − α
∣∣ ≤ |z| ∣∣1 − αe−iϕω(z)

∣∣ , z ∈ Δ
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or equivalently ∣∣∣∣e−iϕω(z) − α(1 − |z|2)
1 − α2|z|2

∣∣∣∣ ≤ (1 − α2)|z|
1 − α2|z|2 , z ∈ Δ.

Hence, by use of triangle inequality, we obtain

|ω(z)| ≤ α+ |z|
1 + α|z| , z ∈ Δ and |ω(z)| ≥ α− |z|

1 − α|z| , |z| < α.(6)

Finally, by applying (6) to (5) we have (4) and the proof is completed.

This theorem is the main tool to prove the Jacobian estimates for the classes SH

and ŜH .

Corollary 2. If f ∈ SH satisfies (1) and α := |g′(0)| then

(1 − α2)(1 − |z|2)
(1 + α|z|)2 ≤ Jf (z) ≤

{
(1−α2)(1−|z|2)

(1−α|z|)2 , |z| < α,

1, |z| ≥ α,
(7)

where z ∈ Δ. The estimate cannot be improved.

Proof. Let f ∈ SH . By definition of the class SH we have h(z) = z and so h′(z) = 1,
z ∈ Δ. Using Theorem 1, i.e. putting |h(z)| = 1 into (4) we obtain (7) and the proof
is completed.

The sign of equality in the inequalities (7) holds for functions of the form:

Δ � z �→ z +
∫ z

0

ζ − α

1 − αζ

ζ − c

1 − cζ
dζ

with suitably chosen c ∈ (α, 1]

Corollary 3. If f ∈ ŜH satisfies (1) and α := |g′(0)| then

(1 − α2)(1 − |z|)
(1 + |z|)3(1 + α|z|)2 ≤ Jf (z) ≤

{
(1−α2)(1+|z|)

(1−|z|)3(1−α|z|)2 , |z| < α,
1

(1−|z|)4 , |z| ≥ α,
(8)

where z ∈ Δ. The estimate cannot be improved.

Proof. Let f ∈ ŜH . By definition of the class ŜH the function h is convex, analytic
and suitably normalized (properties of such functions can be found in [3]). So we
can use the following well-known estimate

1
(1 + |z|)2 ≤ |h′(z)| ≤ 1

(1 − |z|)2 , z ∈ Δ.

Combining this with the inequality (4) of Theorem 1 we obtain (8) and the proof is
completed.

The sign of equality in the inequalities (8) holds for functions of the form:

Δ � z �→ z

1 − z
+
∫ z

0

1
(1 − z)2

ζ − α

1 − αζ

ζ − c

1 − cζ
dζ
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with suitably chosen c ∈ (α, 1]

As we can see the clasical methods of complex analysis and known distortion
estimate for convex conformal mappings lead to the estimates for the classes SH and
ŜH . To obtain the Jacobian estimate for f ∈ S̃H , we use a general estimate given by
Schaubroeck in [6] and later improved by Sobczak-Kneć, Starkov and Szynal in [7].

Theorem 4. If f ∈ S̃H satisfies (1) and α := |g′(0)| then

(1 − α2)(1 − |z|)2
(1 + |z|)6 ≤ Jf (z) ≤ (1 − α2)(1 + |z|)2

(1 − |z|)6 , z ∈ Δ.(9)

Proof. It is quiet obvious (see [8, Proposition 2.1]) that S̃H is affine invariant family,
i.e. for all f ∈ S̃H satisfying (1) and δ ∈ Δ the function

fδ(z) :=
f(z) + δf̄(z)

1 + δg′(0)
, z ∈ Δ

belongs to the class S̃H . Similarly, it is not hard to prove (see [8, Proposition 2.2])
that S̃H is linear invariant family, i.e. for all f ∈ S̃H and all conformal disc auto-
morphisms ϕ the function

fϕ(z) :=
f(ϕ(z)) − f(ϕ(z))
ϕ′(0)h′(ϕ(0))

, z ∈ Δ

belongs to the class S̃H .
These two invariance properties allow us to apply the Jacobian estimate given

in [10, Theorem 2.1] to the class S̃H . Thus, for f ∈ S̃H satisfying (1) we obtain

(1 − α2)(1 − |z|)2β−2

(1 + |z|)2β+2
≤ Jf (z) ≤ (1 − α2)(1 + |z|)2β−2

(1 − |z|)2β+2
, z ∈ Δ,(10)

where α := |g′(0)| and β := sup{|a2|} taken over all functions of the class S̃H

satisfying (1) with the expansion (2).
Finally, we need to refer to [8, Corollary 3.2], which says that if f ∈ S̃H satisfies

(1) with the expansion (2), then |an| < n, n = 2, 3, 4, . . . and the bound is sharp
(although not attained). In particular, this implies that β = 2, which combined with
the inequality (10) gives (9) and the proof is completed.

The inequalities (9) of Theorem 4 do not seem to be best possible.
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Deform. 58 (2009), 33–44.

[5] D. Klimek and A. Michalski, Univalent harmonic mappings with dilatation onto reg-
ular polygons by hypergeometric functions, Sci. Bull. Che�lm 2 (2006), 83–90.

[6] D. Klimek and A. Michalski, Univalent anti-analytic perturbation of the identity in
the unit disc, Sci. Bull. Che�lm 1 (2006), 67–76.
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OSZACOWANIA JAKOBIANU DLA ODWZOROWAŃ
HARMONICZNYCH GENEROWANYCH
PRZEZ ODWZOROWANIA KONFOREMNE WYPUK�LE

S t r e s z c z e n i e
Clunie i Sheil-Small wprowadzili w pracy [1] klasȩ SH wszystkich unormowanych funkcji

harmonicznych, jednolistnych i zachowuja̧cych orientacjȩ w kole jednostkowym Δ. Wiado-
mo, że każda funkcja f ∈ SH ma kanoniczna̧ reprezentacjȩ f = h + ḡ, gdzie h i g sa̧ funkc-
jami analitycznymi w kole Δ. W pracy [8] zdefiniowalísmy klasȩ S̃H z�lożona̧ z wszystkich
takich funkcji f ∈ SH , że h + εg jest odwzorowaniem konforemnym pracy sa̧ oszacowania
jakobinianu dla klasy S̃H i pewnych jej podklas.
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CONFORMAL INVARIANCE IN THE THREE-DIMENSIONAL (3D)
ISING MODEL AND QUATERNIONIC GEOMETRIC PHASE
IN QUATERNIONIC HILBERT SPACE III
REJOINDER TO THE COMMENT TO THE RESPONSE TO “ERRONEOUS SOLUTION
OF THREE-DIMENSIONAL (3D) SIMPLE ORTHORHOMBIC ISING LATTICES” BY
J. H. H. PERK

Summary
We show that singularities at β = 0 are different for the hard core model and the

Ising model and that there is no upper bound at β = 0 for series of the Ising model. The
high-temperature series cannot serve as a standard for judging a putative exact solution of
the 3D Ising model. Furthermore, the free energy per site f and the reduced free energy
βf lose their definitions at β = 0, and thus either of them could have two different forms
for high-temperature series expansions at/below infinite temperature. Three independent
Virasoro algebras for 3D conformal field theory can be written within the 3+1-dimensional
space (i.e., 3-sphere) with weight factors.

