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SUBMITTING THE PAPERS FOR BULLETIN

Summary

Abstract should be written in clear and concise way, and should present all the main

points of the paper. In particular, new results obtained, new approaches or methods applied,

scientific significance of the paper and conclusions should be emphasized.

1. General information

The paper for BULLETIN DE LA SOCIÉTÉ DES SCIENCES ET DES LETTRES
DE �LÓDŹ should be written in LaTeX, preferably in LaTeX 2e, using the style (the
file bull.cls).

2. How to prepare a manuscript

To prepare the LaTeX 2e source file of your paper, copy the template file in-
str.tex with Fig1.eps, give the title of the paper, the authors with their affilia-
tions/addresses, and go on with the body of the paper using all other means and
commands of the standard class/style ‘bull.cls’.

2.1. Example of a figure

Figures (including graphs and images) should be carefully prepared and submitted
in electronic form (as separate files) in Encapsulated PostScript (EPS) format.

Fig. 1: The figure caption is located below the figure itself; it is automatically centered and
should be typeset in small letters.

2.2. Example of a table

Tab. 1: The table caption is located above the table itself; it is automatically centered and
should be typeset in small letters.

Description 1 Description 2 Description 3 Description 4

Row 1, Col 1 Row 1, Col 2 Row 1, Col 3 Row 1, Col 4
Row 2, Col 1 Row 2, Col 2 Row 2, Col 3 Row 2, Col 4

[4]



2.3. “Ghostwriting” and “guest authorship” are strictly forbiden

The printed version of an article is primary (comparing with the electronic version).
Each contribution submitted is sent for evaluation to two independent referees before
publishing.

3. How to submit a manuscript

Manuscripts have to be submitted in electronic form, preferably via e-mail as attach-
ment files sent to the address zofija@uni.lodz.pl. If a whole manuscript exceeds
2 MB composed of more than one file, all parts of the manuscript, i.e. the text
(including equations, tables, acknowledgements and references) and figures, should
be ZIP-compressed to one file prior to transfer. If authors are unable to send their
manuscript electronically, it should be provided on a disk (DOS format floppy or
CD-ROM), containing the text and all electronic figures, and may be sent by reg-
ular mail to the address: Department of Solid State Physics, University of
Lodz, Bulletin de la Société des Sciences et des Lettres de �Lódź, Pomorska
149/153, 90-236 �Lódź, Poland.
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LATE PROFESSOR PROMARZ TAMRAZOV (1933–2012)
AND 20 YEARS OF SCIENTIFIC COOPERATION �LÓDŹ-KYIV

Summary
Professor Promarz Tamrazov (*June 17, 1933), the outstanding scientist, our good

friend, and member of the Editorial Board of Bull. Soc. Sci. Lettres �Lódź Sér. Rech.
Déform., has passed away on February 11, 2012. We remember his research activities, ob-
tained results and developed theories, solved open problems, as well as his engagement in
initiation and prosperous development of scientific cooperation �Lódź-Kyiv in mathemathics
and physics since 1992 (Photo 1).

Keywords and phrases: obituary, Tamrazov, mathematics, physics, Polish-Ukrainian coop-

eration, cooperation �Lódź-Kyiv

Photo 1. Professor Pomarz Tamrazov
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Brief callendarium of the life

Professor Promarz Melikovich Tamrazov was a Corresponding Member of the Na-
tional Academy of Sciences of Ukraine and a worldwide known mathematician for
his works on complex and real analysis, geometric function theory, approximation
theory, potential theory and combinatorics.

He was born on 17.06.1933 in Kiev. His mathematical faculties appeared very
early. He told that when being a schoolboy of primary school, he played at home
and skulked from time to time under a table, where his elder brother was solving
mathematical school-problems under the supervision of parents. And when his elder
brother was at a loss with the answer to the next problem, little boy Proma informed
loudly a correct answer.

When Promarz studied in a high school, he became the winner of the Kiev mu-
nicipal competition on mathematics among the schoolboys. In 1951 he finished the
high school with the Gold Medal honor. From 1951 he studied at Kiev Polytechnic
Institute and in 1956 graduated with honor in Mechanical and Heat Engineering,
receiving an engineer degree (equivalent of the Master degree). Between 1956 and
1963 he worked in Kiev Polytechnic Institute and institutes of Ukrainian Academy of
Sciences as engineer and assistant professor. In 1958–61 he undertook post-graduate
studies in mathematics under the guidance of Professor V. A. Zmorovich. After prov-
ing a Ph.D./Candidate thesis in 1963 he had prepared in three years a brilliant
Doctor Sciences thesis (Physics and Mathematics) that was proved on 29.01.1966
in Institute of Mathematics of Ukrainian Academy of Sciences, Kiev. Since 1963 he
worked in the Institute of Mathematics of the Ukrainian Academy of Sciences as a
research fellow and then as the head of a laboratory. He got the title of Professor
in 1982. In 1989–2003 he was the head of the Department of Complex Analysis and
Potential Theory and since 2003 the leading research fellow of the mentioned depart-
ment. In 2006 P.M. Tamrazov was elected a Corresponding Member of the National
Academy of Sciences of Ukraine. In addition, he took up the following collaboration
positions: a lecturer (1970–71) and Professor (1988) at the Kiev State University,
Professor at the Kiev Polytechnic Institute (1976–83), and Rector of the Peoples
University of Modern Mathematics (1973–87).

Since 1958 he researched in mathematics and published 191 works (including
a monograph Smothnesses and Polynomial Approximation, Naukova Dumka, Kiev,
1975). 13 Ph D and 4 Doctor of Sciences theses have been proved under his super-
vision.

He participated in many international conferences and congresses, and received
the following grants:

• Long Term grant of ISF (International Science Foundation – Soros Foundation)
– 1994, Principal Investigator;

• Grant of ICM-94 – 1994;

• Grant of ISF and Ukraine – 1995, Leader;
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• Two grants of INTAS (European Union) – Call 1994 (1995–1998) and Call
1999 (2000–2003), Team Leader;

• Grant of the Royal Society (UK) – 1994;
• Grant of the Royal Swedish Academy of Sciences – 1997;
• Series of Soviet and Ukrainian grants;
• Grant of ICM-98 – 1998;
• Grant of NSF of USA for attending CMFT’01, 2001;
• Grant of ICM-02 – 2002;
• Travel Grant of International Mathematical Union for attending ICM-02 in

Beijing, 2002.

He was a member of the ISAAC Board (1998–2002) and a member of the ISAAC
Award Committee (1999).

Research activities of P. M. Tamrazov – Main topics

We list quite impressive variety of main research activities of Professor Tamrazov
(20 items in our classification) ordered in four groups:

1. Univalent functions, conformal mappings, geometric function theory:
• extremal problems, boundary behaviour, mappings of multiply and in-

finitely connected domains, problems on boundedness of functionals in
noncompact classes of mappings, exact estimates of functionals;

• extremal length, extremal metrics and quadratic differentials, general
properties and applications to problems of geometric function theory and
potential theory;

• difference and differential contour-solid problems for holomorphic (and
meromorphic) functions in the complex plane and in complex analytic
spaces;

• applications of geometric function theory to approximation theory;

• extremal metric and modulus problems on nonorientable and twisted Rie-
mannian manifolds.

2. Constructive function theory:
• inverse and direct theorems of polynomial (and rational) approximation of

functions on compacts of the complex plane, constructive characterization
of functions;

• complex finite-difference smoothnesses (of orders k > 1) for functions on
sets of the complex plane;

• problems of constructive function theory for complex finite-difference
smothnesses of any order;

• applications to the theory of singular integral operators;
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• (strongly) local theory of approximation and (strongly) local constructive
characterization of functions;

• finite-difference smothnesses of Cauchy integral operator and related sin-
gular operators;

• finite-difference smoothnesses of functions’ superpositions and their ap-
plication.

3. Potential theory:
• equilibrium potentials of general condensers, their complete description;

• Gonchar’s extremal problem on capacities of condensers;

• capacities and method of mixing of signed measures (charges);

• removable singularities, subharmonic and plurisubharmonic extensions of
functions in Euclidean, complex analytic and topological vector spaces;

• finely subharmonic (and finely holomorphic) functions in the contour-solid
and cluster problems;

• Eremenko’s extremal problem on harmonic functions.
4. Combinatorics:

• harmonic analysis in vector spaces of complex finite and divided differ-
ences;

• harmonic analysis for complex finite and divided differences of functions’
superpositions.

Obtained results and developed theories

Professor Tamrazov proved the boundedness of certain functionals on noncompact
classes of pairs of conformal mappings of doubly and multiply connected domains,
and he proved the convergence of the analogues of the Blaschke product in such
domains.

He investigated general properties of extremal lengths and extremal metrics:

• suggested an approach based on definitions in which volume (in the plane-areal)
integrals are taken in the Lebesgue sense while linear integrals are taken in the
lower Darboux sense;

• this allowed to take into consideration all metrics L-measurable in space (for
the plane-areal) sense and all curves without requirement of local rectifiability;
– this approach results in advantages from a general point of view and in
applications;

• he established the local extremal property of extremal metrics;
• introduced a general limit modulus problem and proved the uniqueness of

extremal metric for this problem;
• gave applications of these general results to extremal conformal mappings of

multiply (infinitely) connected domains.



Late Professor Promarz Tamrazov (1933–2012) 11

Photo 2: Professor Fyodor
Kravchenko in front of the Kamenec

Podilski castle (1987).

Photo 3: Profs. Julian �Lawrynowicz and Yuri
Trokhimchuk during a conference in P�lock

(1993).

Promarz Tamrazov solved extremal problems for conformal mappings associated
with multipole quadratic differentials and gave complements to general coefficients
theorem of J. A. Jenkins. He solved problems concerned with finding extremal met-
rics and moduli of some nonorientable and other twisted Riemannian manifolds,
including the problem for Mobius strip tried by Pu in 1952 but not solved then.

Proma solved geometric problems related to conformal mappings, their boundary
properties, symmetrization of multiply connected domains etc. He extended to an
arbitrary bounded continuum inverse theorems of polynomial approximation in the
complex plane known before only for some good piecewise smooth Jordan domains.
He proved such theorems for a wide class of compacts.

Promarz established solid inverse theorems of polynomial approximation for the
same continua and compacts (this problem was open even for the unit disc). He
proved direct theorems of polynomial approximation and obtained constructive char-
acterization of functions on some new classes of sets. He solved the open problem of
local constructive characterization of functions; as a particular case this enabled to
localize also the Jackson-Bernstein characterization of periodic functions on the real
axis which was an open problem.

Proma solved the definition problem for difference smoothnesses of order k > 1
for functions on arbitrary sets of the complex plane, which was open even for the
case when k = 2 and a set is a good piecewise smooth Jordan domain. He developed
the theory of complex finite-difference smoothnesses of any order on general sets in
the complex plane.
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Professor Tamrazov established direct and inverse theorems of polynomial ap-
proximation, constructive characterization of functions. He proved theorems on fi-
nite-difference smoothnesses of conjugate harmonic functions, of Cauchy type inte-
grals and related singular operators.

Promarz Tamrazov solved the problem of moduli of smoothness for functions’
superpositions on sets of the complex plane which for a long time was open even
for the case when simple functions on a real intervals and classical real moduli
of smoothness were considered. He solved the difference contour-solid problems for
holomorphic functions posed by Sewell in 1942, and developed a general contour-solid
theory for holomorphic functions in open sets of the complex plane and in complex
analytic spaces.

Promarz extended some of these results to meromorphic and subharmonic func-
tions, holomorphic functions and mappings in complex analytic spaces and to moduli
of smoothness of orders k > 1. He solved the differential boundary problem for ana-
lytic functions in arbitrary open set of the complex plane and at every fixed boundary
point. This gave the ultimate positive solution for the problem discussed at an in-
formal problem seminar in Zurich held in 1994 by participants of the International
Congress of Mathematicians.

Proma solved the Gonchar’s extremal problem on capacities of condensers and for
this purpose he developed a new method based on mixing signed measures (charges).
He extended the Brelot-Cartan Theorem on removable singularities for subharmonic
functions to arbitrary polar sets (1983) and onto arbitrary sets of inner capacity zero
(1993).

Promarz obtained characterization of sets removable under subharmonic exten-
sion of functions: first for singular capacitable sets (1983), and later on – without
the restriction of capacitability (1993). He obtained results on plurisubharmonic
extension of functions in complex analytic and topological vector spaces. In particu-
lar, he proved theorems on removability of perturbatively restricted singularities for
plurisubharmonic functions in topological complex vector spaces. Such a theorem
was announced in the 60th but not proved (in infinitely-dimensional spaces).

Proma established contour-solid and cluster theorems for finely subharmonic and
finely holomorphic functions in finely open sets. He developed harmonic analysis in
vector spaces of complex finite and divided differences.

Professor Tamrazov developed harmonic analysis for complex finite and divided
differences of functions superpositions which was an open problem even for simple
functions on real interval and classical real finite differences. These theories were
needed for various applications in constructive and geometrical function theory. He
developed methods for solving extremal problems associated with quadratic differ-
entials having free poles.
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Photo 4: Profs. Tamrazov (front row) and �Lawrynowicz (back row, centre), and
Dr. Przemys�law Skibiński (right to �L.) during a conference on complex analysis

at Druzhba near Varna (1987).

Photo 5: Professors Tamrazov and
�Lawrynowicz during the VIIth ICAF

at Kozubnik (1979).

Photo 6: Professors Trokhimchuk and
Zielinskǐı during the VIIth ICAF

at Kozubnik (1979).
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Solved open problems

In addition we list open problems solved by Professor Tamrazov (in chronological
order) which were posed and tried by other scientists:

1. The problem on boundedness of certain functionals on noncompact classes
of pairs of conformal mappings of doubly (and multiply) connected domains
and on convergence of analogues of the Blaschke products in doubly and
multiply connected domains needed for extending of the theory of special
classes of functions to multiply connected domains; this problem was posed
by V. A. Zmorovich and discussed by A. I. Markushevich, S. Ya. Khavinson and
H. Ts. Tumarkin. Proved the convergence of the mentioned analogues of the
Blaschke product.

2. The problem on behaviour of conformal modulus of multiply connected do-
mains under symmetrization, posed by I. P. Mitjuk.

3. The problem on conformal mapping of strip domains posed by A. A. Goldberg
and applied by him in the theory of meromorphic functions.

4. The problem on boundary behaviour of conformal mapping posed by G. D. Su-
vorov in connection with compactification problems.

5. A uniqueness problem for an extremal problem of conformal mapping investi-
gated by P. Duren.

6. A geometric function theory problem on boundedness of harmonization func-
tionals posed by N. A. Lebedev at the International Congress of Mathemati-
cians in 1966 and needed for solving open problems of approximation theory.

7. The solid problem of polynomial approximation of analytic functions which
was open even for the unit disc (this latter particular problem was posed by
V. K. Dzjadyk).

8. The contour-solid problem for analytic functions posed by Sewell in 1942.
Obtained results enabled to solve a number of open problems of the theory of
analytic and harmonic functions (about smoothnesses of conjugated harmonic
functions and conformal mappings, of singular integral operators and solutions
to singular integral equations), of approximation theory (in direct and inverse
problems of polynomial approximation on the complex sets), of the theory of
holomorphic functions and mappings of several complex variables etc.

9. The problem of defining finite-difference smoothnesses of functions in complex
domains attacked by specialists during a long time. The founded approach
enabled to extend to finite-difference smoothnesses of orders k > 1 various
results of complex constructive theory known for k = 1.

10. The problem of finite differences and modules of smoothness for function su-
perpositions, which for a long time was open even in simplest situations. The
solving of this problem enabled to solve also a problem on finite-difference
smoothnesses of conformal mapping.
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Photo 7: Professors Natalia Zorǐı and Julian �Lawrynowicz (extreme left)
during the XIth ICAF in Warsaw and Rynia (1994).

Photo 8: Prof. Zorǐı during the Seminar
in Czȩstochowa (2001).

Photo 9: Professors Tamrazov and Zorǐı
during the Summer School 1989 in

Complex Analysis and Potential Theory
at Kaciveli (Crimea).
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Ad Photo 10 (next page)
Professor Promarz Tanrazov (1) and his colleagues, professors and doctors from �Lódź

(2–9), among a group of participants of the Seminar at Bd (2000) in honour of Professors
Charzyński and Tietz:

2. Dorota Klim
3. Julian �Lawrynowicz
4. Leon Miko�lajczyk
5. Andrzej Nowakowski

6. Adam Paszkiewicz
7. Stanis�law Romanowski
8. Andrzej Sukiennicki
9. Kazimierz W�lodarczyk

11. The problem of local constructive characterization of functions. The developed
approach enabled also to localize well known Jackson-Bernstein constructive
characterization of periodic functions on the real axis (this latter particular lo-
calization problem was discussed by specialists for a long time, but was treated
in unsuccessful ways not giving positive result).

12. The Gonchar’s extremal problem on capacities of condensers.
13. The problem on removing of perturbatively restricted singularities for plurisub-

harmonic functions in complex vector topological spaces; tried, but not solved
in the 60th.

14. The problem on the conformal modulus and extremal metric of a Riemannian
Möbius strip posed by Pu in 1952.

15. The extremal problem on harmonic functions posed by A. Eremenko in 1995.
16. A parameterization for extremals of the Tchebotaryov’s problem posed in 1925

and the problem formulated by H. Grötzsch in 1930 as the hyperbolic analog
of the Tchebotaryov’s problem has been established.

Promarz M. Tamrazov has died on 11.02.2012 after a prolonged illness.
Promarz Melikovich Tamrazov was a remarkable man: he was kind, responsive

and exceptionally attentive to the people. Yet, mathematics was his true love. It was
a sense and a happiness with all his life. Contacting with him at mathematical dis-
cussions, we were convinced repeatedly of his large mathematical talent. Sometimes
the impression was created that there were practically no mathematical difficulties
for him. He had tremendous mathematical intuition and shared generously ideas
with disciples. We had a good luck to meet this eminent person on our creative way.
He will remain in our memory as an intellectually gifted and outstanding person for
ever.
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Photo 10: Professor Promarz Tamrazov and his eight colleagues from �Lódź (for their
names see the proceding page) during the Seminar at Bd (2000).

Photo 11: Profs. Oleg Gerus
and Julian �Lawrynowicz (right-hand side)

at the bank of Teterev river
near Zhytomyr (2003).

Photo 12: A group of participants of
the Bd Seminar 2005, including

Dr. Oksana Sumyk (front row, centre)
and Profs. Yaroslav G. Prytula,

Zelinskǐı and �Lawrynowicz (back row,
right-hand side).
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Cooperation �Lódź-Kyiv in mathematics and physics

Direct scientific cooperation between the

• Univeristy of �Lódź

• �Lódź Society of Sciences and Arts

• National Academy of Sciences of Ukraine, Institute of Mathematics

• National Academy of Sciences of Ukraine, Institute of Physics

was initiated officially in 1992, but regular cooperation between mathematicians and
physicists of �Lódź and Kyiv started much earlier. In particular, the coordinators from
both sides, Professors Julian �Lawrynowicz and Promarz Tamrazov had met for the
first time in 1964 in Moscow. Personal contacts between Profs. �Lawrynowicz, Fyodor
G. Kravchenko and Yuri Trokhimchuk started in 1972 in Kamenec Podilski (Photos
2 and 3).

Already before 1992 exchange of scientific visits as well as participation in con-
ferences and summer schools in Poland and Ukraine led to the following important
contributions, in particular in relation with the IVth–Xth International Conferences
on Analytic Functions (hareafter abbr. ICAF) held in �Lódź (1966), Lublin (1970),
Kraków (1974), at Kozubnik (1979), at B�lażejewko (1982), in Lublin (1986), and at
Szczyrk (1990), respectively:

Gutlyanski [Gu1, 2]
Karupu [Ka]
�Lawrynowicz and Rembieliński [�LR]
Melnichenko [Me]
Navoyan and Tamrazov [NT]

Pa�lka and Skibiński [PS] (Photo 4)
Tamrazov [T1–5] (Photos 4 and 5)
Trokhimchuk [Tr1, 2]
Zelinskǐı [Ze1–3] (Photo 6)
Zorǐı [Zo1] (Photos 7–9)

The leading topic in the cooperation agreement was Potential theory vs. inves-
tigations on semiconductors and crystals. In the decade 1992–2001 �Lódź scientists
took an artive part in several summer schools on complex analysis and potential
theory in Crimea, in particular in the Hydrodynamical Institute of the National
Academy of Sciences of Ukraine at Kaciveli, and in the International Conference on
Complex Analysis and Potential Theory in Kyiv in 2001 (Figs. 1 and 2).

On the other hand, the Ukrainian scientists from Kyiv, Lviv, and Zhytomyr took
an active part in the following events in Poland:

• XIth ICAF in Warszawa and at Rynia 1994

• XIIth ICAF in Lublin 1998

• Advanced Seminar on Deformations of Mathematical Structures Applied in
Physics, �Lódź and Warszawa 1992/97

• Workshop on Generalizations of Complex Analysis, Warszawa 1994

• The Finnish-Polish-Ukrainian Summer School in Complex Analysis, Lublin
1996
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• Seminar (hereafter abbr. S): Geometrical Methods of Generalized Quaternionic
Analysis with Applications in Physics, Bȩdlewo (hereafter abbr. Bd) 1999

• S: Applied Algebraic Functions and Eigenfunctions (in Honour of Professors
Charzyński and Tietz), Bd 2000 (Photo 10)

• S: Generalized Cauchy-Riemann Structures and Surface Properties of Crystals,
Bd and Czȩstochowa 2001

These activities led to the following important contributions:
Aguilar, Contreras, Cárdenas, Rutkow-

ski, Gnatenko, and Bukivsky [AC]
Allyev [Al]
Cárdenas, Contreras, Gnatenko, and

Rutkowski [CC]
Castillo, Contreras, �Lawrynowicz, and

Wojtczak [Ca]
Gaveau, �Lawrynowicz, and Wojtczak

[G�L]
Gerus [Ge]
Gnatenko, Shigilchev, Rutkowski,

Cárdenas, and Contreras [GS1]
—, —, —, Contreras, and Cárdenas

[GS2]
Golberg [Go1]
Jakubowski and Zyskowska [JZ]
Kalynets and Kondratyuk [KK]
Kravchenko V. V. and Shapiro [KrS]
Krawiecki, Sukiennicki, and Wojtczak

[KrSu] (Photo 10)
�Lawrynowicz [�L]
—, Martio, and Tamrazov [�LM1, 2]
—, Porter, Ramı́rez, and Rembieliński

[�LP]

—, Rembieliński, and Succi [�LRS]
— and Tamrazov [�LT]
—, Wojtczak, Koshi, and Suzuki [�LW]
Malinowski, Rembieliński, Tybor, and

Papaloucas [MR]
Muliava and Sheremeta [MS]
Okhrimenko [O]
Pokhilevich [Po]
Poreda and Wilczyński [PoW]
Prytula Ya. Ya. [Pry]
Romanowski, Pietrzak, and Baldomir

[RoP] (Photo 10)
Sheremeta [S]
Tamrazov [T6, 7]
—, Vuorinen, and Wielgus [TV]
Trokhimchuk [T3]
Urbaniak-Kucharczyk [U]
Wagner-Bojakowska [W]
Wojtczak and Gärtner [WG]
—, Urbaniak-Kucharczyk, Zasada, and

Rutkowski [WU]
Zabolotskǐı [Z]
Zorǐı [Zo2–5]

In the decade 2002–2011 �Lódź scientists took an active part in further meetings in
Kyiv, Zhytomyr, and Lviv. In particular, since 2001 Julian �Lawrynowicz is an elected
foreign member of the Polish Scientific Society of Zhytomyr (Photo 11). The Society
is not restricted to local friends of science of Polish origin, but has as members also
Ukrainians interested in the Polish culture.

On the other hand, the Ukrainian scientists related to Kyiv, Lviv, and Zhytomyr
took an active part in the following events in Poland:

• XIIIth ICAF at Bȩdlewo (abbr. Bd) 2002

• XIVth ICAF in Che�lm 2007
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7

12

65

4

3

Ad Photo 13 (next page)
Professor Yuri Zelinskǐi (1) with his Ukrainian colleagues, professors (2–4), and col-

leagues, professors and doctors from �Lódź (5–7), among a group of participants of the
XIIIth ICAF at Bd:

2. Oleg Gerus
3. Anatoly Golberg
4. Natalia Zorǐı

5. Piotr Liczberski
6. Wies�law Majchrzak
7. Krystyna Skalska

• XVth ICAF in Che�lm 2011
• International Conference: Ideas of Albert Abraham Michelson in Mathematical

Physics, Bd 2002
• Seminar (abbr. S): Generalized Cauchy-Riemann Structures, Complex Approx-

imation, and Surface Properties of Crystals, Bd 2003
• S: Applied Quaternionic and Finslerian Structures, Bd 2004
• S: Lvov Mathmatical School in the Period 1915–45 as Seen Today, Bd 2005

(Photo 12)
• S: Applied Complex and Quaternionic Approximation vs. Finslerian Struc-

tures, Bd 2006
• S: (Hyper)Complex Methods, Chaotic Features, Fractals, and Physical Appli-

cations, Bd 2007
• Hypercomplex Seminar (abbr. HS) 2008: Foliation Modelling of Hypercomplex

Crystal Geometry vs. Randers-Ingarden and Fractal Structures, and Nano-
structures, Bd 2008

• HS 2009: From Schauder Basis to Hypercomplex, Randers-Ingarden and Frac-
tal Structures, and Nanostructures, Bd 2009

• HS 2010: (Hyper)Complex and Randers-Ingarden Structures in Mathematics
and Physics, Bd 2010

• HS 2011: (Hyper)Complex Function Theory, Dolbeault Cohomology, Fractals,
and Physics, Bd 2011

• HS 2012: (Hyper)Complex Function Theory, Regression, (Crystal) Lattices,
Fractals, Chaos, and Physics; dedicated to the memory of Professor Promarz
Tamrazov on the occasion of 20 years of the direct cooperation agreement
�Lódź-Kyiv, Bd 2012
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Photo 13: Professor Yuri Zelinskǐı, his three colleagues from Ukraine,
and three colleagues from �Lódź (for their names see the proceding page)

during the XIIIth ICAF at Bd (2002).

Photo 14: XIIIth ICAF at Bd
(2002) – Prof. Zelinskǐi during a

free discussion meeting.

Photo 15: Bd Seminar 2007 – Profs. Zorǐı and
�Lawrynowicz during

a free discussion meeting
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These activities led to the following important contributions:

Bojarski, �Lawrynowicz, and Prytula Ya.
G. [B�L1, 2]

Casillo Pérez and KravchenkoV. [CaK]
Chuyko [Ch]
Denega [D]
Filevych and Sheremeta [FS]
Golberg [Go2] (Photo 13)
Ibáñez [I1–4]
Kharkovych and Zhyhallo [KhZ]
KravchenkoV. and Ramı́rez Tachiquin

[KrR]
�Lawrynowicz, Suzuki, and Castillo [�LS]
Luna and Shapiro [LuS]
Mierzejeski [Mi1–6]

– and Shpakivskyi (Szpakowski) [MiS]
Moneta and Pantelica [MoP]
Prytula Ya. G. [Pr] (Photo 12)
Rembieliński and Smoliński [RS]
Sheremeta and Sumyk [SS]
Shpakivskyi (Szpakowski) [Sh]
— and Plaksa [ShP]
Slyusarchuk [Sl]
Wilczyński [Wi]
Zaja̧c, Kalchuk, and Stepanyk [ZaK]
Zasada, Wojtczak, and Surry [ZaW]
Zelinskǐı [Ze3–6] (Photos 13, 14)
Zhyhallo [Zh]
Zorǐı [Zo6–9] (Photos 13, 15)

Fig. 1: The Kyiv Conference 2001. Fig. 2: Organizers of the Kyiv
Conference 2001.
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Abbreviations (hereafter): BCP – Banach Center Publications; E. – Ed. by = Edited
by; BS – Bull. Soc. Sci. Lettres �Lódź = Bulletin de la Société des sciences et des Let-
tres de �Lódź; J�L – Julian �Lawrynowicz; RD – Sér. Rech. Déform. = Série: Recherches
sur les déformations.
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[CC] M. Cárdenas Garćıa, G. Contreras Puente, Yu. P. Gnatenko, and J. H. Rutkowski,
Photoluminescence study of Zn0.95Mn0.05Te:Ni and Zn0.95Mn0.05Te:Co solid solu-
tions, Bull. Amer. Phys. Soc. 40 (1995), 510–520.

[CaC] F. L. Castillo Alvarado, G. Contreras Puente, J. �Lawrynowicz, and L. Wojtczak, A
Hurwitz-pair approach to the pre-melting problem, in: Deformations of Mathematical
Structures II. Hurwitz-Type Structures and Applications to Surface Physics. E. J�L,
Kluwer Academic, Dordrecht-Boston-London 1994, pp. 289–298.
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PAMIȨCI PROFESORA PROMARZA TAMRAZOWA (1933–2012).
DWADZIEŚCIA LAT WSPÓ�LPRACY NAUKOWEJ �LÓDŹ-KIJÓW

S t r e s z c z e n i e
11 lutego 2012 roku odszed�l Profesor Promarz Tamrazow (* 17 czerwca 1933 roku),

znakomity Uczony, nasz Kolega i Przyjaciel, cz�lonek Komitetu Redakcyjnego Bull. Soc. Sci.
Lettres �Lódź Sér. Rech. Déform. Pamiȩtamy Jego aktywność naukowa̧, uzyskane wyniki:
sformu�lowane i udowodnione twierdzenia, rozstrzygniȩte hipotezy, jak również zaangażowa-
nie w zawarcie i owocny rozwój wspó�lpracy naukowej ośrodków w �Lodzi i Kijowie w zakresie
matematyki i fizyki od roku 1992.
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��* D 0� ) %�()+, +, *!�  �(-��1 -�),� C. �!"�$2!�$* *!+# -)-�" 3� $#� *!�
,�*)*+�,# B(z0, r) : = {z ∈ C : |z−z0| < r} '�" z0 ∈ C ),% r > 04 B(r) : = B(0, r)4
B : = B(1)4 ),% C : = C ∪∞�

�!� 5��*")(+ �6$)*+�, �' *!� 7"#* *8-�

fz = μ(z) · fz9�:

+# 0)#+ +, *!� *!��"8 �' 6$)#+ �,'�"()� ()--+,2# +, *!� -�),�� �* +# *!� �6$)*+�,
*!)* -"�;+%�# *!�  �,,� *+�, �' *!� 2��(�*"+ *!��"8 �' 6$)#+ �,'�"()� ()--+,2#
*�  �(-��1 ),)�8#+# ),% ���+-*+ ��#� <�"� fz = ∂f = (fx + ify)/2, fz = ∂f =
(fx − ify)/2, z = x + iy, ),% fx ),% fy )"� -)"*+)� %�"+;)*+;�# �' f = u + iv +,
*!� ;)"+)0��# x ),% y, "�#-� *+;��84 ),% μ : D → C +# ) (�)#$")0�� '$, *+�, 3+*!
|μ(z)| < 1 )��� =�" *!� �6$)*+�, 9�: *!� �1+#*�, � -"�0��( 3)# "�#��;�% '�" *!�



/� �� �� ����
� !� "�������
� ��� !� #��$����

$,+'�"(�8 ���+-*+  )#� 3!�, ‖μ‖∞ < 1, #�� ��2� >�4 �4 ��?� �!� �1+#*�, � -"�0��( '�"
%�2�,�")*� 5��*")(+ �6$)*+�, 9�: 3!�,

Kμ(z) : =
1 + |μ(z)|
1 − |μ(z)| /∈ L∞9�:

+#  $""�,*�8 ), ) *+;� )"�) �' "�#�)" !4 #�� ��2� *!� (�,�2")-!# >��? ),% >��? ),% *!�
#$";�8# >�/? ),% >�	? ),% '$"*!�" "�'�"�, �# *!�"�+,�

�, *!� �*!�" !),%4 *!� 5��*")(+ �6$)*+�,# �' *!� #� �,% *8-�

fz = ν(z) · fz9/:

-�)8 ) 2"�)* "��� +, (),8 -"�0��(# �' ()*!�()*+ )� -!8#+ #4 #�� ��2� >�	?� �, *!+#
 �,,� *+�,4 3� �#*)0�+#!�% ) #�"+�# �'  "+*�"+) �, �1+#*�, � �' "�2$�)" #��$*+�,# '�"
*!� 5��*")(+ �6$)*+�,# 3+*! *3�  !)") *�"+#*+ #

fz = μ(z) · fz + ν(z) · fz9�:

+, �$" "� �,* -)-�"# >�?. >�?� �!�"� 3�  )���% ) !�(��(�"-!+#( f ∈ W 1,1
loc (D) 08 )

������� 
������� �' 9�: +' f #)*+#7�# 9�: )��� ),% Jf (z) = |fz|2 − |fz̄|2 �= 0 )���
5�$,%)"8 ;)�$� -"�0��(# '�" *!� 5��*")(+ �6$)*+�,# )"� %$� *� *!� 3���
@,�3,

�+�(),, %+##�"*)*+�, +, *!�  )#� �' μ(z) ≡ 0 ),% ν(z) ≡ 0 ),% *� *!� -)-�"# �'
<+�0�"* 9�	��4 �	��: ),% ��+, )"� 9�	��: '�" *!�  �""�#-�,%+,2 �)$ !8.�+�(),,
#8#*�(� �!� +"+ !��* -"�0��( 3)# 3��� #*$%+�% '�" $,+'�"(�8 ���+-*+ #8#*�(# ),%
'�" *!�  �""�#-�,%+,2 5��*")(+ �6$)*+�,# 9�: 3!�, Kμ,ν ∈ L∞4 #�� ��2� >�? ),% >/�?�

�� )�� *!)* �;�"8 ),)�8*+ '$, *+�, f +, ) %�()+, D +, C #)*+#7�# *!� #+(-��#*
5��*")(+ �6$)*+�, fz̄ = 0 3+*! μ(z) ≡ 0 ),% ν(z) ≡ 0� �' ), ),)�8*+ '$, *+�, f

2+;�, +, *!� $,+* %+#@ +#  �,*+,$�$# +, +*#  ��#$"�4 *!�, 08 *!� � !3)"A '�"($�)

f(z) = i Im f(0) +
1

2πi

∫
|ζ|=1

Re f(ζ) · ζ + z

ζ − z

dζ

ζ
,9�:

#��4 ��2�4 �� *+�, �4 �!)-*�" ���4 �)"* / +, >��?� �!$#4 *!� ),)�8*+ '$, *+�, f +, *!�
$,+* %+#@ B +# %�7,�%4 $- *� ) -$"��8 +()2+,)"8 )%%+*+;�  �,#*),* ic4 c = Im f(0)4
08 +*# "�)� -)"* ϕ(ζ) = Re f(ζ) �, *!� 0�$,%)"8 �' B�

�!� +"+ !��* -"�0��( '�" *!� 5��*")(+ �6$)*+�, 9�: +, ) %�()+, D ⊂ C +#
*!� -"�0��( �, *!� �1+#*�, � �' )  �,*+,$�$# '$, *+�, f : D → C !);+,2 -)"*+)�
%�"+;)*+;�# �' *!� 7"#* �"%�" )���4 #)*+#'8+,2 9�: )��� ),% #$ ! *!)*

lim
z→ζ

Re f(z) = ϕ(ζ) ∀ ζ ∈ ∂D9�:

'�" ) -"�# "+0�%  �,*+,$�$# '$, *+�, ϕ : ∂D → R�
�' ϕ(ζ) �≡ const4 *!�, ) ������� 
������� �' *!� +"+ !��* -"�0��(⎧⎨

⎩
fz = μ(z) · fz + ν(z) · fz, z ∈ D,

lim
z→ζ

Re f(z) = ϕ(ζ) ∀ ζ ∈ ∂D
9B:

+, ) %�()+, D +# )  �,*+,$�$#4 %+# "�*� ),% �-�, ()--+,2 f : D → C �' *!� ��0���;
 �)## W 1,1

loc 3+*! +*# C) �0+), Jf (z) �= 0 )��� #)*+#'8+,2 9�: )��� ),% *!�  �,%+*+�, 9�:�



�� ��� ����	�
�� ���
�� ��� ������
 ���������� ��
����� ��������� /�

�� )�� *!)* ) ()--+,2 f : D → C +#  )���% ��
����� +' *!� -"�+()2� f−1(y)  �,#+#*#
�' +#��)*�% -�+,*# '�" �;�"8 y ∈ C4 ),% ���� +' f ()-# �;�"8 �-�, #�* U ⊆ D �,*�
), �-�, #�* +, C�

�!� +"+ !��* -"�0��( '�" *!� %�2�,�")*� 5��*")(+ �6$)*+�,# �' *!� 7"#* *8-� 9�:
+, *!� $,+* %+#@ 3)# "� �,*�8 #*$%+�% +, >��?� D�"��;�"4 +, >��? +* 3)# -"�;�, ) #�"+�#
�' ,�3  "+*�"+) +, *�"(# �' Kμ �, *!� �1+#*�, � �' "�2$�)" #��$*+�,# �' *!� +"+ !��*
-"�0��( '�" *!� %�2�,�")*� 5��*")(+ �6$)*+�, 9�: 3+*!  �,*+,$�$# 0�$,%)"8 %)*) +,
), )"0+*")"8 C�"%), %�()+,�

�!� -$"-�#� �' *!+# -)-�" +# *� #*$%8 *!� +"+ !��* -"�0��( +, *!� $,+* %+#@ 3+*!
 �,*+,$�$# 0�$,%)"8 %)*) '�" %�2�,�")*� 5��*")(+ �6$)*+�, �' *!� '�"( 9�: 3+*!
(�)#$")0��  ��E +�,*# μ(z), ν(z), #)*+#'8+,2 *!� +,�6$)�+*8 |μ(z)| + |ν(z)| < 1 )���
�!� %�2�,�") 8 �' *!� ���+-*+ +*8 +#  �,*"����% 08 *!� %+�)*)*+�,  ��E +�,*

Kμ,ν(z) : =
1 + |μ(z)| + |ν(z)|
1 − |μ(z)| − |ν(z)| ∈ L1

loc.9�:

�� #��;� *!� +"+ !��* -"�0��( 3+*!  �,*+,$�$# 0�$,%)"8 %)*) 3� +(-�#� �, Kμ,ν(z)
#�(� )%%+*+�,)�  �,%+*+�,# ),% 2+;� ,�3  "+*�"+) '�" *!� �1+#*�, � �' "�2$�)" #��$*+�,#�

�� ������������

�� %�"+;�  "+*�"+) '�" �1+#*�, � �' "�2$�)" #��$*+�,# '�" *!� +"+ !��* -"�0��( 9B: 3�
()@� $#� �' *!� )--"�1+()*� -"� �%$"� 0)#�% �, *!� �1+#*�, � *!��"�(# '�" *!�
 )#� Kμ,ν ∈ L∞ 2+;�, +, >�? ),%  �,;�"2�, � *!��"�(# '�" *!� 5��*")(+ �6$)*+�,#
9�: 3!�, Kμ,ν ∈ L1

loc �#*)0�+#!�% +, >�?� �!� �"A��)
�#@��+ *!��"�(  �(0+,�% 3+*!
(�%$�+ *� !,+6$�# +# )�#� $#�%�

�, -)"*+ $�)"4 08 �!��"�(# ��� ),% ��� ),% *!� -�+,* ��� +, >�?4 #�� )�#� �!��"�(
������ ),% *!� -�+,* �����/ +, >��? ),% 9�: )0�;�4 3� !);� *!� '����3+,2 #*)*�(�,*�

����������� ����  �� ϕ : ∂B → R !� � ������
���� ���������
 �������� ��� Kμ,ν ∈
L∞ �� �"� ���� ��
� B. �"�� �"� #����"��� ���!��� $%& �� �"� ���� ��
� B "�
 �

���'�� ������� 
������� f ���������� !� Imf(0) = 0. �������� �"�
 
������� "�
 �"�

�����
��������

f = A ◦ g9	:

("��� g : B → B �
 � "��������"�� ������� 
������� �� �"� �'������

gz = μ(z) · gz +
A′(g(z))
A′(g(z))

· ν(z) · gz9��:

�� B ���������� !� g(0) = 0, g(1) = 1, ��� A : B → C �
 �� �������� �������� 
��"

�"��

A(w) =
1

2πi

∫
|ζ|=1

ϕ(g−1(ζ)) · ζ + w

ζ − w

dζ

ζ
.9��:



/� �� �� ����
� !� "�������
� ��� !� #��$����

������ )�*� ��* μ∗ : C → C 0� *!� '$, *+�, *!)*  �+, +%� )�� +, B 3+*!

gz

gz
= μ(z) + ν(z) · gz

gz
· A

′(g(z))
A′(g(z))

9��:

),% +# �6$)� *� 0 �$*#+%� �' B� �!�, Kμ∗ ≤ Kμ,ν )��� +, B ),% *!�"� +# ) "�2$�)"
#��$*+�, G : C → C �' *!� �6$)*+�, Gz = μ∗Gz #$ ! *!)* G(0) = 04 |G(1)| = 1 ),%
G(∞) = ∞. D�"��;�"4 G = h ◦ g +, B 3!�"� h : B → G(B) +# )  �,'�"()� ()--+,2
3+*! h(0) = 0 ),% h′(0) > 0� �!$#4

f = A ◦ h−1 ◦ G9�/:

),%

A(w) =
1

2πi

∫
|ζ|=1

ϕ(G−1(h(ζ))) · ζ + w

ζ − w

dζ

ζ
.9��:

�,�*� #$ ! f 4 g4 A4 G ),% h 08 fμ,ν,ϕ4 gμ,ν,ϕ4 Aμ,ν,ϕ Gμ,ν,ϕ ),% hμ,ν,ϕ4 "�#-� 

*+;��8�

�� )�� )�#� *!)*4 2+;�, ) ')(+�8 �' -)*!# Γ +, C, ) 5�"�� '$, *+�, ρ : C → [0,∞]
+#  )���% ����

�!�� '�" Γ, )00"� ρ ∈ adm Γ, +'∫

γ

ρ(z) |dz| ≥ 19��:

'�" �) ! γ ∈ Γ. �!� ������
 �' Γ +# %�7,�% 08

M(Γ) = inf
ρ∈adm Γ

∫
C

ρ2(z) dxdy .9��:

������ )�)� ��*� *!� '����3+,2 +,�6$)�+*8 '�" ) 6$)#+ �,'�"()� ()--+,2 f : D → C4
#�� ��2� �9���: +, >��?4

M(f(Γ)) ≤
∫
C

K(z) · ρ2(z) dxdy.9�B:

�!+# +,�6$)�+*8 !��%# '�" �;�"8 -)*! ')(+�8 Γ +, D ),% '�" )�� ρ ∈ adm Γ 3!�"�

K(z) =
|fz| + |fz|
|fz| − |fz|9��:

+# *!� 9�� )�: ()1+()� %+�)*)*+�, �' *!� ()--+,2 f )* ) -�+,* z ∈ D.

F+;�, ) %�()+, D ),% *3� #�*# E ),% F +, C4 Δ(E, F, D) %�,�*�# *!� ')(+�8
�' )�� -)*!# γ : [a, b] → C 3!+ ! G�+, E ),% F +, D4 +���4 γ(a) ∈ E, γ(b) ∈ F ),%
γ(t) ∈ D '�" a < t < b� �� )�� *!)* ) ���� ������4 �" #!�"*�8 ) ���� +, C +# ) %�()+,
R 3!�#�  �(-��(�,* C \ R  �,#+#*# �' *3�  �,,� *�%  �(-�,�,*#�

�!� '����3+,2 #*)*�(�,* +# ) %+"� *  �,#�6$�, � �' *!� @,�3, �#*+()*� �' *!�
 )-) +*8 �' ) "+,2 '�"($�)*�% +, *�"(# �' (�%$�+4 #�� ��2� ��(() ���� +, >�?�



�� ��� ����	�
�� ���
�� ��� ������
 ���������� ��
����� ��������� //


��� ����  �� f : D → C !� � "��������"�
� (��" δ(C \ f(D)) ≥ Δ > 0 ���

��� z0 !� � ����� �� D, ζ ∈ B(z0, r0), r0 < dist (z0, ∂D). �"��

s(f(ζ), f(z0)) ≤ 32
Δ

· �+�
(
− 2π

M(Δ(fC, fC0, fA))

)
9�	:

("��� C0 = {z ∈ C : |z − z0| = r0}� C = {z ∈ C : |z − z0| = |ζ − z0|} ���

A = {z ∈ C : |ζ − z0| < |z − z0| < r0}.

�� )�� *!)*4 '�" -�+,*# z, ζ ∈ C, *!� 
�"������ $�"�����& ��
����� s(z, ζ) 0�*3��,
z ),% ζ +# 2+;�, 08

s(z, ζ) =
|z − ζ|

(1 + |z|2)
1
2 (1 + |ζ|2)

1
2

+' z �= ∞ �= ζ ,9��:

s(z,∞) =
1

(1 + |z|2)
1
2

+' z �= ∞ .

<�"� δ(A) %�,�*�# *!� #-!�"+ )� %+)(�*�" �' ) #�* A ⊂ C4 +��� sup
z,ζ∈A

s(z, ζ)�

�� ���� ��� ��� ��� �	�
�����

�� )�� *!)* ) "�)�
;)�$�% '$, *+�, u +, ) %�()+, D +, C +# #)+% *� 0� �' !������
���� �
��������� +, D4 )00"� u ∈ BMO(D)4 +' u ∈ L1

loc(D) ),%

‖u‖∗ := sup
B

1
|B|

∫
B

|u(z) − uB| dm(z) < ∞ ,9��:

3!�"� *!� #$-"�($( +# *)@�, �;�" )�� %+# # B +, D4 dm(z)  �""�#-�,%# *� *!�
��0�#2$� (�)#$"� +, C ),%

uB =
1
|B|

∫
B

u(z) dm(z) .

H� 3"+*� u ∈ BMOloc(D) +' u ∈ BMO(U) '�" �;�"8 "��)*+;��8  �(-) * #$0%�()+,
U �' D 93� )�#� 3"+*� 5D� �" BMOloc +' +* +#  ��)" '"�( *!�  �,*�1* 3!)* D +#:�

�!�  �)## 5D� 3)# +,*"�%$ �% 08 C�!, ),% �+"�,0�"2 9�	��: +, *!� -)-�" >��?
),% #��, 0� )(� ), +(-�"*),*  �, �-* +, !)"(�,+ ),)�8#+#4 -)"*+)� %+I�"�,*+)�
�6$)*+�,# ),% "��)*�% )"�)#4 #�� ��2� >��? ),% >��?�

� '$, *+�, ϕ +, 5D� +# #)+% *� !);� ����
"��� ���� �
���������4 )00"� ϕ ∈ VMO4
+' *!� #$-"�($( +, 9��: *)@�, �;�" )�� 0)��# B +, D 3+*! |B| < ε  �,;�"2�# *� 0
)# ε → 0� �D� !)# 0��, +,*"�%$ �% 08 �)")#�, +, >��?� �!�"� �1+#*# ) ,$(0�" �'
-)-�"# %�;�*�% *� *!� #*$%8 �' -)"*+)� %+I�"�,*+)� �6$)*+�,# 3+*!  ��E +�,*# �' *!�
 �)## �D��

������ ,�*� ��*� *!)* W 1,2 (D) ⊂ V MO (D) , #�� ��2� >B?�

=����3+,2 >�B?4 3� #)8 *!)* ) '$, *+�, ϕ : D → R !)# -���� ���� �
��������� )* )



/� �� �� ����
� !� "�������
� ��� !� #��$����

-�+,* z0 ∈ D +'

lim
ε→0

−
∫

B(z0,ε)

|ϕ(z) − ϕε(z0)| dxdy < ∞9��:

3!�"�

ϕε(z0) = −
∫

B(z0,ε)

ϕ(z) dxdy

+# *!� (�), ;)�$� �' *!� '$, *+�, ϕ(z) �;�" *!� %+#@ B(z0, ε) 3+*! #()�� ε > 0. H�
)�#� #)8 *!)* ) '$, *+�, ϕ : D → R +# �' -���� ���� �
��������� +, D4 )00"� ϕ ∈
=D�9: �" #+(-�8 ϕ ∈ ./4 +' 9��: !��%# )* �;�"8 -�+,* z0 ∈ D.

������ ,�)� ���)"�8 5D� ⊂ =D�� �!�"� �1+#* �1)(-��# #!�3+,2 *!)* =D� +# ,�*
5D�loc, #�� ��2� >��?� 58 %�7,+*+�, =D� ⊂ L1

loc 0$* =D� +# ,�* ) #$0#�* �' Lp
loc

'�" ),8 p > 1 +,  �(-)"+#�, 3+*! 5D�loc ⊂ Lp
loc '�" )�� p ∈ [1,∞)�

����������� !��� ��� ��� 
��� ���������� �� ���!��
 ϕε ∈ R, ε ∈ (0, ε0]�

lim
ε→0

−
∫

B(z0,ε)

|ϕ(z) − ϕε| dxdy < ∞ ,9�/:

�"�� ϕ �
 �� -���� ���� �
��������� �� z0�

	���"" �# !��� ��� ��� � ����� z0 ∈ D,

lim
ε→0

−
∫

B(z0,ε)

|ϕ(z)| dxdy < ∞ ,9��:

�"�� ϕ "�
 -���� ���� �
��������� �� z0.

������ ,�,� ��*� *!)* *!� '$, *+�, ϕ(z) = log 1
|z| 0���,2# *� 5D� +, *!� $,+* %+#@

B4 #�� ��2� >��?4 -� �4 ),% !�, � )�#� *� =D�� <�3�;�"4 ϕε(0) → ∞ )# ε → 0, #!�3+,2
*!)* *!�  �,%+*+�, 9��: +# �,�8 #$E +�,* 0$* ,�* ,� �##)"8 '�" ) '$, *+�, ϕ *� 0� �'
7,+*� (�), �# +��)*+�, )* z0.


��� !���  �� ϕ : D → R !� � ����������� �������� (��" -���� ���� �
���������

�� 0 ∈ D ��� ��� ϕ !� �������!�� �� B(0, e−1) ⊂ D. �"��∫
A(ε,e−1)

ϕ(z) dxdy(
|z| log 1

|z|
)2 ≤ C · log log

1
ε

∀ ε ∈ (0, e−e)9��:

<�"� 3� $#� *!� ,�*)*+�, A(ε, ε0) = {z ∈ C : ε < |z| < ε0} .