Keywords and phrases: Ising lattice, quaternionic phase, quaternionic Hilbert space, con-
formal invariance in 3 dimensions

1.

This is a Rejoinder to Professor J.H.H. Perk’s recent Comment [1] to our Re-
sponse [2] to his paper entitled “Erroneous solution of three-dimensional (3D) simple
orthorhombic Ising lattices” [3].

We emphasized that all the debates [1–9], up to date, have focused only on
whether the high-temperature series can serve as a standard for judging a putative
exact solution of the 3D Ising model, not on the validity of the topological approach
developed in [10] and the correctness of its consequence (i.e., the conjectured exact
solution).
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2.
As already pointed out in our previous responses [2,5,8], all the well-known theorems
(including Perk’s new approach in [3]) for the convergence of the high-temperature
series of the Ising model are rigorously proved only for β (= 1/kBT ) > 0, not
for infinite temperature (β = 0). Lebowitz and Penrose indicated clearly in the
abstract of [11] that their proof for the analyticity of the free energy per site and
the distribution function of the Ising model is for β > 0. If the Ising model were
a special case of a hard core on the lattice, Lebowitz and Penrose would prove its
analyticity for β = 0 immediately after their proof for a hard core potential. One
sentence would be enough for such proof. But, certainly, it is not the case. Their
proof for the Ising model is related with the Yang-Lee Theorems [12, 13] for β > 0,
and for the analyticity of the function βp. Here, we have to inspect the definition of
the hard-core model and the Ising model to discern the difference between them, and
also to clarify the conditions of their proof for the hard-core model. The hard-core
potential is defined by

ϕ(r) = +∞ for r ≤ a, and ϕ(r) <∞ for r > a,

where a is a positive constant (a > 0) [11]. The Ising ferromagnet is isomorphic to
a lattice gas with an attractive interaction potential with

ϕ(0) = +∞, and ϕ(r) ≤ 0 for r �= 0;

cf. [11]. So, a = 0 for the Ising lattice (see also the definition (9) in page 411
of [13]). The key distinction between the two models is whether a is zero or a positive
constant. Though Lebowitz and Penrose claimed that the hard-core systems are
analytic in β at β = 0, actually, their proof concerns βp (the series (4) of [11]),
and not p itself. (For equivalence between βp and p, setting β = 1 equalizes to
T = 1/kB �= ∞.) Regardless of this flaw in their proof, on the other hand, we can
show that their claim for the hard-core systems is not appropriate for the Ising
model. Equation (20) of [11] is claimed to define an upper bound on the positive
values |z| for hard-core potentials. However, setting a = 0 for the Ising model, one
would have |z| < ∞ since the volume Kv(0) = 0. Clearly, behaviours at β = 0 are
different for the hard-core model (a > 0) and the Ising model (a = 0). There is
no upper bound at β = 0 for series (even for the function βp) of the Ising model,
which means that the high-temperature series of the Ising model could be divergent
at β = 0.

In their proofs for the Ising model, Lebowitz and Penrose also relied on (or
referred to) Gallavotti et al.’s proofs [14–16]. But, it is evident that none of Gallavotti
et al.’s proofs for the Ising model touches β = 0 [14–16]. On the second page (p. 275)
of [14] for a detailed proof, they put, for convenience, β = 1. When they defined
ZΛ(Φ) in eq. (5) of [16], they also set β = 1. This condition of β = 1 is contradictory
with β = 0, as mentioned above (see [2] for detailed discussion). The inequality∑

T∩X−φ,T �=φ

| Kβφ′(X,T ) |≤ [exp(eβ‖φ′‖ − 1) − 1]
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of [15] (or Proposition 1 (i.e., eq. (17)) of [14]) is invalid for β = 0. All the facts
indicate that β = 0 cannot be included within the radius of convergence, since it
makes the condition for such proof invalid.

3.
The Yang-Lee theory [12,13] is only focused on the zeros of the grand partition func-
tion Z, since their interest is the phase transition at finite temperature, not infinite
temperature. We have shown in [2] that for behaviours at infinite temperature, one
has to study both the zeros and the poles of the grand partition function (i.e., Z = 0
and Z−1 = 0). Both the free energy per site f and the reduced free energy βf lose
their definitions at β = 0, and thus either of them could have two different forms
at/below infinite temperature for high-temperature series expansions, as revealed
in [10].

For the singularities at/near infinite temperature, we do not mean that there
is a phase transition like what we have at the critical point. There is a change of
topological phase factors corresponding to the change of topological structures of
the 3D Ising system as interactions are turned on. All the facts above indicate that
the high-temperature series cannot serve as a standard for judging a putative exact
solution of the 3D Ising model.

For the procedure developed in [17] for extending 2D conformal field theory to be
appropriate for three dimensions, three independent Virasoro algebras with weight
factors (Re | eiφi | could be zero or non-zero values) guarantee that three independent
Virasoro algebras can be written within the 3 + 1-dimensional space (i.e., 3-sphere),
and one does not need to introduce a 6-dimensional (2 + 2 + 2)-space for it.

We do not want to repeat the criticisms in [10] on disadvantages of numerical
techniques (such as Monte Carlo methods), and the criticisms in [2] on the failure
of Perk’s theorem in [3]. We do not want to repeat the comparison in [10, 18, 19] of
the conjectured exact solution with experimental data.
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NIZMIENNICZOŚĆ KONFOREMNA TRÓJWYMIAROWEGO (3D)
MODELU ISINGA A KWATERNIONOWA FAZA GEOMETRYCZNA
W KWATERNIONOWEJ PRZESTRZENI HILBERTA III
ODNIESIENIE SIȨ DO KOMENTARZA DO ODPOWIEDZI NA “B�LȨDNE ROZWIA̧ZA-
NIE TRÓJWYMIAROWYCH (3D) PROSTOPAD�LOŚCIENNYCH SIATEK ISINGA”
J. H. H. PERKA

S t r e s z c z e n i e
Wykazujemy, że osobliwości dla β = 0 sa̧ różne dla modelu twardego rdzenia i modelu

Isinga oraz że dla β = 0 dla szeregu z modelu Isinga nie istnieje kres górny. Zatem wysoko-
temperaturowy szereg nie może s�lużyć do oceny domniemanego dok�ladnego rozwia̧zania dla
modelu Isinga 3D. Co wiȩcej, energia swobodna odniesiona do miejsca f i zredukowana ener-
gia swobodna βf nie sa̧ zdefiniowane dla β = 0, a wiȩc każda z nich może mieć dwie różne
postaci dla rozwiniȩcia w szereg wydoko-temperaturowy dla/poniżej nieskończonej tem-
peratury. W 3 + 1-wymiarowej przestrzeni (tj. dla 3-sfery) możemy zapisać trzy niezależne
algebry Virasoro dla konforemnej teorii pola 3D.
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Summary
The responses by Zhang and March to recent comments on several of their papers are

questionable, misleading and outright wrong.