�� ��� ���� �����

�!� '����3+,2 ��(() +# *!� ()+, *��� '�" �0*)+,+,2  "+*�"+) �' *!� �1+#*�, � �' "�2$�)"
#��$*+�,# �' *!� +"+ !��* -"�0��( '�" *!� 5��*")(+ �6$)*+�,# 3+*! *3�  !)") *�"+#*+ #
+, *!� $,+* %+#@�



�� ��� ����	�
�� ���
�� ��� ������
 ���������� ��
����� ��������� /�


��� $���  �� μ� ν : B → C !� ���
���!�� ��������
 (��" Kμ,ν ∈ L1(B). 0����
�
�"�� ��� ����� z0 ∈ B �"��� �+�
� ε0 = ε(z0) ��� � ������ �� ���
���!�� ��������

ψz0,ε : (0,∞) → (0,∞), ε ∈ (0, ε0), 
��" �"��

0 < Iz0(ε) : =

ε0∫
ε

ψz0,ε(t) dt < ∞ ,9��:

��� 
��" �"�� ∫
ε<|z−z0|<ε0

Kμ,ν(z) · ψ2
z0,ε(|z − z0|) dxdy = o(I2

z0
(ε))9�B:

�
 ε → 0. �"�� �"� �������� �'������ 9�: "�
 � ������� 
������� f 
���
����� �"�

!������� ��������� 9�: ��� ���" ������
���� ���������
 �������� ϕ : ∂B → R�

<�"� 3� )##$(� *!)* μ ),% ν )"� �1*�,%�% 08 A�"� �$*#+%� �' *!� $,+* %+#@ B�

	����� ��**+,2

μn(z) =
{

μ(z) , +' Kμ,ν(z) ≤ n,

0 , �*!�"3+#� +, C,
9��:

),%

νn(z) =
{

ν(z) , +' Kμ,ν(z) ≤ n,

0 , �*!�"3+#� +, C,
9�	:

3� !);� *!)* Kμn,νn(z) ≤ n +, C� �,�*� 08 fn4 gn4 An4 Gn ),% hn *!� '$, *+�,#
fμn,νn,ϕ4 gμn,νn,ϕ4 Aμn,νn,ϕ Gμn,νn,ϕ ),% hμn,νn,ϕ4 "�#-� *+;��84 '"�( �"�-�#+*+�, ���
),% ��()"@ ����

��* Γε 0� ) ')(+�8 �' )�� -)*!# G�+,+,2 *!�  +" ��# Cε = {z ∈ C : |z − z0| = ε} ),%
C0 = {z ∈ C : |z − z0| = ε0} +, *!� "+,2 Aε = {z ∈ C : ε < |z − z0| < ε0}� ��* )�#�
ψ∗ 0� ) 5�"�� '$, *+�, #$ ! *!)* ψ∗(t) = ψ(t) '�" )��� t ∈ (0,∞)� �$ ! ) '$, *+�,
ψ∗ �1+#*# 08 *!� *!��"�( �' �$#+,4 #�� ��2� >�B?4 -� �	� �!�, *!� '$, *+�,

ρε(z) =
{

ψ∗(|z − z0|)/Iz0(ε), if z ∈ Aε,

0, if z ∈ C\Aε,

+# )%(+##+0�� '�" Γε� <�, � 08 ��()"@ ��� )--�+�% *� Gn

M(GnΓε) ≤
∫

ε<|z−z0|<ε0

Kμ,ν(z) · ρε
2(|z − z0|) dxdy ,

),%4 08 *!�  �,%+*+�, 9�B:4 M(GnΓε) → 0 )# ε → 0 $,+'�"(�8 3+*! "�#-� * *� *!�
-)")(�*�" n = 1, 2, . . . �

�!$#4 +, ;+�3 �' *!� ,�"()�+A)*+�, Gn(0) = 0, |Gn(1)| = 1 ),% Gn(∞) = ∞4 *!�
#�6$�, � Gn +# �6$+ �,*+,$�$# +, C 3+*! "�#-� * *� *!� #-!�"+ )� %+#*), � 08 ��(()
��� 3+*! Δ = 1/

√
2� ��,#�6$�,*�84 08 *!� �"A��).�# ��+ *!��"�(4 #�� ��2� >�?4 -� ��B4

),% >	?4 -� /��4 +* !)# ) #$0#�6$�, � Gnl
3!+ !  �,;�"2�# $,+'�"(�8 +, C 3+*! "�#-� *

*� *!� #-!�"+ )� (�*"+ *� )  �,*+,$�$# ()--+,2 G +, C 3+*! *!� ,�"()�+A)*+�,



/� �� �� ����
� !� "�������
� ��� !� #��$����

G(0) = 0, |G(1)| = 1 ),% G(∞) = ∞� G : C → C +# ) !�(��(�"-!+#( �' *!�  �)##
W 1,1

loc (C) 08 ��"���)"8 /�� +, >�?�
<�, � 08 *!� �)%� *!��"�(4 #�� ��2� �!��"�( ������ +, >��?4 hnl

→ h )# l → ∞
$,+'�"(�8 +, B 3!�"� h : B → G(B) +# *!�  �,'�"()� ()--+,2 �' B �,*� G(B)
3+*! *!� ,�"()�+A)*+�, h(0) = 0 ),% h′(0) > 0� D�"��;�"4 #+, � *!� �� )��8 $,+'�"(
 �,;�"2�, � Gnl

→ G ),% hnl
→ h �' *!� #�6$�, �# Gnl

),% hnl
+# �6$+;)��,* *�

*!�+"  �,*+,$�$#  �,;�"2�, �4 +���4 Gnl
(zl) → G(z∗) +' zl → z∗ ),% hnl

(ζl) → h(ζ∗) +'
ζl → ζ∗4 #�� >$?4 -� ���4 ),% #+, � G ),% h )"� +,G� *+;�4 +* '����3# *!)* G−1

nl
→ G−1

),% h−1
nl

→ h−1  �,*+,$�$#�84 ),% !�, � �� )��8 $,+'�"(�8�
�!�, 3� !);� *!)* Anl

→ A �� )��8 $,+'�"(�8 +, B 3!�"�

A(w) =
1

2πi

∫
|ζ|=1

ϕ(G−1(h(ζ))) · ζ + w

ζ − w

dζ

ζ
.9/�:

��*� *!)* *!� ),)�8*+ '$, *+�,# Anl
),% A )"� ,�*  �,#*),* ),% !�, � A′

nl
),% A′

!);� �,�8 +#��)*�% A�"�# +, B� �!$#4 08 �!��"�( /�� ),% ��"���)"8 /�� +, >�? gnl
→ g

3!�"� g = h−1 ◦G : B → B +# ) !�(��(�"-!+ W 1,1
loc #��$*+�, +, B �' *!� 6$)#+�+,�)"

�6$)*+�,

gz = μ(z) · gz +
A′(g(z))
A′(g(z))

· ν(z) · gz9/�:

3+*! *!� ,�"()�+A)*+�, g(0) = 0 ),% g(1) = 1� <�, � fnl
→ f 3!�"� f = A ◦ g +# )

 �,*+,$�$# %+# "�*� �-�, W 1,1
loc #��$*+�, +, B �' 9�:�

��1*4 ,�*� *!)* ReAnl
→ ReA $,+'�"(�8 +, B 08 *!� ()1+($( -"+, +-�� '�"

!)"(�,+ '$, *+�,# ),% ReA = ϕ ◦ g−1 �, ∂B ),%4  �,#�6$�,*�84 Re fnl
→ Re f

$,+'�"(�8 +, B ),% Re f = ϕ �, ∂B4 +���4 f +# )  �,*+,$�$# %+# "�*� �-�, W 1,1
loc

#��$*+�, �' *!� +"+ !��* -"�0��( 9�: +, B *� *!� �6$)*+�, 9�:� �* "�()+,# *� #!�3
*!)* Jf (z) �= 0 )��� +, B�

58 )  !),2� �' ;)"+)0��# 3!+ ! +# -�"(+**�% 0� )$#� gnl
),% g̃nl

= g−1
nl

0���,2 *�
*!�  �)## W 1,2

loc 4 #�� ��2� ��(()# ������� ),% ����/�� ),% �!��"�(# ����/�� ),% �������
+, >��?4 3� �0*)+, *!)* '�" �)"2� �,�$2! l∫

B

|∂g̃nl
|2 dudv ≤

∫
g̃nl

(B)

dxdy

1 − kl(z)2
≤
∫

B∗

Kμ,ν(z) dxdy < ∞9/�:

3!�"� kl(z) = |μnl
(z)| + |νnl

(z)| ),% B∗ ),% B )"� "��)*+;��8  �(-) * %�()+,#
+, B ),% g̃(B)4 "�#-� *+;��84 #$ ! *!)* g̃(B̄) ⊂ B∗� �!� "��)*+�, 9/�: +(-�+�# *!)*
*!� #�6$�, � g̃nl

+# 0�$,%�% +, H1,2(B)4 ),% !�, � g−1 ∈ H1,2
loc, #�� ��2� ��(()

����/�� +, >��? �" �!��"�( ����� +, >��?� �!� �)**�"  �,%+*+�, 0"+,2# +, *$", *!)* g

!)# (N−1)−-"�-�"*84 #�� ��2� �!��"�( ������� +, >��?4 ),% !�, � Jg(z) �= 0 )���4 #��
�!��"�( � +, >�/?� �!$#4 f = A◦ g +# ) "�2$�)" #��$*+�, �' *!� +"+ !��* -"�0��( 9�:
*� *!� �6$)*+�, 9�:�

	���"" �# $���  �� μ� ν : B → C !� ���
���!�� ��������
 (��" Kμ,ν ∈ L1(B).
0����
� �"�� ��� ����� z0 ∈ B �"��� �
 ε0 > 0 
��" �"��



�� ��� ����	�
�� ���
�� ��� ������
 ���������� ��
����� ��������� /B

∫
ε<|z−z0|<ε0

Kμ,ν(z) · ψ2(|z − z0|) dxdy ≤ O

⎛
⎝

ε0∫
ε

ψ(t) dt

⎞
⎠9//:

�
 ε → 0, ("��� ψ : (0,∞) → (0,∞) �
 � ���
���!�� �������� (��"
ε0∫

0

ψ(t) dt = ∞ , 0 <

ε0∫
ε

ψ(t) dt < ∞ ∀ ε ∈ (0, ε0) .9/�:

�"�� �"� �������� �'������ 9�: "�
 � ������� 
������� f 
���
����� �"� !�������

��������� 9�: ��� ���" ������
���� ���������
 �������� ϕ : ∂B → R�

�� � �����
� ��������

�;�"83!�"� '$"*!�" 3� )##$(� *!)* *!� '$, *+�,# μ ),% ν : B → B )"� �1*�,%�% 08
A�"� �$*#+%� �' *!� $,+* %+#@ B +, C�

�%����� &���  �� μ ��� ν : B → B !� ���
���!�� ��������
 
��" �"��

Kμ,ν(z) =
1 + |μ(z)| + |ν(z)|
1 − |μ(z)| − |ν(z)| ≤ Q(z) ∈ ./ .9/�:

�"�� �"� #����"��� ���!��� $%& �� �"� ��
� B "�
 ������� 
������� ��� ���" ������
����

���������
 �������� ϕ : ∂B → R�

	����� ��(() ��� 8+��%# *!+#  �, �$#+�, 08  !��#+,2

ψz0,ε(t) =
1

t log 1
t

,9/�:

#�� )�#� ��(() /���

	���"" �# &��� �� ����������� ��

lim
ε→0

−
∫

B(z0,ε)

1 + |ν(z)|
1 − |ν(z)| dxdy < ∞ ∀ z0 ∈ B ,9/B:

�"�� �"� #����"��� ���!���⎧⎨
⎩

fz = ν(z) · fz, z ∈ B,

lim
z→ζ

Re f(z) = ϕ(ζ), ∀ ζ ∈ ∂B
9/�:

�� �"� ��
� B "�
 ������� 
������� ��� ���" ������
���� ���������
 �������� ϕ : ∂B →
R�

�%����� &���  �� μ� ν : B → B !� ���
���!�� ��������
� Kμ,ν ∈ L1(B), kz0(r) !�
�"� ���� ����� �� Kμ,ν(z) ���� �"� ������ |z − z0| = r. 0����
� �"��



/� �� �� ����
� !� "�������
� ��� !� #��$����

δ(z0)∫
0

dr

rkz0(r)
= ∞ ∀ z0 ∈ B .9/	:

�"�� �"� #����"��� ���!��� 9B: �� �"� ��
� B "�
 ������� 
������� ��� ���" ������
����

���������
 �������� ϕ : ∂B → R�

	����� �!��"�( ��� '����3# '"�( ��(() ��� 08 #-� +)�  !��#+,2 *!� '$, *+�,)� -)

")(�*�"

ψz0,ε(t) ≡ ψz0(t) : =
{

1/[tkz0(t)] , t ∈ (0, ε0) ,

0 , �*!�"3+#�
9��:

3!�"� ε0 = δ(z0).

	���"" �# &��� �� ����������� �"� ������
��� �� �"����� 1�) "���
 ��

kz0(r) = O

(
log

1
r

)
�
 r → 0 ∀ z0 ∈ B .9��:

�, ') *4 +* +#  ��)" *!)* *!�  �,%+*+�, 9/	: +(-�+�# *!� 3!��� # )�� �'  �,%+*+�,# +,
*�"(# �' log4 '�" +,#*), �4 3+*! $#+,2 '$, *+�,# �' *!� '�"( 1/(t log . . . log 1/t).

�, *!� *!��"8 �' ()--+,2#  )���% 6$)#+ �,'�"()� +, *!� (�),4  �,%+*+�,# �' *!�
*8-� ∫

B

Φ(Q(z)) dxdy < ∞9��:

)"� #*),%)"% '�" ;)"+�$#  !)") *�"+#*+ # Q �' *!�#� ()--+,2#�

�, *!+#  �,,� *+�,4 +, *!� -)-�" >��?4 #�� )�#� *!� (�,�2")-! >��?4 +* 3)# �#*)0

�+#!�% +,*�" �,,� *+�,# 0�*3��, ) #�"+�# �' ;)"+�$# +,*�2")�  �,%+*+�,# �, *!� '$, *+�,
Φ� H� 2+;� !�"� *!�  �""�#-�,%+,2  �,%+*+�,# '�" Φ $,%�" 3!+ ! 9��: +(-�+�# 9/	:�

�)*�" �,4 3� $#� *!� '����3+,2 ,�*+�, �' *!� +,;�"#� '$, *+�, '�" (�,�*�,� '$, 

*+�,#� �)(��84 '�" �;�"8 ,�,
%� "�)#+,2 '$, *+�, Φ : [0,∞] → [0,∞], *!� �����
�
�������� Φ−1 : [0,∞] → [0,∞]  ), 0� 3��� %�7,�% 08 #�**+,2

Φ−1(τ) = inf
Φ(t)≥τ

t .9�/:

�# $#$)�4 !�"� inf +# �6$)� *� ∞ +' *!� #�* �' t ∈ [0,∞] #$ ! *!)* Φ(t) ≥ τ +# �(-*8�
��*� *!)* *!� '$, *+�, Φ−1 +# ,�,
%� "�)#+,24 *���

������ 1�*� �* +# �;+%�,* +((�%+)*��8 08 *!� %�7,+*+�, *!)*

Φ−1(Φ(t)) ≤ t ∀ t ∈ [0,∞]9��:

3+*! *!� �6$)�+*8 +, 9��: �1 �-* +,*�";)�# �'  �,#*), 8 �' *!� '$, *+�, Φ�

=$"*!�"4 +, 9��: ),% 9�B:4 3�  �(-��*� *!� %�7,+*+�, �' +,*�2")�# 08 ∞ +' Φ(t) =
∞,  �""�#-�,%+,2�84 H(t) = ∞, '�" )�� t ≥ T ∈ [0,∞). �!� +,*�2")� +, 9�B: +#



�� ��� ����	�
�� ���
�� ��� ������
 ���������� ��
����� ��������� /	

$,%�"#*��% )# *!� ��0�#2$�.�*+��*G�# +,*�2")� ),% *!� +,*�2")�# 9��: ),% 9��:.9��:
)# *!� �"%+,)"8 ��0�#2$� +,*�2")�#�

����������� &���  �� Φ : [0,∞] → [0,∞] !� � ���2������
��� �������� ��� 
��

H(t) = log Φ(t) .9��:

�"�� �"� �'������

∞∫
Δ

H ′(t)
dt

t
= ∞9��:

������
 �"� �'������
∞∫

Δ

dH(t)
t

= ∞9�B:

��� 9�B: �
 �'�������� ��
∞∫

Δ

H(t)
dt

t2
= ∞9��:

��� 
��� Δ > 0, ��� 9��: �
 �'�������� �� ����� �� �"� �'�������
3

δ∫
0

H

(
1
t

)
dt = ∞9�	:

��� 
��� δ > 0,
∞∫

Δ∗

dη

H−1(η)
= ∞9��:

��� 
��� Δ∗ > H(+0),
∞∫

δ∗

dτ

τΦ−1(τ)
= ∞9��:

��� 
��� δ∗ > Φ(+0).
�������� 9��: �
 �'�������� �� 9�B: ��� "���� 9��:.9��: ��� �'�������� ���" ��

��"�� �� Φ �
 �� �������� �!
������� ���������
� �� ����������� ��� �"� ���������
 9��:.
9��: ��� �'�������� �� Φ �
 �����+ ��� ���2������
����

=+,)��84 3� 2+;� *!�  �,,� *+�, �' *!� )0�;�  �,%+*+�,# 3+*! *!�  �,%+*+�, �' *!�
*8-� 9/	:�

�� )�� *!)* ) '$, *+�, ψ : [0,∞] → [0,∞] +#  )���% �����+ +' ψ(λt1 + (1− λ)t2) ≤
λψ(t1) + (1 − λ)ψ(t2) '�" )�� t1 ),% t2 ∈ [0,∞] ),% λ ∈ [0, 1]�
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� ��� !� #��$����

����������� &���  �� Q : B → [0,∞] !� � ���
���!�� �������� 
��" �"��∫
B

Φ(Q(z)) dxdy < ∞9��:

("��� Φ : [0,∞] → [0,∞] �
 � ���2������
��� �����+ �������� 
��" �"��
∞∫

δ

dτ

τΦ−1(τ)
= ∞9�/:

��� 
��� δ > Φ(0). �"��
1∫

0

dr

rq(r)
= ∞9��:

("��� q(r) �
 �"� ������� �� �"� �������� Q(z) ���� �"� ������ |z| = r�

=+,)��84  �(0+,+,2 �"�-�#+*+�,# ��� ),% ��� 3� �0*)+, *!� '����3+,2  �, �$#+�,�

	���"" �# &�!� �� Φ : [0,∞] → [0,∞] �
 � ���2������
��� �����+ �������� ��� Q


���
-�
 �"� ��������� 9��:� �"�� ����� �� �"� ���������
 9��:.9��: ������
 9��:�

�!��"�( ��� ),% ��"���)"8 ��/ +(-�8 *!� '����3+,2 #*)*�(�,*

�%����� &�!�  �� μ ��� ν : B → B !� ���
���!�� ��������
 
��" �"��∫
B

Φ(Kμ,ν(z)) dxdy < ∞9��:

("��� Φ : [0,∞] → [0,∞] �
 � ���2������
��� �����+ �������� 
���
����� �� ���
�

��� �� �"� ���������
 9��:.9��:� �"�� �"� #����"��� ���!��� 9B: �� �"� ��
� B "�
 �

������� 
������� ��� ���" ������
���� ���������
 �������� ϕ : ∂B → R�

������ 1�*� ��*� *!)* �!��"�( ���� '"�( *!� 3�"@ >��? '�" *!� 5��*")(+ �6$)*+�,#
�' *!� 7"#* *8-� 9�: #!�3# *!)* *!�  �,%+*+�,# 9��:.9��: )"� ,�* �,�8 #$E +�,* 0$*
)�#� ,� �##)"8 '�" *!� 2�,�")� 5��*")(+ �6$)*+�,# 9�: 3+*! *!� "�#*"+ *+�, 9��: *�
!);� "�2$�)" #��$*+�,# *� *!� +"+ !��* -"�0��( 9�: '�" �) ! ,�, �,#*),*  �,*+,$�$#
'$, *+�, ϕ : ∂B → R 0� )$#� 08 *!� �*�+��3 *!��"�(4 #�� ��2� >/�?4 �;�"8 #$ ! )
#��$*+�, F !)# *!� "�-"�#�,*)*+�, F = ϕ ◦ f 3!�"� f +# ) "�2$�)" !�(��(�"-!+ 
#��$*+�, �' 9�:�

��*� )�#� *!)* +, *!� )0�;� *!��"�( 3� ()8 )##$(� *!)* *!� '$, *+�,# Φz0(t)
),% Φ(t) )"� ,�*  �,;�1 ),% ,�,.%� "�)#+,2 �, *!� 3!��� #�2(�,* [0,∞] 0$* �,�8
�, ) #�2(�,* [T,∞] '�" #�(� T ∈ (1,∞)� �,%��%4 �;�"8 '$, *+�, Φ : [0,∞] → [0,∞]
3!+ ! +#  �,;�1 ),% ,�,
%� "�)#+,2 �, ) #�2(�,* [T,∞]4 T ∈ (0,∞)4  ), 0� "�-�) �%
08 ) ,�,
%� "�)#+,2  �,;�1 '$, *+�, ΦT : [0,∞] → [0,∞] +, *!� '����3+,2 3)8� H�
#�* ΦT (t) ≡ 0 '�" )�� t ∈ [0, T ]4 Φ(t) = ϕ(t)4 t ∈ [T, T∗]4 ),% ΦT ≡ Φ(t)4 t ∈ [T∗,∞]4
3!�"� τ = ϕ(t) +# *!� �+,� -)##+,2 *!"�$2! *!� -�+,* (0, T ) ),% #$--�"*+,2 *!� 2")-!
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 ���������� ��
����� ��������� ��

�' *!� '$, *+�, τ = Φ(t) )* ) -�+,* (T∗, Φ(T∗))4 T∗ ≥ T � =�" #$ ! ) '$, *+�, 3� !);�
08 *!�  �,#*"$ *+�, *!)* ΦT (t) ≤ Φ(t) '�" )�� t ∈ [1,∞] ),% ΦT (t) = Φ(t) '�" )��
t ≥ T∗�

�!� �6$)*+�, �' *!� '�"(

fz = (z) Re fz9��:

3+*! |(z)| < 1 )��� +#  )���% ) ������� �������� �'������4  �,#+%�"�% ��2� +, >�? ),% >/�?4
*!�$2! *!� *�"( +# ,�* +,*"�%$ �% *!�"�� �!� �6$)*+�, 9��:  ), 0� 3"+**�, )# *!�
�6$)*+�, 9�: 3+*!

μ(z) = ν(z) =
(z)
2

9�B:

),% *!�,

Kμ,ν(z) = K(z) : =
1 + |(z)|
1 − |(z)| .9��:

�!$#4 3� �0*)+, '"�( �!��"�( ��/ *!� '����3+,2  �,#�6$�, � '�" *!� "�%$ �% 5��

*")(+ �6$)*+�, 9��:�

�%����� &�$�  �� : B → B !� � ���
���!�� �������� 
��" �"��∫
B

Φ(K(z)) dxdy < ∞9�	:

("��� Φ : [0,∞] → [0,∞] �
 � ���2������
��� �����+ �������� 
���
����� �� ���
� ���
�� �"� ���������
 9��:.9��:� �"�� �"� #����"��� ���!��� �� �"� ��
� B⎧⎨

⎩
fz = (z) Re fz, z ∈ B,

lim
z→ζ

Re f(z) = ϕ(ζ), ∀ ζ ∈ ∂B
9��:

"�
 � ������� 
������� ��� ���" ������
���� ���������
 �������� ϕ : ∂B → R�

������ 1�)� ��()"@# ��� )"� ;)�+% '�" "�%$ �% 5��*")(+ �6$)*+�,#� D�"��;�"4 *!�
)0�;� "�#$�*# "�()+, *"$� '�" *!�  )#� 3!�, +, 9�:

ν(z) = μ(z) eiθ(z)9��:

3+*! ), )"0+*")"8 (�)#$")0�� '$, *+�, θ(z) : D → R ),%4 +, -)"*+ $�)"4 '�" *!�
�6$)*+�,# �' *!� '�"(

fz = (z) Im fz9��:

3+*! ) (�)#$")0��  ��E +�,* : B → C4 |(z)| < 1 )���4 #�� ��2� >/?�

��'����(��
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��* Δ 0� ) "�)� #�1(�,*2 #)3 Δ := [−1, 1]. 4+5�, ) -�#+*+5� +,*�1�" n(n ∈ N), 6� #�*
Πn '�" *!�  �)## �' )�� -��3,�(+)�# �' %�1"�� ≤ n. 7�" �) ! -)+" (n, m), n, m ∈ N

⋃{0}
6� +,*"�%$ � Rn,m := {R, R = p/q, p ∈ Πn, q ∈ Πm, q �= 0}. ��* ,�6 f 0� ) '$, *+�,
 �,*+,$�$# ),% "�)�
5)�$�% �, Δ (f ∈ Cr(Δ)). �!"�$1!�$* *!� -)-�"2 6� #!)�� 0�
%�)�+,1 6+*! ,�,")*+�,)� '$, *+�,# f.

8� '$"*!�" +,*"�%$ � *!� 5)�$� �' ρn,m )# *!� (+,+()� %�5+)*+�, �' f '"�( *!�
 �)## Rn,m �, *!� #�1(�,* Δ, *!)* +#9

ρn,m := inf
R∈Rn,m

||f − R||Δ,

6!�"� *!� ,�"( +# *):�, +, *!� �!�03#!�5 ;()<= (�*"+ �, Δ. ��* rn,m ∈ Rn,m 0�
) "�)�
5)�$�% '$, *+�, �, Δ #$ ! *!)*

||f − rn,m||Δ = ρn,m
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�!� '$, *+�, rn,m +#  )���% �������� �������� �� ��
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��� ������������� ��

f �� ��� ���

 Rn,m� )# :,�6, >�?2 +* )�6)3# �<+#*# ),% +# $,+@$��3 %�*�"(+,�% 03
*!� )�*�",)*+�, *!��"�( �' �!�03#!�5� A3 *!�  �)##+ )� 8�+�"#*")##B )--"�<+()*+�,
*!��"�( >	?2 '�" +,#*), � ρn,m → 0 )# n + m → ∞ ;"� )�� *!)* f ∈ Cr(Δ)=�

�!� *!��"3 �' 0�#* �!�03#!�5 )--"�<+(),*# -�)3# ), +(-�"*),* "��� +, *!� (�%

�", ()*!�()*+ )� ),)�3#+#2 0� )$#� �' +*# #*"�,1 "��)*+�, *� *!� ��1)"+*!(+ -�*�,*+)�
*!��"3� �, *!� -"�#�,* -)-�"2 6�  �, �,*")*� �$"#��5�# )* *!� #$0C� *# �' �����������
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 ),% �' *!� ��
��������� �� α �����
! ���� ����


��� �����
 �� �����������
� �!�  �,5�"1�, �  �,#+#*# �' *6�  �(-�,�,*#9 *!� �����
�

�������
 6!+ ! "�'�" *�  !)") *�"+D+,1 '$, *+�,# $#+,1 ), +,'�"()*+�, )0�$* *!� 0�

!)5+�" �' ")*+�,)� �!�03#!�5 )--"�<+(),*# ),% ������ �������
 6!)* (�),# *� 1�*
) ���: +,*� *!� )#3(-*�*+ 0�!)5+�" �' #�@$�, �# �' 0�#* �!�03#!�5 )--"�<+(),*#
1�+,1 �$* �' -"�-�"*+�# �' *!� )--"�<+()*�% '$, *+�, f +*#��'�

A�'�"� #*)*+,1 �$"  �,#+%�")*+�,#2 6� +,*"�%$ � #�(� ,�*)*+�,#� ��*

φ(z) := z +
√

z2 − 1 6+*! φ(∞) = ∞.

7�" �) ! r, r > 1, ��*

Er := {z, |φ(z)| < r} ),% Γr := ∂Er

0� *!� E�$:�5#:3 ���+-#� 6+*! -)")(�*�" r.

4+5�, ) -)+" (n, m)2 ��*
rn,m := pn,m/qn,m,

6!�"� 0�*! -��3,�(+)�# pn,m ),% qn,m !)5� ,�  �((�, %+5+#�"#� �!� D�"�# αn,m,k2
k ≤ l(n, m) ≤ m �' qn,m )"�  )���% ��� ���� -���# �' rn,m.

�!� ,�<* *!��"�( +# *!� 0)#+# '�" ")*+�,)� �!�03#!�5 )--"�<+()*+�, ;*!� "�)�
 )#�=�

����������� ������� � ���� !��"� #$%& "���� f ∈ Cr(Δ) ��� (n, m) � #���

����! ��� rn,m �� ��� �������� �������� �� ��
� �������� ������������� �� f �� Δ ��

��� ���

 Rn,m� ���� ����� ���
� �� ���
� n + m + 2 − dn,m �����


−1 ≤ ζ
(n,m)
0 < · · · < ζ

(n,m)
k < · · · ζ(n,m)

n+m−d(n,m)
<

< ζ
(n,m)
n+m−d(n,m)+1 ≤ 1


��� ����

(f − rn,m(ζ(n,m)
k )) =

(−1)kρn,m(−1)δ, k = 0, · · · , n + m − dn,m + 1, δ = ±1,

$���� dn,m = min (n − deg pn,m, m − deg qn,m) �

�!� �<*"�(� -�+,*# {ζ(n,m)
k } )"�  )���% ����������� �����
 �' f − rn,m.

�# 6��� :,�6,2 *!� #�@$�, � �' *!�#� -)+"#2 '�" 6!+ ! dn,m = 0 +# +,F,+*� +G
f +# ,�* ) ")*+�,)� '$, *+�,� H�, �2 �,� ()3 )##$(� 6+*!�$* ��#+,1 *!� 1�,�")�+*3
;#!�$�% ) #+*$)*+�, )"+#�= *!)* dn,m I � '�" �5�"3 (n, m).
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�� �) ! '$, *+�, f ∈ Cr(δ) 6� )##+1, *!� #� � %��
�&
 ����� 9I W (f)2 *!)* +#9

W (f) :=

⎛
⎜⎜⎜⎜⎝

r0,0, r1,0, · · · , rn,0, · · ·
r0,1, r1,1, · · · , rn,1, · · ·
· · · , · · · , · · · , · · · , · · ·
r0,m, r1,m, · · · , rn,m, · · ·
· · · , · · · , · · · , · · · , · · ·

�!� #�@$�, � {rn,m}, m
F<�%2 n → ∞ +#  )���% ��� ��$ +, 8)�#!B# *)0��2 *!�
#�@$�, � {rn,n}2 n → ∞ . *!� %+)1�,)�2 ),% {rn,mn}, mn = o(n)2 {rn,mn}2 mn/n →
c2 c > 0 . � ���
�� �� ��� ��$ ),% ) ��� 
�'�����! "�#-� *+5��3�

�� ���
� ���	���

8� #*)"* 6+*! #�(� ,�*)*+�,# ),% %�F,+*+�,#�
7�" B ⊂ C2 6� %�,�*� 03 C(B) *!�  �)## �' ���������
 ��������
 �, B ),% A(B)

;"�#-� M(B)= "�-"�#�,*# *!�  �)## �' '$, *+�,# f *!)* )"� !���(�"-!+ . ),)�3*+ 
),% #+,1�� 5)�$�% ;"�#-� (�"�(�"-!+ = +, B� K�"��5�"2 6� 6+�� %�,�*� 03 Mm(B)
*!� #$0#�* �' '$, *+�,# f �' M(B) 6+*! ,� (�"� *!), m -���# +, B2 �) ! -���
 �$,*�% 6+*! +*# ($�*+-�+ +*3� �� �) ! '$, *+�, f ∈ C(Δ) 6� )##� +)*� *!� �����
 ��

���������� ρ0(f)2 *!)* +#9

ρ0(f) = sup{ρ ≥ 1, f ∈ A(Eρ)}
),%2 ),)��1�$#�32 *!� ")%+$# �' m
(�"�(�"-!3 ρm(f) ),% *!� ")%+$# �' (�"�(�"-!3
ρf . �' f ∈ Cr(Δ) !)# ) ,�,-��)" #+,1$�)"+*3 �, Δ, *!�, 6� #�* ρ0(f) = 1.

A3 *!�  �)##+ )� *!��"�( �' 8�+�"#*")##2 rn,m(x) → f(x), x ∈ Δ )# n + m →
∞. 8� -�#� *!� @$�#*+�, )0�$* *!� 0�!)5+�" �' #�@$�, �# �' ")*+�,)� �!�03#!�5
)--"�<+(),*# ���
��� *!� +,*�"5)� Δ.

������� $ #'$%� (

��� ���� ��� �������� f ∈ Cr(Δ)
⋂Mm(Er), r > 1, ��


������� m ����
 �� ��� �����
� Er. ���� ���� ���� �� f �������
 �
 ���� ����
 �� ���


�'����� {rn,m}, n → ∞, m #���! �
 ��
 ������������� �� ��� ��������� ������ ���


�'����� {rn,m} ��������
 �� f ��������� �� ������� 
��
��
� ��� �����
���! ���


�'����� {rn,m}, n → ∞ ��������
 �� m1 ���
��� �� f ��
��� Er.

�!+# "�#$�* �' 8)�#! 1�,�")�+D�# A�",#*�+,#B "�#$�* )0�$* *!�  �,5�"1�, � �' 0�#*
�!�03#!�5 -��3,�(+)� )--"�<+(),*# *� f +,#+%� *!� ���+-#� �' !���(�"-!3 Eρo(f).

7$"*!�"(�"�2 �!��"�( � +# ) -)"*+)�  )#� �' 4�, !)"B# *!��"�( )0�$* *!� ")*� �'
0�#* $,+'�"( )--"�<+()*+�, 6+*! ")*+�,)� '$, *+�, 6+*! F<�% ,$(0�" +' *!� '"��
-���# >��?�

�!+,1# )"� ,�* #� 1��% 6!�, *!� %�1"��# �' *!� %�,�(+,)*�"# +, "�)#�� A�'�"�
-"�#�,*+,1 �!��"�( � 6� "�(+,% *!� "�)%�" �' *!� *�"( �' �� ����
� ������� m1 

����������� +,#+%� #�(� %�()+, B >��?� � #�@$�, � �' '$, *+�,# {ϕn}2 (�"�(�"-!+ 
+, B2 +# #)+% *�  �,5�"1� *� ) '$, *+�, ϕ m1 ����
� ��������� ��
��� B +' '�" ),3



�� �� �� ���	����	

 �(-) * #�* K ⊂ B ),% ),3 ε > 0 *!�"� �<+#*# ) #�* Kε ⊂ K #$ ! *!)* m1(K \Kε) <

ε ),% *!� #�@$�, � {ϕn}  �,5�"1�# $,+'�"(�3 *� ϕ �, Kε�

������� ' #(%& (

��� ���� f ∈ Cr(Δ)
⋂A(Δ)! ��� �

��� ���� ρf < ∞. )��

{mn} �� � 
�'����� �� ��
����� �������
 
��� ����

mn ≤ n, mn ≤ mn+1 ≤ mn + 1

���

mn = o(n/ log n), n → ∞.