Keywords and phrases: Ising lattice, quaternionic phase, quaternionic Hilbert space, con-
formal invariance in 3 dimensions

1. The series test is all-deciding

In 2007 Zhang claimed to have an exact solution of the three-dimensional Ising
model [1]. However, Zhang’s “putative” solution is wrong failing the series test [2] and
this has been backed up recently by a detailed elementary proof [3]. It is, therefore,
surprising that Zhang and March [4–6] still defend the refuted claims of [1], even
after a subsequent comment [7]. No further comments should be necessary, but being
accused of perpetrating fraud at the end of section 2 of [4] and in section 4.4 of [6]
I feel compelled to respond one more time with further details.

The proof given in [3] shows that βf , with f the free energy per site and β =
1/kBT inversely proportional to the absolute temperature T , is analytic in β with a
finite radius of convergence r, i.e.

βf =
∞∑

i=0

aiβ
i, |β| < r.(1)

In Appendix A of [1] Zhang gave two different series expansions for logλ = −βf
in powers of tanhK with K = βJ and from this it was already manifest that
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the “putative” solution has a series expansion different from the well-known high-
temperature expansion, see also section 3.1 of [3] for more discussion.

To counter the series test failure, Zhang and March [5,6] claim that tests should be
applied to f , which equals −∞ at β = 0. They claim that this singularity invalidates
the application of the series test at β = 0. However, this argument is misleading as

f =
a0

β
+

∞∑
i=1

aiβ
i−1(2)

is a convergent Laurent series with the same coefficients, so that it has to obey the
same series test. The simple pole at β = 0 is of no consequence, as in statistical
mechanics the partition function per site z, log z = −βf , is more fundamental. It
relates to the normalization Z = zN of the Boltzmann–Gibbs canonical ensemble
distribution of the Ising model with N sites, in the large-N limit.

The failure of the series test raises the question if one of the conjectures in [1]
fails and it is now easy to show that this is the case.

2. Conjecture 1 is manifestly wrong

The original paper [1] has an error in the application of the Jordan–Wigner trans-
formation pointed out in [8]. This error has only been corrected explicitly in a very
recent paper [6], which makes it easy to pinpoint the error with Conjecture 1 [1, 6].

It is well-known that in the spinor representation of the orthogonal groups each
element g can be written as a “fermionic Gaussian” of the form

g = exp
(∑

i

∑
j

AijΓiΓj

)
, Aji = −Aij ,(3)

with Clifford algebra elements satisfying ΓiΓj +ΓjΓi = 2δij and complex coefficients
Aij . In [1,9] the Γi’s are also written as Pi’s and Qi’s and we note that the Γi’s can
be expressed as linear combinations of fermion creation and annihilation operators c†i
and ci. The spinor representation has been used in the Ising context by Kaufman [9]
in 1949. The closure property of Lie groups says that any product or inverse of
elements of the form (3) is again of the same fermionic Gaussian form.

The factors in (15) of [6] commute, compare (7a) in [1], so that V 3 can be
rewritten as

V 3 = exp
(
− iK ′′

nl∑
j=1

Γ2j

[ j+n−1∏
k=j+1

iΓ2k−1Γ2k

]
Γ2j+2n−1

)
,(4)

which is clearly not of the form (3) and, therefore, not an element of the group.
Multiplying V 3 with group elements V 2, V 1 and V ′

4, as given in (16), (17) and (18)
in [6], cannot give a group element as implicitly claimed in [6]. Zhang and March
violate a fundamental property of Lie groups. Hence, Conjecture 1 as stated in [6]
fails.
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3. Zeros of Z−1 are irrelevant

Zhang and March repeatedly [4–6] claim the importance of the zeros of Z−1, with
Z = zN the total partition function. However, unlike the complex Yang–Lee zeros
of Z [10, 11], the zeros of Z−1 are irrelevant. For a finite number N of sites, Z is a
finite Laurent polynomial in eK and only can become infinite when ReK = ±∞, i.e.
zero-temperature type limits.

For the infinite system, N → ∞, and finite K, the infinity of Z should be seen as
just a manifestation of the thermodynamic limit, in which z = Z1/N remains finite.
One can easily see that βf < 0 for K real, so that Z = e−Nβf = ∞ for all real K
when N = ∞. There is nothing special about the zeros of Z−1. If Zhang and March
want to claim differently they face inconsistencies even in the one-dimensional Ising
model.

4. Other issues

Bringing up [12, 13] at great length is only a smoke screen, as [3] made no use
of these references and provides an independent derivation. Zhang and March also
misrepresent statements in section 3 of [7]: Setting β = 1 in [12, 13] is no loss of
generality, as βf is only a function of K = βJ . Having J ≡ K and choosing a fixed
J̄ and a new β = J/J̄ �≡ 1, we can write J = K = βJ̄ . Thus we recover the general
case with both a fully variable β (including β = 0) and a new J (omitting the bar
on J̄). This is said in another equivalent way in section 3 of [7].

Next, Zhang and March fail to realize that Kβφ′(X,T ) vanishes for β = 0, so
that the inequality in [13] does not fail for β = 0, contrary to what is said in [4–6].
Also, this inequality plays no role in the proof of [3], so that bringing it up can only
be seen as a diversion.

Finally, only in two dimensions is the conformal group infinite-dimensional, so
that there is inconsistency in [6, 14] beyond the fact that these papers build on an
erroneous solution of the 3D Ising model. That Zhang and March write Re|eiφi |, the
real part of a positive real number, is objectionable too.

5. Conclusion

As should already have been clear from [2, 8], Zhang’s very long paper [1] and all
the works building on it are in error. Some further errors have been shown explicitly
above, including why Conjecture 1 does not hold.
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2013 Vol. LXIII

Recherches sur les déformations no. 1
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A METHOD OF NONCOMMUTATIVE GALOIS THEORY
FOR CONSTRUCTION OF QUARK MODELS
(KOBAYASHI-MASUKAWA MODEL) I
SUCCESSIVE GALOIS EXTENSIONS

Summary
Concepts of binary and ternary Galois extension are introduced and the gauge theory

with the symmetry group of the Galois groups is developed. Concepts of binary and ternary
Clifford algebras are developed and the corresponding Dirac operators and Klein-Gordon
operators are associated. In the second part of the paper, by use of the Galois extension
structure of su(3), the quark models of Gell’Man model will be constructed. By use of the
binary extension of su(3), the Kobayashi-Masukawa model will be constructed.

Keywords and phrases: noncommutative Galois extension, ternary Clifford algebra, ternary
Clifford analysis, quark model

Introduction

We know that we have anti-particles for particles as for elementary particles. Hence
we have the binary duality structure for particles (Fig. 1). Next we proceed to quarks.
We know that we have two kinds of quarks; (1) Binary particles (Mesons) and (2)
ternary particles (Baryons) (Fig. 2). Hence we have both of binary and ternary struc-
tures for elementary particles. In this paper we introduce a concept of noncommu-
tative Galois theory and give an understandings for these structures.