���� ����� �
 � 
��
�'����� Λ ⊂ N 
��� ���� ��� 
�'����� {rn,mn} ��������
 m1 

����
� ��������� �� f ��
��� Eρf
. ��� �����
���! ��� 
�'����� Λ �
 ���� 
�'����� ��

��
����� �������
 ��� $����

ρn,mm − ρn+1,mn+1

ρn,mm + ρn+1,mn+1

≥ 1
n2

.

8� +,*"�%$ � *!� ,�<* "�#$�* �#*)0�+#!�% 03 H� �*)!� )0�$* *!� %+)1�,)� +, *!�
8)�#!B# *)0��9

������� ) #$*%& *����
� ���� ��� �������� f ∈ Cr(Δ)
⋂A(Δ) �����
 �� ��������

������������ �����$���� �� ��� �������� ������� ����� C ������ ��� � #���� ��� 

��� �� ����������� 
�����������
 ai, i = 1, . . . j� ���� ����� �
 � ������� ������� 
��

F, F
⋂

Δ = ∅, F ⊃ {ai}i=1,...j 
��� ���� ��� ����� ������� 
�� C \ (F
⋃

Δ)

||f(z) − rn,n(z)||1/n
K −→cap e−2Gµ

F (z) < 1,

$���� −→��� ����
 � ����������� �� �������� �� K! μ + ��� �'��������� ���
���

�� ��� �������� Δ,

dμ =
1

2π

dx√
1 − x2

��� Gμ
F + ��� "����&
 ��������� �� Δ $��� ��
���� �� F.

�!�  �(-) * #�* F,  )���% ��� 
��������� ������� 
��2 +# $,+@$� ),%  �,#+#*# �' )
F,+*� ,$(0�" �' %+#C�+,*  $"5�# ,�,+,*�"#� *+,1 *!� +,*�"5)� Δ.

7�" *!� (�#* 1�,�")�  )#�2 6� !)5�2 #� ')"

������� + #$)%& )�� f ∈ Cr(Δ) �� �������� �� ��� �����
� Er, r > 1. (

��� ����

rn,n ∈ A(Er) ��� ��� n ���� 
��� n0. ���� ��� 
�'����� {rn,n} ��������
 �� f �


n → ∞ ��
��� ��� �����
� Eρ ��� ����� ρ $���

(rρ − 1)2

r(r − ρ)2
< 1.
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� ����������� � �	
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�� ������� ���	���

�# ) F"#* "�#$�* +, *!+# %+"� *+�,2 6� (�,*+�,

������� ( #$,%& "���� f ∈ Cr(Δ), �

��� ���� ����� �
 � ���������� q �� ������

������� m, q(z) =
∏m

i=1(z − ai) $��� �� ����
 �� Δ 
��� ����

lim sup
n→∞

||q − qn,m||1/n = σ < 1.

���� f �����
 � ����������� ������������ $��� ������� m ����
 ���� ��� �����
� ER

$���

R ≥ max
1≤i≤m

|φ(ai)|
σ

��� ��� ����� ai, i = 1, . . . , m ��� ����
 �� f �

4+5�, ,�6 ), n ∈ N, 6� +,*"�%$ � *!� #�* αn := {αn,m,k}ln
k=1. ��* L ),% l 0�

*!� #�*# �' )  $($�)*+�, -�+,*# �' {αn} ),% �' �+(+* -�+,*#2 "�#-� *+5��32 )# n → ∞.

�!� ,�<* "�#$�* +# %$� *� L� �$,1$�

������� - #$-%& "���� � �������� f ∈ Cr(Δ), �

��� ���� L = l $��� L ����� �

#���� 
��! ��������
������ ��� �������� Δ. ���� f �����
 � ����������� ������������

���� Δ ���� C \ L.

4+5�, ,�6 ) -�+,* a ∈ C, ), +,*�1�" n ),% ) -�#+*+5� ,$(0�" ε, 6� +,*"�%$ � *!�
5)�$� �' τn(a, ε) )# *!� ,$(0�" �' )�� '"�� -���# �' rn 6!+ ! )"� �3+,1 +, *!�  +" ��
Ka(ε) := {z, |z − a| < ε}. 7+,)��32 #�*

τ(a, ε) := lim
n→∞ inf

τn(a, ε)
n

),% τ(a) := lim
ε→0

τ(a, ε).

�05+�$#�32 +' '�" #�(� -�+,* a 6� !)5� τ(a) > 02 *!�, a ∈ l.

�!� '����6+,1 "�#$�* 6)# ),,�$, �% 03 �$,1$9

������� . #$-%& )�� f ∈ Cr(Δ)� (

��� ���� Δ ∩ L = ∅ ��� ���� ��� 
�� L ���


��� 
������� ��� ������ �� ����� �
 � ����� a ∈ C 
��� ����

τ(a) > 0,

���� ��� �������� f �����
 � ����������� ������������ ���� Δ ���� C\L�

�$M +�,*  �,%+*+�,# $,%�" *!�  �,%+*+�,# �' �!��"�(# � ),% J '�" *!� '$, *+�,
f *� !)5� ) -��� )* #�(� -�+,* a ∈ L 6�"� 1+5�, +, >��?�

�,'�"()*+�, )0�$* *!� !���(�"-!+  �,*+,$)*+�, �' '$, *+�,# +, *�"(# �' *!�
)##� +)*�% ")*+�,)� �!�03#!�5 )--"�<+(),*#  �$�% 0� -"�5+%�% 03 *!� 0�!)5+�" �'
*!� D�"�#� A�'�"�  �,*+,$+,12 6� +,*"�%$ � *!� *�"( �' Nα(g, A)� 4+5�, ) #�* A,

'$, *+�, g (�"�(�"-!+ +, A ),% α ∈ C, 6� %�,�*� 03 Nα(g, A) *!� ,$(0�" �' *!�
α
-�+,*# �' g +, A. N,%�" *!+# %�F,+*+�,2 N0(g, A) #*),%# '�" *!� ,$(0�" �' *!� D�"�#
�' g +, A2 6!�"�)# N∞(g, A) (�),# *!� ,$(0�" �' *!� -���#�



�� �� �� ���	����	

������� , #$'%� )�� f ∈ Cr(Δ)� *����
� ���� ��� rn,n ∈ Mm(U) ��� 
��� ������

U ⊃ Δ. *����
� ������� ���� ��� ��� ������� 
��
�� K �� U

N0(rn,n, K) = o(n), n → ∞.

���� f ∈ Mm(U) ��� ��� 
�'����� {rn,n} ��������
 �� f ! �
 n → ∞ m1 ����
�

��������� ��
��� U.

�� ������	���� �� ����������� ������ �� α������� ��� �� ����

�����

�� )�� *!�  �)##+ )� *!��"�( �' L)%� >��?�

������� * #$$%& "���� f ∈ Cr(Δ) ��� n � #��� ��
����� �������� )�� Pn �� ���

���������� �� ��
� �����
��� ������������� �� f �� Δ. ,����� �� {xk}n+1
k=0 ��� 
��

�� ��� ����������� �����
 �� f − Pn. ���� ����� �
 � 
�'����� Λ ⊂ N 
��� ���� ���

����� ��
����� ε

lim
n∈Λ

(max0≤k≤n+1|xk − cos
πk

n + 1
|) ≤ 1

n1/2−ε
.

�,�*� 03 νn *!� $,+* ; �$,*+,1 = (�)#$"�# )##� +)*�% 6+*! *!� -��3,�(+)�# �'
0�#* �!�03#!�5 )--"�<+()*+�,� �# )  �,#�@$�, �2 6� 1�*9

�������� $ & -���� ��� ���������
 �� �����&
 �������! ����� �
 � 
�'����� Λ 
���

����

νn =⇒ μ �
n ∈ Λ,

$���� μ �
 ��� �'��������� ���
��� �� Δ ��� =⇒ ����
 ����������� �� ���
���


�� ��� $��. 
��
��

8� "�()": *!)* *!� #�@$�, � Δ +# *!)* �,�2 '�" 6!+ !
ρn,0 − ρn+1,0

ρn,0 + ρn+1,0
≥ 1

n2
, n ∈ Λ

; �(-� '��*,�*� �=2 -� �=�
�!� ,�<* "�#$�* 6)# -"�5�% 03 H���A�)**2 ��4"�*!(),, ),% ��L�L�5) !�5) >/?�

������� $/ & )�� f ∈ Cr(Δ) ���

mn ≤ n, mn + 1 ≤ mn+1 ≤ mn + 1, n = 1, 2, · · · .

���� ��� ��� 
�'����� 
�'����� Λ

Λ := {n ∈ N,
ρn,mn − ρn+1,mn+1

ρn,mn + ρn+1,mn+1

≥ 1
n2

}

����� ����


νn,mn − αn,mnτ (b)
n,mn

− (1 − αn,mn)μ =⇒ 0, �
 n ∈ Λ,



�������� �	
��	
� ����������� � �	
 �
�� ��
� ���
� ��

$���� νn,mn �
 ��� ���� ���
���
 �

������� $��� ��� ����������� �����
 �� f −
rn,mn , τ

(b)
n,mn + ��� ��������� ���� ��� 
������ Δ �� ��� ���� ���
���! �

�������

$��� ��� ���������� qn,mnqn+1,mn+1 ���

αn,mn =
mn + mn+1

n + mn + 2
.

�!��"�( 	 1�,�")�+D�# *!� "�#$�* �' L)%� '�" mn = o, n = 1, 2, . . . 2 )# 6��� )#
*!� "�#$�*# +, >�? ),% >J? '�"  ��#�% *� "�6 #�@$�, �#2 ")3
#�@$�, �# ),% %+)1�,)�
#�@$�, �# +, *!� *)0�� �' 8)�#!2 "�#-� *+5��3�

4+5�, ), f ∈ Cr(Δ)2 %�,�*� 03 Ef *!� ���+-#� �' (�"�(�"-!3 �' f 2 *!)* +# *!�
()<+()� E�$:�5#:3 ���+-#� 6+*! '� + )* ±1 +,*� 6!+ ! f )%(+*# )  �,*+,$)*+�, )# )
(�"�(�"-!+ '$, *+�,� 4+5�, ) #�* A ),% -�+,* α ∈ C, 6� %�,�*� 03 Nα(rn,mn , A)
*!� ,$(0�" �' *!� α
-�+,*# �' rn,mn +, A.

�!� ,�<* *!��"�( >��? ),% >�? +# ), (������� �� *�����.�&
 ������� )0�$* *!�
0�!)5+�" �' α
-�+,*# �' ) '$, *+�, )"�$,% ), �##�,*+)� #+,1$�)"+*39

������� $$ & (

��� ���� f ∈ Cr(Δ) �
 ����������� /�������� ��� 
����� ������0

�� Δ. (

���! �������! ���� mn = o(n/ log n) �
 n → ∞. ���� ��� 
�'����� rn,mn

��������
 �� m1 ���
��� �� f �
 n ∈ Λ! ��������� �� ������� 
��
��
 �� ��� �����
�

Ef � )�� z0 ∈ ∂Ef �� � ����� ������� f ���
 ��� ����� � ����������� ������������!

��� ��� U �� � ������������ �� z0. ���� ��� ����� ������ α ∈ C $��� �� ��
� ���

��������� ����� ����


lim sup Nα(rn,mn , U) = ∞.

�!��"�( �� +,*"�%$ �% 0���6  �$�% 0�  �,#+%�"�% )# ), ),)��1$� �' E�,*D# !

�D�1O *!��"�( )0�$* *!� )#3(-*�*+ %+#*"+0$*+�, �' D�"�# �' )--"�<+()*+�, -��3,�

(+)�#�

������� $' #(%& -���� ��� 
��� ���������
 �� f ��� {mn} �
 �� ������� 1!

�

��� ���� f ��
 �� ���
� ��� 
���������� �� ∂Ef �� ����������� ���������� ���� ���

����
 �� ��� 
�'����� rn,mn ��
������� �
������������! �
 n ∈ Λ! ��.� ��� �'���������

���
��� �� ��� �������� �� Ef .

�, *!� #-+"+* �' �!��"�( ��2 6�  �,#+%�" *!�  )#�2 6!�, f +# ,�* !���(�"-!+ �,
Δ. �, *!+#  )#�2 6� !)5�

������� $) ��0���"!1 2�����23�"�4��"�� #'%& )�� a ∈ Δ �� � ����� �� ��� 

���������� �� f. ���� ��� ����� ������������ U, U
⋂

Δ ⊂ Δ ��� ��� a ∈ C �����

����
2
������ lim sup N∞(rn,mn , U) = ∞,

�� lim sup Na(rn,mn ,U)
n > 0.
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�, �/� *+0�,�## �' *!� ),)�1*+ '$, *+�, (�*!�%# +, *!�  �(-��2 -�),� '�" "�#�)" !

+,3 -�),� -�*�,*+)� 4��%# +,#-+"�# ()*!�()*+ +),# *� %�0���- ),)��3�$# (�*!�%# '�"
#-)*+)� 4��%#�

�, )�3�5")+ 
),)�1*+ )--"�) ! *� �6$)*+�,# �' ()*!�()*+ )� -!1#+ # +# %�0���-�%
)* *!� �-)"*(�,* �' ��(-��2 �,)�1#+# ),% ��*�,*+)� �!��"1 �' *!� �,#*+*$*� �'
7)*!�()*+ # �' *!� �)*+�,)� � )%�(1 �' � +�, �# �' 89")+,�� :�+,3 *!� 4"#* !�)%
�' *!+# �-)"*(�,*; �"�'�##�" �� 7� �)(")<�0  �, �",�% 0�"1  ��#��1 *� %�0���-(�,*
�' *!� (�,*+�,�% )--"�) ! *!)* =�"� �##�,*+)��1 %�0���-�% *!),9+,3 !+# #$--�"*�

�!+# )--"�) ! (�),# ) 4,%+,3 �'  �(($*)*+0� :),) ! )�3�5") #$ ! *!)* '$, 

*+�,# %+/�"�,*+)5�� +, *!� #�,#� �' >?*�)$2 =+*! 0)�$�# +, *!+# )�3�5") !)0�  �(




�� #� $� %����� ��� &� #� #����������

-�,�,*# #)*+#'1+,3 *!� 3+0�, �6$)*+�, =+*! -)"*+)� %�"+0)*+0�#� �$ ! )�3�5")# )"�
 �,#*"$ *�% '�" *!� 5+!)"(�,+ �6$)*+�, ),% *!� *!"��
%+(�,#+�,)� �)-�) � �6$)

*+�, ),% ���+-*+ �6$)*+�,# %�3�,�")*+,3 �, ), )2+# *!)* %�# "+5� )2+)�
#1((�*"+ 
-�*�,*+)� 4��%# @#�� A�.�BC�

�4,+,3 ) ��������� 
������� 4��% +, ) #+(-�1  �,,� *�% %�()+, Q �' *!� *!"��

%+(�,#+�,)� "�)� #-) � R3; *!� 0� *�"
'$, *+�, V #)*+#4�# *!� #1#*�( �' �6$)*+�,#

div V = 0 , rotV = 0 .@�C

�!�, *!�"� �2+#*# ) # )�)" -�*�,*+)� '$, *+�, u(x, y, z) #$ ! *!)* V = grad u ),% u

#)*+#4�# *!� *!"��
%+(�,#+�,)� �)-�) � �6$)*+�,

Δ3u(x, y, z) :=
(

∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

)
u(x, y, z) = 0 .@�C

�$5�1  �,*+,$�$#�1 %+/�"�,*+)5�� '$, *+�,# #)*+#'1+,3 �6� @�C )"�  )���% ����

����� ��������
; ),% #��$*+�,# �' *!� #1#*�( @�C )"�  )���% �������� ������
�
��* A 5� ) n
%+(�,#+�,)�  �(($*)*+0� )##� +)*+0� :),) ! )�3�5") �0�" �+*!�" *!�

4��% �' "�)� ,$(5�"# R �" *!� 4��% �'  �(-��2 ,$(5�"# C; 3 ≤ n ≤ ∞� ��* {e1, e2, e3}
5� ) -)"* �' *!� 5)#+# �' A ),% E3 := {ζ = xe1 + ye2 + ze3 : x, y, z ∈ R} 5� *!�
�+,�)" #-), 3�,�")*�% 51 *!� 0� *�"# e1, e2, e3� �, =!)* '����=#; ζ := xe1 + ye2 + ze3

),% x, y, z ∈ R�
D� #)1 *!)* )  �,*+,$�$# '$, *+�, Φ : Ωζ → A +# ��������� +, ) %�()+, Ωζ ⊂ E3

+' Φ +# %+/�"�,*+)5�� +, *!� #�,#� �' >)*�)$2 +, �0�"1 -�+,* �' Ωζ ; +��� +' '�" �0�"1
ζ ∈ Ωζ *!�"� �2+#*# ), ���(�,* Φ′(ζ) ∈ A #$ ! *!)*

lim
ε→0+0

(Φ(ζ + εh) − Φ(ζ)) ε−1 = hΦ′(ζ) ∀h ∈ E3.@EC

D� $#� *!� ,�*+�, �' (�,�3�,+ '$, *+�, +, *!� #�,#� �' �2+#*�, � �' %�"+0�%
,$(5�"# '�" *!+# '$, *+�, +, *!� %�()+, Dζ @ '� A�; FBC�

�, *!� # +�,*+4 �+*�")*$"� *!� %�,�(+,)*+�, �' (�,�3�,+ '$, *+�, +# $#�% ��#�
'�" '$, *+�,# #)*+#'1+,3  �"*)+,  �,%+*+�,# #+(+�)" *� *!�  �)##+ )� �)$ !1 . �+�(),,
 �,%+*+�,# @ '� A�; 	BC� �$ ! '$, *+�,# )"� )�#�  )���% "�3$�)" '$, *+�,# @ '� A��BC �"
!1-�"!���(�"-!+ '$, *+�,# @ '� A��; ��BC�

�' *!� 5)#+ ���(�,*# e1, e2, e3 #)*+#'1 *!�  �,%+*+�,

e2
1 + e2

2 + e2
3 = 0 ,@�C

*!�, �0�"1 %�$5�1 %+/�"�,*+)5�� +, *!� #�,#� �' >)*�)$2 '$, *+�, Φ : Ωζ → A #)*+#4�#
*!� '����=+,3 �6$)�+*1 +, *!� %�()+, Ωζ G

Δ3Φ(ζ) ≡ Φ′′(ζ) (e2
1 + e2

2 + e2
3) = 0 .@�C

D� #)1 *!)* ), )�3�5") A +# �������� @ '� AE; �; �EBC +' +, A *!�"� �2+#*# ) *"+)%
�' �+,�)"�1 +,%�-�,%�,* 0� *�"# {e1, e2, e3} #)*+#'1+,3 *!� �6$)�+*1 @�C -"�0+%�% *!)*
e2

k 	= 0 '�" k = 1, 2, 3� D� #)1 )�#� *!)* #$ ! ) *"+)% {e1, e2, e3} +# ���������
�� D� H�* !$( A�EB  �,#+%�"�% *!� �� ��3"� )�3�5") �' 6$)*�",+�,# A��B )# ),

�2)(-�� �' !)"(�,+ )�3�5")� �� �� 7��I,+ !�,9� #��0�%  �(-��*��1 *!� -"�5��( �,
4,%+,3 *!"��
%+(�,#+�,)� !)"(�,+ )�3�5")# =+*! $,+* @#�� A�; E; �BC� 7�"� �2) *�1;
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%+(�,#+�,)�  �(($*)*+0�
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+, ) *�-���3+ )� 0� *�" #-) � =!�#� #$--�"*  �+, +%�# =+*! *!� 0� *�" #-) � �' *!�
-)-�" A��B�

��  ��������
�� ��
��� ���
� F̃ 
��������� ��� ������� F

��,#+%�" ), +,4,+*�
%+(�,#+�,)�  �(($*)*+0� )##� +)*+0� :),) ! )�3�5")

F :=

{
g =

∞∑
k=1

ckek : ck ∈ R,

∞∑
k=1

|ck| < ∞
}

�0�" *!� 4��% R =+*! *!� ,�"( ‖g‖F :=
∞∑

k=1

|ck| ),% *!� 5)#+# {ek}∞k=1; =!�"� *!�

($�*+-�+ )*+�, *)5�� '�" ���(�,*# �' 5)#+# +# �' *!� '����=+,3 '�"(G

ene1 = en, e2n+1e2n =
1
2

e4n ∀n ≥ 1 ,

e2n+1e2m =
1
2

(
e2n+2m − (−1)me2n−2m

)
∀n > m ≥ 1 ,

e2n+1e2m =
1
2

(
e2n+2m + (−1)ne2m−2n

)
∀m > n ≥ 1 ,

e2n+1e2m+1 =
1
2

(
e2n+2m+1 + (−1)me2n−2m+1

)
∀n ≥ m ≥ 1 ,

e2ne2m =
1
2

(
−e2n+2m+1 + (−1)me2n−2m+1

)
∀n ≥ m ≥ 1 .

�* +# �0+%�,* *!)* !�"� e1, e2, e3 '�"( ) !)"(�,+ *"+)% �' 0� *�"#�



�� #� $� %����� ��� &� #� #����������

��*� *!)* *!� )�3�5") F +# +#�(�"-!+ *� *!� )�3�5") F �' )5#��$*��1  �,0�"3�,*
*"+3�,�(�*"+ M�$"+�" #�"+�#

g(τ) = a0 +
∞∑

k=1

(
ak ik cos kτ + bk ik sin kτ

)

=+*! "�)�  ��N +�,*# a0, ak, bk ),% *!� ,�"( ‖g‖F := |a0| +
∞∑

k=1

(
|ak| + |bk|

)
� �, *!+#

 )#�; =� !)0� *!� +#�(�"-!+#( e2k−1 ↔ ik−1 cos (k − 1)τ ; e2k ↔ ik sin kτ 5�*=��,
5)#+ ���(�,*#�

��=; ��* $# *� +,#�"* *!� )�3�5") F +, *!� *�-���3+ )� 0� *�" #-) �

F̃ :=

{
g =

∞∑
k=1

ckek : ck ∈ R

}

=+*! *!� *�-���31 �'  ��"%+,)*�
=+#�  �,0�"3�, ��
�##�,*+)��1; ��D�H�* !$( A��B  �,#+%�"�% *!� #-) � F̃ *!�$3! !� %+% ,�* $#�

*!� ,�*+�, �' *�-���3+ )� 0� *�" #-) � )# =��� )# *!� %+/�"�,*+)5+�+*1 +, *!� #�,#� �'
>)*�)$2�

��*� *!)* F̃ +# ,�* ), )�3�5") 5� )$#� *!� -"�%$ * �' ���(�,*# g1, g2 ∈ F̃ +# %�4,�%

,�* )�=)1#� :$* '�" �) ! g =
∞∑

k=1

ckek ∈ F̃ ),% ζ = xe1 + ye2 + ze3; �,�  ), %�4,�

*!� -"�%$ *

gζ ≡ ζg := x

∞∑
k=1

ckek + y

(
−c2

2
e1 +

(
c1 − c5

2

)
e2 − c4

2
e3+

+
1
2

∞∑
k=2

(c2k−1 − c2k+3) e2k − 1
2

∞∑
k=2

(c2k−2 + c2k+2) e2k+1

)
+

+z

(
−c3

2
e1 − c4

2
e2 +

(
c1 − c5

2

)
e3 +

1
2

∞∑
k=4

(ck−2 − ck+2) ek

)
.

��* Ω 5� ) %�()+, +, R3 ),% Ωζ := {ζ = xe1 +ye2+ze3 : (x, y, z) ∈ Ω}� ��,#+%�"
) '$, *+�, Φ : Ωζ → F̃ �' *!� '�"(

Φ(ζ) =
∞∑

k=1

Uk(x, y, z) ek ,@�C

=!�"� *!� '$, *+�,# Uk : Ω → R )"� %+/�"�,*+)5�� +, Ω� �!�, Φ +# )  �,*+,$�$#
'$, *+�, +, Ωζ ),%; *!�"�'�"�; Φ +# ) (�,�3�,+ '$, *+�, +, Ωζ +' Φ′(ζ) ∈ F̃ +, *!�
�6$)�+*1 @EC�

�, *!� '����=+,3 *!��"�( =� �#*)5�+#! ,� �##)"1 ),% #$N +�,*  �,%+*+�,# '�" )
'$, *+�, Φ : Ωζ → F̃ *� 5� (�,�3�,+ +, ) %�()+, Ωζ �

	������ ���� ��� � �������� Φ : Ωζ → F̃  � �� ��� ���� @�C ��� ��� ��������


Uk : Ω → R  � ��!������� �� �� Ω� �� ����� ���� ��� �������� Φ  � ��������� ��



� �������	�
� 
� ��	�� �
	��	�� ����� �� ���� 
� �
�
����� ����	�
�� �	

��� ������ Ωζ " �� �
 ����

��� ��� 
�#����� ���� ��� �����$��� %������&������

���������
  � 
���
'�� �� Ωζ (

∂Φ
∂y

=
∂Φ
∂x

e2,
∂Φ
∂z

=
∂Φ
∂x

e3.@FC

�!� -"��' �' �!��"�( ��� +# #+(+�)" *� *!� -"��' �' �!��"�( ���� A�B =!�"� *!�
,� �##)"1 ),% #$N +�,*  �,%+*+�,# '�" ) '$, *+�, Φ : Ωζ → F *� 5� (�,�3�,+ 
+, �$%�  �"*)+, )%%+*+�,)� "��)*+�,#  �,%+*+�,�% 51 *!� ,�"( �' )5#��$*�  �,0�"3�, �
+, *!� )�3�5") F�

�* +# -"�0�% +, A�B *!)* *!� #1#*�( @FC  ), 5� "�="+**�, +, *!� '����=+,3 �6$+0)��,*
'�"(G

∂U1

∂x
− 1

2
∂U2

∂y
− 1

2
∂U3

∂z
= 0 ,

∂U3

∂y
− ∂U2

∂z
= 0 ,

∂U1

∂y
+

1
2

∂U2

∂x
= 0 ,

∂U1

∂z
+

1
2

∂U3

∂x
= 0 ,

∂U2k

∂x
= −∂U2k−2

∂z
− ∂U2k−1

∂y

∂U2k+1

∂x
=

∂U2k−2

∂y
− ∂U2k−1

∂z

∂U2k

∂z
− ∂U2k+1

∂y
=

∂U2k−2

∂x

∂U2k

∂y
+

∂U2k+1

∂z
=

∂U2k−1

∂x
k = 2, 3, . . . .

@�C

���)*+�,# 5�*=��, #��$*+�,# �' *!� #1#*�( @�C ),% #-)*+)� -�*�,*+)� 4��%# +# %�

# "+5�% +, *!� -)-�" A�B� �, -)"*+ $�)"; *!� '����=+,3 *!��"�( +# ) %+"� *  �,#�6$�, �
�' �!��"�( ���	 A�B�

	������ ���� )���� ��������� �������� Φ : Ωζ → F̃ ��������
 � �������� ������

V := (U1,− 1
2 U2,− 1

2 U3) �� ��� ������ Ω�

��*� *!)* *!� #)(� "��)*+�, 5�*=��, !)"(�,+ 0� *�"# ),% (�,�3�,+ '$, *+�,#
*)9+,3 0)�$�# +, ) *!"��
%+(�,#+�,)� #�(+#+(-�� !)"(�,+ )�3�5") =)# %+# �0�"�% 51
�� �� 7��I,+ !�,9� A�; �B�

�!� '����=+,3 *!��"�( +# ) %+"� *  �,#�6$�, � �' �!��"�( ���� A�B�

	������ ���� *�� ����� �������� U1 : Ω → R �������� �� � 
����� ���������

������ Ω ⊂ R3 ����� �+�
� � ��������� �������� Φ : Ωζ → F̃ 
��� ���� U1 �
 ���

'�
� ��������� �� ��� �+���
��� @�C�



�� #� $� %����� ��� &� #� #����������

�, -)"*+ $�)"; �0�"1 #-!�"+ )� '$, *+�, +# *!� 4"#*  �(-�,�,* �' *!� �2-),#+�, @�C
�' (�,�3�,+ '$, *+�, *)9+,3 0)�$�# +, *!� )�3�5") F; 0+%��+ �*; Φ(ζ) = aζn; =!�"�
a ∈ F @#��; ��3�; A�BC�

��  ��������
�� ��
��� ���
� 
��������� �������

������������������� �������
 �������

��,#+%�" ), +,4,+*�
%+(�,#+�,)�  �(($*)*+0� )##� +)*+0� :),) ! )�3�5")

G :=

{
g =

∞∑
k=1

ckek : ck ∈ R,
∞∑

k=1

|ck| < ∞
}

�0�" *!� 4��% R =+*! *!� ,�"( ‖g‖G :=
∞∑

k=1

|ck| ),% *!� 5)#+# {ek}∞k=1; =!�"� *!�

($�*+-�+ )*+�, *)5�� '�" ���(�,*# �' 5)#+# +# �' *!� '����=+,3 '�"(G

ene1 = en, e2n+1em = e2n+m, e2ne2m = −e2n+2m−3 − e2n+2m+1@	C

'�" )�� ,)*$")� ,$(5�"# n ),% m�
�* +# �0+%�,* *!)* !�"� e1, e2, e3 '�"( ) !)"(�,+ *"+)% �' 0� *�"#�
��**+,3 *!� '����=+,3  �""�#-�,%�, � 5�*=��, 5)#+ ���(�,*# ek ),% *"+3�,�(�*"+ 

'$, *+�,#G e2n−1 ↔ in−1 cosn−1 τ ; e2n ↔ in sin τ cosn−1 τ ; �,�  ), �5*)+, ) (�%��
�' *!� )�3�5") G�

��* Ω ),% Ωζ %�,�*� *!� #)(� %�()+,# )# )5�0�� ��,#+%�" ) '$, *+�, Φ : Ωζ → G

�' *!� '�"( @�C; =!�"� *!� '$, *+�,# Uk : Ω → R )"� %+/�"�,*+)5�� +, Ω� �, *!�
'����=+,3 *!��"�( =� �#*)5�+#! ,� �##)"1 ),% #$N +�,*  �,%+*+�,# '�" #$ ! ) '$, *+�,
Φ *� 5� (�,�3�,+ +, ) %�()+, Ωζ �

	������ ���� ��� � �������� Φ : Ωζ → G  � ���������
 �� � ������ Ωζ ��� ���

��������
 Uk : Ω → R �� ��� �+���
��� @�C  � ��!������� �� �� Ω� �� ����� ���� ���

�������� Φ  � ��������� �� Ωζ " �� �
 ����

��� ��� 
�#����� ���� ��� ���������
 @FC
 � 
���
'�� ��� ��� �����$��� ��������
  � ���'���� �� Ω(

∞∑
k=1

∣∣∣∣∂Uk(x, y, z)
∂x

∣∣∣∣ < ∞,@��C

lim
ε→0+0

∞∑
k=1

∣∣∣∣Uk(x + εh1, y + εh2, z + εh3) − Uk(x, y, z) − ∂Uk(x, y, z)
∂x

εh1−

−∂Uk(x, y, z)
∂y

εh2 − ∂Uk(x, y, z)
∂z

εh3

∣∣∣∣ ε−1 = 0 ∀h1, h2, h3 ∈ R.@��C

�!� -"��' �' �!��"�( E�� +# #+(+�)" *� *!� -"��' �' �!��"�( ���� A�B� �!� "��)*+�,#
@��C ),% @��C )"�  �,%+*+�,�% 51 *!� ,�"( �' )5#��$*�  �,0�"3�, � +, *!� )�3�5") G�



� �������	�
� 
� ��	�� �
	��	�� ����� �� ���� 
� �
�
����� ����	�
�� ��

�"�5)5�1; +* +# +(-�##+5�� *� �5*)+, )�� !)"(�,+ '$, *+�,# +, *!� '�"( �'  �(

-�,�,*# �' (�,�3�,+ '$, *+�,# *)9+,3 0)�$�# +, *!� )�3�5") G� �!�"�'�"�; ��* $# *�
+,#�"* *!� )�3�5") G +, *!� *�-���3+ )� 0� *�" #-) �

G̃ :=

{
g =

∞∑
k=−∞

ckek : ck ∈ R

}

=+*! *!� *�-���31 �'  ��"%+,)*�
=+#�  �,0�"3�, � ),% *!� 5)#+# {ek}∞k=−∞� D� #�*
*!)* *!� ���(�,*# �' 5)#+# )"� ($�*+-�+�% 51 "$��# @	C '�" )�� +,*�3�" ,$(5�"# n ),%
m�

�##�,*+)��1; 7�����K $��L A��B  �,#+%�"�% *!� #-) � G̃ *!�$3! !� %+% ,�* $#�
*!� ,�*+�, �' *�-���3+ )� 0� *�" #-) � )# =��� )# *!� %+/�"�,*+)5+�+*1 +, *!� #�,#� �'
>)*�)$2� �* +# -"�0�% +, A��B *!)* �0�"1 #-!�"+ )� '$, *+�, +# )  �(-�,�,* �' *!�
�2-),#+�, =+*! "�#-� * �' *!� 5)#+# �' '$, *+�, λζn; =!�"� λ ∈ G̃�

��*� *!)* G̃ +# ,�* ), )�3�5") 5� )$#� *!� -"�%$ * �' ���(�,*# g1, g2 ∈ G̃ +# %�4,�%

,�* )�=)1#� :$*; )* ��)#*; '�" �) ! g =
∞∑

k=−∞
ckek ∈ G̃ ),% ζ = xe1 + ye2 + ze3; �,�

 ), %�4,� *!� -"�%$ *

gζ ≡ ζg := x

∞∑
k=−∞

ckek+

+y

( ∞∑
k=−∞

c2k−1 e2k −
∞∑

k=−∞
(c2k−2 + c2k+2) e2k+1

)
+ z

∞∑
k=−∞

ck−2 ek .