We summarize some basic facts on elementary particles. It is well known [4] that
the quark model due to Gell’Mann can be understood by use of the representation
theory of SU(3). The representation 3⊗3̄ introduces the baryons which are generated
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by three flavours u, d and s quarks. The representation 3 ⊗ 3 ⊗ 3 introduces the
concept of colours. The complete description of the baryons is given by six flavours
and their corresponding three colors (Fig. 10). In [5, 6, 7], Kerner has introduced
a concept of ternary Clifford algebra and gave trials for the quark confinement by
this method. He has introduced a concept of ternary Pauli-exclusion principle and
tried to determine the possible quarks. He has also introduced a concept of ternary
Clifford analysis and the corresponding ternary Dirac and Klein-Gordon operators.

Fig. 1: Examples of binary duality

structure for particles.

Fig. 2: Examples of binary

and ternary particles.

In this paper, we develop a concept of noncommutative Galois extension theory
and show that the noncommutative Galois theory can describe the basic facts on
elementary particles. We introduce two kinds of Galois extensions. The first one is
binary extension and the other is ternary extension. At first we analyze the non-
commutative Galois extension structure on su(3) and find that it has the successive
extension of binary and ternary extension: R[ 2

√−1, 2
√−1, 3

√
1] (Theorem 1). The first

extension describes the binary Clifford algebras and their binary Dirac operators
(Theorem 2). The other can describe ternary Clifford algebra and the ternary Dirac
operators quite well which are introduced by Kerner [see Definition 6, (50), (50’),
(51)]. Next we proceed to quark models. (Part II of the paper; this journal, next
issue).

1. Binary and ternary noncommutative Galois extensions

In this section we develop concepts of noncommutative Galois extensions of binary
type and ternary type. As for another approach to Galois extensions, see [2, 10].

1.1. Definitions of non commutative Galois extensions

We develop a concept of noncommutative Galois extension. Let A be an algebra and
A′ be a subalgebra of A. We choose an element τ ∈ A with τk = 1 and prepare the
following elements:

A′
1(τ) = {xτx′ : x, x′ ∈ A′} , A′

r(τ) = A′
r−1(τ)A′

1(τ) (r = 2, 3, . . . ).(1)
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Introducing the elements

Ar(τ) =
r∑

m=0

A′
r(τ) (A′

0(τ) = A′) ,(2)

we make the following

Definition 1. (1) We take an element τ ∈ A with the condition τk = 1. We call
Ak(τ) k-nary noncommutative Galois extension, when

Ar(τ) �= Ar+1(τ) (r = 0, 1, 2, . . . , k − 2) and Ak−1(τ) = Ak(τ).

The extension is called proper when τρ /∈ A′ (ρ = 1, . . . , k − 1). In the case where
k = 2 (resp. k = 3), it is called binary (resp. ternary) extension, respectively.

(2) When A′
1(τ)A′

1(τ) . . . A′
1(τ) = A′(±)

r (τ) (the r-times product) and A′(±)
r (τ) =

{xτrx′ : x, x′ ∈ A′}, we consider

A′(±)
r (τ) =

r∑
i=0

A′(±)
i (τ).(3)

We can define the bimodule k-nary extension A(±)
k (τ) replacing Ar(τ) with A(±)

r (τ).
The following extension is called right (resp. left) module noncommutative Galois
extension of k-nary type respectively:

A′(+)
k (τ) =

{
k−1∑
ρ=0

τρζρ|ζρ ∈ A′
}
,

(4)

A′(−)
k (τ) =

{
k−1∑
ρ=0

ζ′ρτ
ρ|ζ′ρ ∈ A′

}
.

(3) We assume that we have an element g ∈ A with gk = 1. Then we can define
the commutative Galois extension which is called adjoint Galois extension when we
have linear subspaces Vi (i = 1, 2, . . . , k) of A satisfying the condition

A = V1 ⊕ . . .⊕ Vk, Vi = AdgiV1.(5)

In this paper we denote one of k-nary noncommutative Galois extensions in (2) and
(3) (in Definition 1) by A′[τ ] simply. Moreover we denote it by A′[ k

√
1] when the

extension τ with τk = 1 is given.
Obviously, we have

Proposition 1. 1) The relation

A′
1(τ)A′

1(τ) = A′(±)
2 (τ)

implies that

A′(±)
r (τ)A′

1(τ) = A′(±)
r+1(τ).
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2) When the condition:

xτ = τx′ (∃x′ ∈ A′) for ∀x ∈ A′

is satisfied, then the extensions (1), (2), (3) are identical each other.

1.2. Basic notations on Galois extensions

We prepare some basic notations on Galois extensions.

1) We take two extensionsA′[τ ] (τk = 1) and A′[τ ′] (τ ′k = 1). They are equivalent
each other when there exists an isomorphism

θ : A′[τ ] → A′[τ ′] satisfying θ|A′ = 1θ.(6)

2) When the isomorphism θ : A′[τ ] → A′[τ ′] is given by a multiplication operator:

(6)′ θjτ j = τ ′j(θj ∈ A′[τ ]) and θjx = x (x ∈ A′) (j = 1, 2, . . . , k − 1),

it is called θ-equivalent.

3) When the automorphism is given by the adjoint operator: Adg : A′[τ ] → A′[τ ′]

Adgξ = gξg−1 (g ∈ A′[τ ]) (xg = gx for x ∈ A′),(7)

it is called Ad-equivalent.

4) When A′[τ ] = A′[τ ′] holds, they are called identical. We notice that we have
the identical extension: A′[τ1] = A′[τ2

1 ] for an arbitrary ternary extension.

5) We introduce a concept of Galois group for an extension A = A′[τ ]. The auto-
morphism group of A whose elements act as identity on A′ is called Galois group
of the extension. The automorphism θ : A′[τ ] → A′[τ ] arising from multiplication
θ(ξ) = λξ (λ ∈ A) or θ(ξ) = Adgξ gives an example of element of the Galois
group; (6). The Galois group of A = A′[τ ] is denoted by G = G(A′[τ ]). We can
introduce a concept of hierarchy structure of the extension. For a subalgebra A′

with A0 ⊆ A′ ⊆ A1, we consider a subgroup G′ ⊂ G1 which preserves the identity
operation onA′ which is called the Galois subgroup ofA′ and denoted byG′ = G(A′).
Then for an increasing sequence of subalgebras: A0 ⊆ A′

1 ⊆ A′
2 ⊂ . . . ⊂ A1, we can

find decreasing sequence G ⊇ G′
1 ⊇ G′

2 ⊇ . . . ⊇ G1 (= e). We can also find the
duality structure:

A0 ⊆ A′
1 ⊆ A′

2 ⊂ . . . ⊂ A1

(8)

G ⊇ G′
1 ⊇ G′

2 ⊇ . . . ⊇ G1 (= e).

We shall describe the hierarchy structure for special ternary extensions.
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2. The gauge theory of elementary particles
with noncommutative Galois group

Choosing a Galois group as the gauge group, we make a gauge theory. We formulate
the gauge theory on a space-time manifold M and later restrict our consideration to
a single local coordinate. The gauge theory on a general manifold and its geometry
will be discussed in a forthcoming paper. We choose the manifold M with a covering
{Uλ}. We make a fibre bundle with Galois extension algebras as fibre and with
gauge group of the Galois groups. Namely, we define the fibre space π : F → M by
π−1(Uλ = Uλ × A, where A is a Galois extension algebra. The identification rules
between local charts on the intersections are given as follows:

π−1(Uλ) = Uλ ×A ⇔ π−1(Uμ) = Uμ ×A,

(xλ, ξλ) = (xμ, ξμ)(9)

if and only if

ξλ = gλμξμg
−1
λμ , xλ = xλμ(xμ)(10)

where gλμ is a Galois group element on Uλ∩Uμ. In the following we restrict ourselves
to binary and ternary extensions algebras separately.

2.1. Gauge theory of binary Galois extensions

At first we restrict ourselves to the gauge theory on a single coordinate. Hence we
describe them without suffixes. We take a binary Galois extension A = A0[

√−1]
over an algebra A0. We denote the generator H of the Galois group G. Then we
have the following decomposition A = A′

0 ⊕A′′
0 :

A′
0 = K[e1, e2, . . . , em] (∼= A0), A′′

0 = K[e′1, e
′
2, . . . , e

′
m],(11)

where (e1, e2, . . . , em) is a system of generators of A0 and e′i = HeiH
−1. We assume

that we have a function space L0 on the space-time where the algebra acts: A : L0 →
L0. Then we have the extension of the function spaces L (= L′

0 +L′′
0) with the gauge

transform: τ : H × L→ L:

τ(H,ψ) → Hψ.(12)

We notice that τ(L′
0) = L′′

0 and τ(L′′
0 ) = L′

0. We consider the following linear
spaces which are called basic Galois elements:⎧⎨

⎩
A′

0(θ1, θ2, . . . , θm) = {θ1e1 + θ2e2 + . . .+ θmem|θ1, θ2, . . . , θm ∈ K},

A′′
0(θ1, θ2, . . . , θm) = {θ1e′1 + θ2e

′
2 + . . .+ θme

′
m|θ1, θ2, . . . , θm ∈ K}.

(13)

Then we can obtain the gauge invariant spaces which may supply the observables in
physics: As examples, we may take
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⎧⎨
⎩

Ã′
0 = A′

0(θ1, θ2, . . . , θm) +A′′
0 (θ1, θ2, . . . , θm),

Ã′′
0 = A′

0(θ1, θ2, . . . , θm)A′′
0 (θ1, θ2, . . . , θm).

(14)

By use of local data {A′
0,λ, A

′′
0,λ, Hλ : g(2)

λω}, we formulate the gauge theory of binary
extensions. We shall describe mesons in quark models in this framework.

2.2. Gauge theory of ternary Galois extensions

In an analogous manner, we can formulate a gauge theory of ternary extensions. We
take a ternary Galois extension over an algebra A0: A = A0[ 3

√
1]. We denote the

generator of the Galois group by G . Then we have the following decomposition:

A = A′
0 ⊕A′′

0 ⊕A′′′
0 .(15)

We denote the generators of A by e1, e2, . . . , em. Then we have

A′
0 = K[e1, e2, . . . , em] (∼= A0),

A′′
0 = K[e′1, e

′
2, . . . , e

′
m] (∼= A0),

A′′′
0 = K[e′′1 , e

′′
2 , . . . , e

′′
m] (∼= A0),

(16)

where e′i = GeiG
−1, e′′i = Ge′iG

−1. We assume that we have the operant space L0

where A0 acts as A : L0 → L0 with (15). Then we have the following operant spaces
over the extension:

L = L′
0 ⊕ L′′

0 ⊕ L′′′
0 .

Thus we have the gauge transform: μ : G × L0 → L0:

G× ψ → Gψ.(17)

We can see that

μ(L′
0) = L′′

0 , μ(L′′
0) = L′′′

0 , μ(L′′′
0 ) = L0.

We can obtain the following linear elements:

A′
0(θ1, θ2, . . . , θm), A′′

0 (θ1, θ2, . . . , θm), A′′′
0 (θ1, θ2, . . . , θm)(18)

and their gauge invariant spaces:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

A′
0(θ1, θ2, . . . , θm) ⊕A′′

0 (θ1, θ2, . . . , θm) ⊕A′′′
0 (θ1, θ2, . . . , θm)

=
∑

(i,j)=(′,′′,′′′)

Ai
0(θ1, θ2, . . . , θm)Aj

0(θ1, θ2, . . . , θm)

× A′
0(θ1, θ2, . . . , θm)A′′

0 (θ1, θ2, . . . , θm)A′′′
0 (θ1, θ2, . . . , θm).

(19)

By use of local data {A′
0,λ, A

′′
0,λ, A

′′′
0,λ, Hλ : g(3)

λω}, we formulate the gauge theory of
ternary extensions. This will be discussed for baryons in quark models.



A method of noncommutative Galois theory for construction of quark models I 101

2.3. Galois extension of binary and ternary Clifford type

Next we proceed to special realizations of gauge spaces. Setting⎧⎨
⎩

D′
0(θ1, θ2, . . . , θm) = e1θ1 + θ2e2 + . . .+ θmem,

D′′
0 (θ1, θ2, . . . , θm) = θ1e

′
1 + θ2e

′
2 + . . .+ θme

′
m,

(20)

we introduce the concept of binary extension of Clifford type, when the spaces satisfy
the condition

D′
0D

′′
0 (θ1, θ2, . . . , θm) = ((θ21 , θ

2
2 , . . . , θ

2
m) ⊗ 1.(21)

Setting
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

D′
0(θ1, θ2, . . . , θm) = (θ11 + θ2G+ .θ3G

2),

D′
0(θ1, θ2, . . . , θm) = (θ11 + θ2j

2G+ θ3jG
2),

D′
0(θ1, θ2, . . . , θm) = (θ11 + θ2jG+ .θ3j

2G2),

(22)

we introduce the ternary extension of ternary Clifford type (of the first kind):

D′
0D

′′
0D

′′′
0 (θ1, θ2, θ3) = θ21 + θ22 + θ23 − 3θ1θ2θ3) ⊗ 1.(23)

2.4. Statements of main results of the paper

We state main results of this paper:

(0) We formulate the physics of quark theory as the invariant spaces with respect
to the Galois group.

(1) The binary and ternary Clifford algebras are introduced and the Dirac op-
erators are associated. We can find a successive extension of binary and ternary
extensions on su(3) satisfying required properties (Theorem 1).

(2) For a binary Clifford algebra there exists a sequence of noncommutative
binary Galois extensions of the real field R which realize the given Clifford algebra
(Theorem 2).

(3) For the case of a successive extension of binary and ternary extensions, we
can find a duality structure between binary and ternary Galois extensions. By this
we can show the structures of mesons and baryons (Theorem 3).

(4) By the following sequences of extensions, we can derive the so-called
Gell Mann model and Kobayashi-Masukawa model in a unified manner (Theorem 4):

R ⇒ R[
√

1] ⇒ R
[

2
√−1, 2

√−1
]⇒ R

[
2
√−1, 2

√−1, 3
√

1
]

⇒ R
[

2
√−1, 2

√−1, 3
√

1, 2
√−1

]
⇒ R

[
2
√−1, 2

√−1, 3
√

1, 2
√−1, 3

√
1
]
.
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3. Standard construction of successive Galois extensions

In this section we introduce a concept of successive extensions of binary and ternary
extensions and discuss their standard constructions.

3.1. Successive extensions

We consider successive Galois extensions. We take an extension:

A1 = A0[τ1](τk
1 = 1)

at first. Then we consider the extension

A2 = A1[τ2](τk′
2 = 1)

which is called successive extension of k-nary and k′-nary extensions and is denoted
by A0[τ1, τ2]. As a special successive extension, we can make the tensor product
extension of bimodule type:

A2 = A0[τ1 ⊗ τ2], A2 =
{∑

xi,jτ
i
1 ⊗ τ j

2x
′
i,j |xi,j , x

′
i,j ∈ A0

}
.(24)

The successive extensions of general type can be defined in a completely analogous
manner. The quaternion algebra is the tensor product extension (or cross product)
of the binary extensions; see (28).

3.2. Binary/ternary successive extensions

We introduce standard constructions of successive binary and ternary Galois exten-
sions. We treat the following three kinds of successive extensions:

(5) R[ 2
√
I, 2

√
I,

(6) R[ 2
√
I, 3

√
I,

(7) R[ 3
√
I, 3

√
I.

(25)

3.2.1. The basic construction by complex numbers algebra/quaternion algebra

At first we notice that a binary successive extension is not unique. In fact, we can
obtain a commutative extension by the successive extension by complex numbers
and a noncommutative extensions by quaternion algebra:

R[ 2
√−I, 2

√−I] ∼=
{

C ⊗ C,

H.
(26)

The first one is the complex number R[
√−1]:

R[
√−1] =

{
θ11 + θ2

√−1|θ1, θ2 ∈ R
}

=
{(

θ1 θ2
−θ2 θ1

)
|θ1, θ2 ∈ R

}
.(27)
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The quaternion numbers are obtained by the left module, or right module noncom-
mutative Galois extension of the complex numbers:

C[
√−12 =

{
θ11 + θ2

√−12|θ1, θ2 ∈ C
}

=
{(

θ1 θ2
−θ2 θ1

)
|θ1, θ2 ∈ C

}

(28)

=

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

θ1 θ2 θ3 θ4
−θ2 θ1 θ4 −θ3
−θ3 −θ4 θ1 θ2
−θ4 θ3 −θ2 θ1

⎞
⎟⎟⎠ |θ1, θ2, θ3, θ4 ∈ R

⎫⎪⎪⎬
⎪⎪⎭
.

3.2.2. The basic construction by cubic algebra/nonion algebra

Next we proceed to the successive extension of cubic extensions and a noncom-
mutative extensions by nonion algebra [6, 7]:

R[ 3
√
I3,

3
√
I9 ∼=

{
B ⊗ B,

V.
(29)

We may understand that the cubic algebra and nonion algebra are the ternary
counterparts complex and quaternion, respectively. We begin with a basic ternary
Galois extension: Setting

T1 =

⎛
⎝ 1 0 0

0 1 0
0 0 1

⎞
⎠ , T2 =

⎛
⎝ 0 1 0

0 0 1
13 0 0

⎞
⎠ , T3 =

⎛
⎝ 0 0 1

1 0 0
0 1 0

⎞
⎠ ,(30)

we introduce a ternary extension B (= R[T3]) over R which is called cubic algebra:

B = {θ1T1 + θ2T2 + θ3T3|θ1, θ2, θ3 ∈ R},(31)

Then we have the commutative ternary Galois extension which is isomorphic to the
cubic root numbers:

B/I ∼= {θ11 + θ2j + θ3j2|θ1, θ2, θ3 ∈ R
}
,(32)

where

j3 = 1 and I = {θ(T1 + T2 + T3), θ ∈ R}.
We call the algebra which is generated by two of the following three elements

nonion algebra [6]:

Q1 =

⎛
⎝ 0 1 0

0 0 1
1 0 0

⎞
⎠ , Q2 =

⎛
⎝ 0 j2 0

0 0 j
1 0 0

⎞
⎠ , Q3 =

⎛
⎝ 0 j 0

0 0 j2

1 0 0

⎞
⎠ ,(33)
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We can see that the linear basis over the complex field can be given as follows:

Q2 =

⎛
⎝ 0 j2 0

0 0 j
1 0 0

⎞
⎠ , Q1 =

⎛
⎝ 0 j 0

0 0 j2

1 0 0

⎞
⎠ , Q3 =

⎛
⎝ 0 1 0

0 0 1
1 0 0

⎞
⎠ ,

Q̄1 =

⎛
⎝ 0 0 1

j2 0 0
0 j 0

⎞
⎠ , Q̄2 =

⎛
⎝ 0 0 1

j 0 0
0 j2 0

⎞
⎠ , Q̄3 =

⎛
⎝ 0 0 1

1 0 0
0 1 0

⎞
⎠ ,(34)

R1 =

⎛
⎝ 1 0 0

0 1 0
0 0 1

⎞
⎠ , R2 =

⎛
⎝ 1 0 0

0 j 0
0 0 j2

⎞
⎠ , R3 =

⎛
⎝ 1 0 0

0 j2 0
0 0 j

⎞
⎠ .

The following extension of bimodule type over B[j], where B = R[T2], are obtained,
which are called basic extensions:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

A[R] = {xR1x
′ + yR2y

′ + zR3z
′|x, y, z, x′, y′, z′ ∈ B[j]} ,

A[Qi] =
{
xR1x

′ + yQiy
′ + zQ2

i z
′|x, y, z, x′, y′, z′ ∈ B[j]

}
(i = 1, 2, 3),

A[Q̄i] =
{
xR1x

′ + yQ̄iy
′ + zQ̄2

i z
′|x, y, z, x′, y′, z′ ∈ B[j]

}
(i = 1, 2, 3).

(35)

Proposition 2. We have

B[j] = A[R] and N = A[Qi] = A[Q̄i] (i = 1, 2, 3).

Hence the nonion algebra N has bimodule ternary Galois extensions over B[j].

We can prove the proposition by use of the product tables of nonion algebra and
cubic algebra.

Tab. 1. The (Q, Q̄, R)-matrices product table.

Q1 Q2 Q3 Q1 Q2 Q3 R1 R2 R3

Q1 Q1 j2Q3 jQ2 R1 j2R3 jR2 Q1 Q2 Q3

Q2 jQ3 Q2 j2Q1 jR2 R1 j2R3 Q2 Q3 Q1

Q3 j2Q2 jQ1 Q3 j2R3 jR2 R1 Q3 Q1 Q2

Q1 R1 R2 R3 Q1 j2Q3 jQ2 Q1 j2Q3 jQ2

Q2 R3 R1 R2 jQ3 Q2 j2Q1 Q2 j2Q1 jQ3

Q3 R2 R3 R1 j2Q2 jQ1 Q3 Q3 j2Q2 jQ1

R1 Q1 Q2 Q3 Q1 Q2 Q3 R1 R2 R3

R2 j2Q2 j2Q3 j2Q1 Q3 Q1 Q2 R2 R3 R1

R3 jQ3 jQ1 jQ2 Q2 Q3 Q1 R3 R1 R2
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Tab. 2. The T )-matrices product table.

T1 T2 T3 T4 T5 T6

T1 T1 T2 T3 T4 T5 T6

T2 T2 T3 T1 T5 T6 T4

T3 T3 T1 T2 T6 T4 T5

T4 T4 T6 T5 T1 T3 T2

T5 T5 T4 T6 T2 T1 T3

T6 T6 T5 T4 T3 T2 T1

3.2.3. The basic construction by su(3)

In turn we treat a successive extension of binary and ternary Galois extensions.
We notice that the successive extension is not unique. In fact, we can obtain a
commutative extension by the successive extension of complex number extensions
and a commutative cubic extensions:

R
[

2
√
I3,

3
√
I9

]
�

{
C ⊗ B,

su(3).
(36)

Next we discuss the structure of the Galois extension for su(3). At first we recall the
basis of the algebra which are called Gell-Mann basis [4].

f1 =

⎛
⎝ 0 i 0

i 0 0
0 0 0

⎞
⎠ , f2 =

⎛
⎝ 0 −1 0

1 0 0
0 0 0

⎞
⎠ , f3 =

⎛
⎝ i 0 0

0 −i 0
0 0 0

⎞
⎠ ,

(37)

f7 =

⎛
⎝ 0 0 0

0 0 −1
0 1 0

⎞
⎠ , f8 =

1√
3

⎛
⎝ 1 0 0

0 1 0
0 0 −2

⎞
⎠ ,

We also consider the linear space L1 generated by three elements

L1 : e1 =

⎛
⎝ 0 i 0

i 0 0
0 0 0

⎞
⎠ , e2 =

⎛
⎝ 0 −1 0

1 0 0
0 0 0

⎞
⎠ , e3 =

⎛
⎝ i 0 0

0 −i 0
0 0 0

⎞
⎠ ,

(38)

and introduce the following two linear spaces L2 and L3:

(38)′ L2 : e′1 =

⎛
⎝ 0 0 i

0 0 0
i 0 0

⎞
⎠ , e′2 =

⎛
⎝ 0 0 −1

0 0 0
1 0 0

⎞
⎠ , e′3 =

⎛
⎝ i 0 0

0 0 0
0 0 −i

⎞
⎠ ,
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(38)′′ L3 : e′′1 =

⎛
⎝ 0 0 0

0 0 i

0 i 0

⎞
⎠ , e′′2 =

⎛
⎝ 0 0 0

0 0 1
0 −1 0

⎞
⎠ , e′′3 =

⎛
⎝ 0 0 0

0 i 0
0 0 −i

⎞
⎠ ,

Remark 1. We notice the following relation:

f8 =
1√
3

(e′3 + e′′3).

Hence omitting one of e3, e′3, e
′′
3 we can obtain a system of basis of su(3).

Then we can prove the following theorem which plays the fundamental role in
this paper:

Theorem 1. We can find a successive extension of binary and ternary extensions
on su(3) with the following properties:

(8) su(3) has the adjoint noncommutative Galois extension of bimodule type over
the subalgebra A′ generated by {e1, e2, e3}.

(9) After the central extension, it is isomorphic to the quaternion algebra.
(10) su(3) is a binary Galois extension over B, B = R[e3].
(11) su(3) is a ternary Galois extension over su(2).

Remark 2. We can describe the structures in the following Fig. 3.

Fig. 3: Schematic comparison of the noncommutative Galois extension structures on su(3).

Proof. Ad (8). In order to prove the first assertion it is enough to prove

Proposition 3. We have the following adjoint representation on Li (i = 1, 2, 3); see
(5): ⎧⎨

⎩
He1H

−1 = −e2, He2H
−1 = e1, He3H

−1 = e3,

H ′e′1H
′−1 = −e′2, H ′e′2H

′−1 = −e′1, H ′e3H ′−1 = e′3,
H ′e′′1H

′−1 = e′′2 , H ′e′′2H
′−1 = e′′1 , H ′e′′3H

′−1 = e′′3 ,
(39)

where

H =

⎛
⎝ 1 0 0

0 i 0
0 0 1

⎞
⎠ , H ′ =

⎛
⎝ 1 0 0

0 1 0
0 0 i

⎞
⎠ .(40)
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Ad (9). We notice the following commutation relations:{
e21 = e22 = e23 = −1,
e1e2 = −e2e1 = e3, e2e3 = −e3e2 = e1, e3e1 = −e1e3 = e2.

(41)

After the extension by e0 (= diag [1, 1, 0]), we have the Clifford algebra which is
isomorphic to the quaternion algebra.

Ad (10). The assertion follows from the construction of quaternion, see (28).

Ad (11). In order to prove the assertion, we verify the following

Proposition 4. {ei, e
′
i, e

′′
i } (i = 1, 2, 3) satisfies the condition⎧⎨

⎩
GekG

−1 = e′′k (k = 1, 2, 3), Ge′kG
−1 = ek (k = 1, 2, 3),

Ge′′kG
−1 = e′k (k = 1, 2), G1e

′′
3G

−1 = −e′3,
(42)

where

(42)′ G =

⎛
⎝ 0 0 1

1 0 0
0 1 0

⎞
⎠ .

Hence we can define the ternary adjoint extension.

4. Binary and ternary Dirac operators of noncommutative
Galois extensions

In this section we discuss relationships between binary/ternary Clifford algebra and
binary/ternary noncommutative Galois extension.

4.1. Noncommutative Galois theory of binary type and binary Clifford
algebra

We show that a binary Clifford algebra introduces a binary Galois extension. Here
we are concerned with Clifford algebras Clp(C) with negative signature. We begin
with the following definition:

Definition 2. (1) We take an algebra with generators: T1, T2, . . . , Tn. A pair
(Ta, Tb) (a �= b) is called (binary) Clifford pair when it satisfies the condition

TaTb + TbTa = −2δabIn.(43)

(2) An algebra with generators T1, T2, . . . , Tn is called binary Clifford algebra
when every pair is a binary Clifford pair.

Remark 3. We notice that Galois extensions do not necessarily have a structure of
Clifford algebra. We recall the following two kinds of successive extensions of real
numbers: One is commutative and the other is noncommutative; see (28):
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R
[

2
√
I2,

2
√
I2

]
�

{
C × C,

H.
(44)

We can find only one Clifford pair {e1, e4} for C × C as follows:

C × C = {x1e1 + x2e2 + x3e3 + x4e4|x1, x2, . . . , x4 ∈ R}
(45)

=
{
x1

(
I 0
0 I

)
+ x2

(
0 J

J 0

)
+ x3

(
J 0
0 J

)
+ x4

(
0 I

−I 0

)}
,

where I (∈M2(R)) is the identity matrix and J (∈M2(R)) is the complex structure.
We see that every pair {ei, ej} (i, j �= 1, i �= j) for H is a Clifford pair:

H = {x1f1 + x2f2 + x3f3 + x4f4|x1, . . . , x4 ∈ R}
(46)

=
{
x1

(
I 0
0 −I

)
+ x2

(
0 J

J 0

)
+ x3

(
J 0
0 −J

)
+ x4

(
0 I

−I 0

)}
.

We can prove the following theorem:

Theorem 2. For a binary Clifford algebra A with generators T1, T2, . . . , Tn, there
exists a sequence of noncommutative binary Galois extensions of the real field R

which realize the given Clifford algebra A. Namely we have the following sequences
of binary Galois extensions {Ak|k = 1, 2, . . . ,m}:

TiTj + TjTi = −2δijIn ⇒ Ak = Ak−1

[
2
√−I

]
(47)

(k = 1, 2, . . . ,m), (Am = A, A0 = R).

Proof. We prove the assertion by the induction on m. The complex numbers can
be obtained by the commutative Galois extensions of real numbers; see (27). We
can give a construction of the Clifford algebras. Let (T1, T2, . . . , Tm) be a system of
generators of a Clifford algebra Am. Setting

T̂i =
(
Ti 0
0 −Ti

)
(i = 1, 2, . . . , n), Ĥn+1 =

(
0 I

−I 0

)
,(48)

we have a Clifford algebra which is generated by (T̂1, T̂2, . . . , T̂n, Ĥn+1) on the one
hand and we have the right (or left) module binary extension of Am by Ĥm+1 on
the other hand. Hence we can obtain the desired assertion.

4.2. Dirac operators for noncommutative Galois extensions

Next we are concerned with the field operators of the Clifford algebra defined by Ga-
lois extension of binary type. Choosing (T̂1, T̂2, . . . , T̂m) and Ĥm+1, we can introduce
the following three operators on the m-dimensional Euclidean space:
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D = T̂1
∂

∂x1
+ T̂2

∂

∂x2
+ . . .+ T̂m

∂

∂xm
,

(49)

D∗ = Ĥm+1

(
T̂1

∂

∂x1
+ T̂2

∂

∂x2
+ . . .+ T̂m

∂

∂xm

)
.

The operators are called Dirac operator and its conjugate operator for the extension
and they satisfy the condition

ΔD∗D = DD∗Δ =
(
∂2

∂x2
1

+ . . .+
∂2

∂x2
m

)
⊗ 1m.

The operator is called the binary Klein-Gordon operator [Laplace operator].

4.3. Noncommutative Galois theory of ternary type and ternary Clifford
algebra

In turn we shall be concerned with the structure of ternary Clifford algebra. We put
the following definition:

Definition 3. If (Ta, Tb, Tc) satisfies the following conditions, we say that it generates
a ternary Clifford algebra:

TaTbTc + TbTcTa + TcTaTb = ηabc1,

ηabc = ηbca = ηcab,

η111 = η222 = η333 = 1, η123 = η231 = η312 = j2,

η321 = η213 = η123 = j,

(50)

(50)′ TaTbTc + jTbTcTa + j2TcTaTb = 0 (or TaTbTc + j2TbTcTa + jTcTaTb = 0),

where two of them are identical.

Choosing (Ta, Tb, Tc), we introduce the following three operators on the 3-di-
mensional Euclidean space:

D = Ta
∂

∂xa
+ Tb

∂

∂xb
+ Tc

∂

∂xc
,

D∗ = Ta
∂

∂xa
+ j2Tb

∂

∂xb
+ jTc

∂

∂xc
,(51)

D∗∗ = T1
∂

∂xa
+ jT2

∂

∂xb
+ j2T3

∂

∂xc
.
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The operators are called Dirac operator and its conjugate operators of the Galois
type when they satisfy the following condition:

Δ = DD∗D∗∗,

(52)

Δ =
(
∂3

∂x3
a

+
∂3

∂x3
b

+
∂3

∂x3
c

− 3
∂3

∂xa∂xb∂xc

)
⊗ 1.

The operator Δ is called the ternary Klein-Gordon operator. We can prove the
following

Proposition 5. A triple {Ta, Tb, Tc} determines a ternary Clifford algebra if and
only if it determines ternary Dirac operators.

The proof is a direct calculation and may be omitted. We make the following

Definition 4. We take an algebra with finite generators: (T1, T2, . . . , Tn). A triple
(Ta, Tb, Tc) is called Clifford triple when it generates a ternary Clifford algebra.

Hence we can define the ternary Dirac operators and the corresponding Klein-
Gordon operator.

Example. The generators T1, T2, T3 of the cubic algebra determine a ternary Clifford
algebra; see (30). Hence it is a Clifford triple.

4.4. Totally ternary Dirac operator

Finally we introduce the totally ternary Dirac operator. We can see that not every
triple is a ternary Clifford triple. Hence, choosing the total set of Clifford triples
{S(j)

a , S
(j)
b , S

(j)
c : j = 1, 2, . . . ,M}, we can introduce the following Dirac operator

which is called total Dirac operator:

D =
∑

D(j), D∗ =
∑

D(j)∗, D∗∗ =
∑

D(j)∗∗,(53)

where

D(j), D(j)∗, D(j)∗∗ (j = 1, 2, . . . ,M)

are the Dirac operator and its conjugate operators of the ternary triples, andM is the
number of Clifford triples. Introducing the product by taking the usual product only
for ternary Clifford triples and defining other products to be zero, we can introduce
the following total Klein-Gordon operator:

D ◦D∗ ◦D∗∗ =
∑

Δ(j),(54)

where Δ(j) is the Klein-Gordon operator for each triple.
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METODA NIEPRZEMIENNEJ TEORII GALOIS
DLA KONSTRUKCJI MODELI KWARKÓW
(MODEL KOBAYASHIEGO-MASUKAWY) I
KOLEJNE ROZSZERZENIA GALOIS

S t r e s z c z e n i e
Idea binarnego i ternarnego rozszerzenia Galois jest rozważana w kontekście teorii ce-

chowania z grupa̧ symetrii z grup Galois. Również pojȩcia binarnej i ternarnej algebry
Clifforda sa̧ rozważane i użyte do określenia stowarzyszonych operatorów Diraca i Kleina-
Gordona. W drugiej czȩści pracy, przez zastosowanie struktury rozszerzenia Galois algebry
su(3), skonstruujemy modele kwarkowe modelu Gell-Manna. Z kolei, przez zastosowanie
rozszerzenia binarnego algebry su(3), skonstruujemy model Kobayashiego-Masukawy.
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