��=;  �,#+%�" ) '$, *+�, Φ : Ωζ → G̃ �' *!� '�"(

Φ(ζ) =
∞∑

k=−∞
Uk(x, y, z) ek ,@��C

=!�"� *!� '$, *+�,# Uk : Ω → R )"� %+/�"�,*+)5�� +, Ω� �!�, Φ +# )  �,*+,$�$#
'$, *+�, +, Ωζ ),%; *!�"�'�"�; Φ +# ) (�,�3�,+ '$, *+�, +, Ωζ +' Φ′(ζ) ∈ G̃ +, *!�
�6$)�+*1 @EC�

�, *!� '����=+,3 *!��"�( =� �#*)5�+#! ,� �##)"1 ),% #$N +�,*  �,%+*+�,# '�" )
'$, *+�, Φ : Ωζ → G̃ *� 5� (�,�3�,+ +, ) %�()+, Ωζ �

	������ ���� ��� � �������� Φ : Ωζ → G̃  � �� ��� ���� @��C ��� ��� ��������


Uk : Ω → R  � ��!������� �� �� Ω� �� ����� ���� ��� �������� Φ  � ��������� �� ���

������ Ωζ " �� �
 ����

��� ��� 
�#����� ���� ��� ���������
 @FC  � 
���
'�� �� Ωζ �

�!� -"��' �' �!��"�( E�� +# #+(+�)" *� *!� -"��' �' �!��"�( ���� A�B 5$* "��)*+�,#
�' *!� '�"( @��C ),% @��C )"� ,��%��##�



�� #� $� %����� ��� &� #� #����������

��* $# *� "�="+*� *!�  �,%+*+�,# @FC +, �2-),%�% '�"(G

∂U2m+2

∂y
=

∂U2m+1

∂x
,

∂U2m+1

∂y
= −∂U2m−2

∂x
− ∂U2m+2

∂x
,

∂Um+2

∂z
=

∂Um

∂x

@�EC

'�" )�� +,*�3�" ,$(5�" m�
�* +# �0+%�,* *!)* +' *!� '$, *+�,# Uk : Ω → R !)0�  �,*+,$�$# #� �,%
�"%�"

-)"*+)� %�"+0)*+0�# +, ) %�()+, Ω ),% #)*+#'1 *!�  �,%+*+�,# @�EC; *!�, *!�1 #)*+#'1
�6� @�C +, Q� �,%��%; +, *!+#  )#� *!� '$, *+�, @��C +# %�$5�1 %+/�"�,*+)5�� +, *!�
#�,#� �' >)*�)$2 ),%; *!�"�'�"�; #)*+#4�# *!� �6$)�+*1 @�C +, *!� %�()+, Ωζ �

�, *!� '����=+,3 *!��"�( =� �#*)5�+#! *!)* �0�"1 (�,�3�,+ '$, *+�, Φ : Ωζ → G̃

3�,�")*�# ) ')(+�1 �' !)"(�,+ 0� *�"#�

	������ ���� )���� ��������� �������� Φ : Ωζ → G̃ ��������
 �������� ������


V := (U2m+2, U2m+1, U2m)

�� ��� ������ Ω ��� ��� ������� ��� �� m�

	����� ��*� *!)* *!� #1#*�( @�EC  ), 5� "�="+**�, +, *!� '����=+,3 �6$+0)��,* '�"(G

∂U2m+2

∂x
+

∂U2m+1

∂y
+

∂U2m

∂z
= 0 ,

∂U2m

∂y
− ∂U2m+1

∂z
= 0 ,

∂U2m+2

∂z
− ∂U2m

∂x
= 0 ,

∂U2m+1

∂x
− ∂U2m+2

∂y
= 0

@��C

'�" )�� +,*�3�" ,$(5�" m� �!$#; *!� 0� *�"

V := (U2m+2, U2m+1, U2m)

#)*+#4�# *!� �6$)*+�,# @�C +, Ω� �!� *!��"�( +# -"�0�%�

�!� '����=+,3 *!��"�( #!�= *!)* )�� !)"(�,+ 0� *�"# !)0� ) "��)*+�, *� (�,�

3�,+ '$, *+�,# *)9+,3 0)�$�# +, *!� *�-���3+ )� 0� *�" #-) � G̃�

	������ �� � *�� ����� �������� U1 : Ω → R �������� �� � 
����� ���������

������ Ω ⊂ R3 ����� �+�
� � ��������� �������� Φ : Ωζ → G̃ 
��� ���� U1 �
 �

��������� �� ��� �+���
��� @��C�

	����� M+"#* �' )��; ,�*� *!)* *!�"� �2+#*# ) !)"(�,+ 0� *�" V0
0 := (v0

2 , U1, v
0
0) +, *!�

%�()+, Ω� 7�"��0�"; '�" ),1 0� *�" V0 := (v2, U1, v0) !)"(�,+ +, Ω; *!�  �(-�




� �������	�
� 
� ��	�� �
	��	�� ����� �� ���� 
� �
�
����� ����	�
�� �E

,�,*# v0, v2 )"� %�*�"(+,�% )  $")*� =+*!+, *!� "�)� -)"* ),% *!� +()3+,)"1 -)"* �'
),1 '$, *+�, f0(t) !���(�"-!+ +, *!� %�()+, {t = x + iz : (x, y, z) ∈ Ω} �' *!�
 �(-��2 -�),�; +��� *!� �6$)�+*+�#

v0(x, y, z) = v0
0(x, y, z) + Re f0(x + iz) ,

v2(x, y, z) = v0
2(x, y, z) + Im f0(x + iz)

!��% '�" )�� (x, y, z) ∈ Ω� �!�,; $#+,3 �!��"�( E�E; =� 4,% *!� '$, *+�,# U0 ),% U2;
,)(��1G U0 := v0; U2 := v2�

��=; ��* $# #!�= *!)* *!�  �,%+*+�,# @��C )���= *� %�*�"(+,� *!� '$, *+�,# U2m+1;
U2m+2 +' *!� '$, *+�, U2m )"� )�"�)%1 %�*�"(+,�% '�" )�� ,)*$")� m� �,%��%; +, *!+#
 )#� *!�"� �2+#*# ) !)"(�,+ 0� *�"

V0
2m := (v0

2m+2, v
0
2m+1, U2m)

+, *!� %�()+, Ω� 7�"��0�"; '�" ),1 0� *�"

V2m := (v2m+2, v2m+1, U2m)

!)"(�,+ +, Ω; *!�  �(-�,�,*# v2m+1, v2m+2 )"� %�*�"(+,�% )  $")*� =+*!+, *!�
"�)� -)"* ),% *!� +()3+,)"1 -)"* �' ),1 '$, *+�, f2m(t) !���(�"-!+ +, *!� %�()+,
{t = x + iy : (x, y, z) ∈ Ω} �' *!�  �(-��2 -�),�; +��� *!� �6$)�+*+�#

v2m+1(x, y, z) = v0
2m+1(x, y, z) + Re f2m(x + iy) ,

v2m+2(x, y, z) = v0
2m+2(x, y, z) + Im f2m(x + iy)

!��% '�" )�� (x, y, z) ∈ Ω� �!�,; $#+,3 �!��"�( E�E; =� 4,% *!� '$, *+�,# U2m+1 ),%
U2m+2; ,)(��1G U2m+1 := v2m+1; U2m+2 := v2m+2�

M+,)��1; ��* $# )�#� #!�= *!)* *!�  �,%+*+�,# @��C )���= *� %�*�"(+,� *!� '$, *+�,#
U2m; U2m+1 +' *!� '$, *+�, U2m+2 )"� )�"�)%1 %�*�"(+,�% '�" )�� ,�3)*+0� +,*�3�"
,$(5�" m� �,%��%; +, *!+#  )#� *!�"� �2+#*# ) !)"(�,+ 0� *�"

V0
2m+1 := (U2m+2, v

0
2m+1, v

0
2m)

+, *!� %�()+, Ω� 7�"��0�"; '�" ),1 0� *�"

V2m+1 := (U2m+2, v2m+1, v2m)

!)"(�,+ +, Ω; *!�  �(-�,�,*# v2m, v2m+1 )"� %�*�"(+,�% )  $")*� =+*!+, *!� "�)�
-)"* ),% *!� +()3+,)"1 -)"* �' ),1 '$, *+�, f2m+1(t) !���(�"-!+ +, *!� %�()+,
{t = z + iy : (x, y, z) ∈ Ω} �' *!�  �(-��2 -�),�; +��� *!� �6$)�+*+�#

v2m(x, y, z) = v0
2m(x, y, z) + Im f2m+1(z + iy) ,

v2m+1(x, y, z) = v0
2m+1(x, y, z) + Re f2m+1(z + iy)

!��% '�" )�� (x, y, z) ∈ Ω� �!�,; $#+,3 �!��"�( E�E; =� 4,% *!� '$, *+�,# U2m ),%
U2m+1; ,)(��1G U2m := v2m; U2m+1 := v2m+1�

�!$#; *!� '$, *+�,# Uk �5*)+,�% +, #$ ! ) =)1 #)*+#'1 *!� #1#*�( @��C ),% '�"(
*!� '$, *+�, @��C (�,�3�,+ +, Ωζ � �!� *!��"�( +# -"�0�%�
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�� ����� � ��	���
�����	 �� �� ������ �	 �����	�� �� ��
 ������	��
 � � ���	 ���
��	���	� �	 �����	� �� �	�������� ������� �� ����

����� �� ����	 ���� ����
� �	 �������
�����	 �� ��	���	� �� n���
�	����
� �
��� � �		�� �	� ���	���� ���	� �	 ��������	�
�� R

n�

�������� 	
� ���	���� �����������	� �	�������� ������ ��
 ������	��
� ��
�	����
�
���	���� ���	

�� ������	�
�� ��	��

��* X 0� ) ,�,�(-*1 #�* ),% ��* r : X × X → R / 0� ) '$, *+�, #)*+#'1+,2 *!�
'����3+,2 -"�-�"*+�#4

α) r(x, x) = 0 ),% r(x, y) ≥ 0 '�" )�� x, y ∈ X ;
β) r(x, y) ≤ r(x, z) + r(z, y) '�" )�� x, y, z ∈ X .

�!� -)+" (X , r) +#  )���% ���
������� 
����� ),% *!� '$, *+�, r ���
������� �������
��*� *!)* 3� %� ,�* )##$(� !�"� *!� #1((�*"1 �' *!� -#�$%�(�*"+ r5 +��� +, 2�,�")�
r(x, y) �= r(y, x)�

�-� +)�  )#�# �' ),+#�*"�-+ #-) �# )"� -#�$%�(�*"+ ),% (�*"+ #-) �# 6#��5 '�"
�7)(-��5 8�5 9��:5 8�:;�

<�" �*!�" �7)(-��# �' ),+#�*"�-+ #-) �# )"+#+,2 +, *!� *!��"1 �' )0#*") * #$"') �#
#��5 '�" �7)(-��5 +, 8=5 �!� �:�



�� ��  �  �!
��!��

��* a ∈ X ),% ε > 0 0� ) "�)� ,$(0�"� �>,� ε
,�+2!0�$"!��% �' a -$**+,2

O(a, ε) = {x ∈ X : ρ(a, x) < ε}
),% 01 #*),%)"% 3)1 3� %�>,� *!� 0)#+# *�-���2+ )�  �, �-*# '�" ),+#�*"�-+ #-) �#�

�� ���� �� �������

��* X 0� ), ),+#�*"�-+ #-) � ),% D ⊂ X 0� ) %�()+,�
?� %�>,� �,%# �' D $#+,2 ), ),)��21 3+*! *!� *!��"1 �' �)")*!&�%�"1 -"+(�

�,%# 6#��5 '�" �7)(-��5 8�5 9=:;� @���3 3� '����3 8�5 �� � �����:�
<�" ), )"0+*")"1 #�* U ⊂ D 3� -$* [U ] = U \∂D5 3!�"� U +#  ��#$"� 3+*! "�#-� *

*� D� ��* {Uk}5 k = 1, 2, . . . 0� ) #�A$�, � �' #$0%�()+,# Uk ⊂ D 3+*! -"�-�"*+�#4

(i) '�" )�� k = 1, 2, . . . [Uk+1] ⊂ Uk5

(ii)
∞⋂

k=1

[Uk] = ∅�

?� 3+��  )�� ����� �' #$0%�()+,# +, D ), )"0+*")1 #�A$�, � {Uk} 3+*! )0�B�
%�# "+0�% -"�-�"*+�# (i) ),% (ii)�

��* {U ′
k}5 {U ′′

k } 0� *3�  !)+,# �' #$0%�()+,# +, D� ?� #)1 *!)* *!�  !)+, U ′
k +#

��������� +, *!�  !)+, {U ′′
k }5 +' '�" �B�"1 m ≥ 1 *!�"� �7+#*# ) ,$(0�" k(m) #$ !

*!)* '�" )�� k > k(m) *!� '����3+,2 -"�-�"*1 !��%# U ′
k ⊂ U ′′

m� �3�  !)+,# �) ! �'
3!+ ! +#  �,*)+,+,2 +, �*!�" )"�  )���% ����������� �!�  �)##�# �' �A$+B)��, 1 ξ �'
 !)+,# )"�  )���% ���
 �' *!� %�()+, D�

�, �"%�" *� %�>,� ), �,% ξ +* +# �,�$2! *� 2+B� )* ��)#* �,� "�-"�#�,*)*+B� +,
*!�  �)## �' �A$+B)��, �� �' ), �,% ξ +# %�>,�% 01 *!�  !)+, {Uk}5 *!�, 3� 3"+*�
ξ 	 {Uk}�

�!� ���� �' ), �,% ξ 	 {Uk} +# *!� '����3+,2 #�*

|ξ| = ∩∞
k=1Uk .

�* +#  ��)" *!)* *!+# #�* +# +,%�-�,%�,* �' *!�  !�+ � �' *!�  !)+, {Uk}�
��* {xm}∞m=1 0� ) #�A$�, � �' -�+,*# xm ∈ D 3!+ ! %��# ,�* !)B� �+(+* -�+,*#

+, D� �$ ! #�A$�, �# )"� C,�3, )# ������������� +, D�
��* aξ ∈ |ξ| 0� ), )"0+*")"1 -�+,*� � ,�, �,B�"2�,* +, D #�A$�, � �' -�+,*#

xk ∈ D ��������
 �� � ����� aξ ���� ��
���� �� ��� �������� �� ξ5 +' xk → aξ 63+*!
"�#-� * *� *!� *�-���21 �' X ; ),% '�" #�(�  !)+, {Uk} ∈ ξ *!� '����3+,2 -"�-�"*1
!��%#4 '�" �B�"1 k = 1, 2, . . . *!�"� �7+#*# ) ,$(0�" m(k) #$ ! *!)* xm ∈ Uk '�" )��
m > m(k).

��* D 0� ) %�()+, +, X 5 ξ 0� ), �,% �' D5 ),% aξ ∈ |ξ| 0� ) -�+,*� ?� #)1
*!)* ) #$0%�()+, D′ �' D �� ���
 )* *!� -�+,* aξ5 +' aξ ∈ ∂D′ ),% �B�"1 #�A$�, �
xk ∈ D′  �,B�"2+,2 )* aξ 3+*! "�#-� * *� *!� *�-���21 �' X  �,B�"2�# )* *!+# -�+,*
3+*! "�#-� * *� *!� *�-���21 �' ξ�



�� ����� �����	
���
�� � ����
��� 
� ��
������
� ������ �	

?� #)1 *!)* ) '$, *+�, f : D → R1 #)*+#>�# *!� "��)*+�,

lim
x→aξ

f(x) = A ,

+' f(xk) → A )# xk → aξ )��,2 �B�"1 #�A$�, � xk ∈ D 3!+ !  �,B�"2�# )* aξ

3+*! "�#-� * *� *!� *�-���21 �' ξ� �!� A$),*+*1 A +# %�,�*�% +, *!+#  )#� 01 *!�
#1(0�� f(aξ)�

��* y ),% a 0� ), )"0+*")"1 -)+" �' -�+,*# #$ ! *!)* y ∈ D ),% a +# �+*!�" ),
+,,�" -�+,* �' D �" a = aξ ∈ |ξ|5 3!�"� ξ +# ), �,% �' *!� %�()+, D ⊂ X � ?� #)1
*!)* ) #+(-�� D�"%), )" γ5 2+B�, 01 ) -)")(�*"+E)*+�, x(τ) : [0, 1) → D5 ����
 ����

��� ����� y �� ��� ����� a5 +' x(0) = y ),%

lim
τ→1

x(τ) = a )# a ∈ D

),% *!�"� �7+#*# ) #�A$�, � τk → 15 )��,2 3!+ !

lim
τk→1

x(τk) = aξ )# a ∈ |ξ| .

�� ���	����� ������	�
�� �������

��* D ⊂ X 0� ) %�()+,� ��* δD 0� *!� +,*"+,#+ ),+#�*"�-+ %+#*), � +, *!� %�()+,
D5 +���

δD(x′, x′′) = inf length γ , x′, x′′ ∈ D,

3!�"� *!� +,>($( +# *)C�, �B�" )�� �"+�,*�%5 �� )��1 "� *+>)0�� )" # γ ⊂ D5 ��)%+,2
'"�( -�+,* x′ *� -�+,* x′′�

��* D 0� ) %�()+, +, ), ),+#�*"�-+ #-) � X 3+*! ) (�*"+ r� ��* a ∈ D� �,
)%%+*+�,5 +' a ∈ ∂D5 *!�, 3� )##$(� *!)* a = aξ ∈ |ξ|5 3!�"� ξ +# ), �,% �' *!�
%�()+, D�

<�" ), )"0+*")"1 t > 05 3� -$*

B−
D(a, t) = {x ∈ D : δD(a, x) < t} , B+

D(a, t) = {x ∈ D : δD(x, a) < t} ,

),% '�" ) '$, *+�, f : D \ {a} → R
1 ��*

lim
x→a

−f(x) = lim
δD(a,x)→0

x∈D

f(x),

lim
x→a

+f(x) = lim
δD(x,a)→0

x∈D

f(x).

��*� *!)* +, 2�,�")�
lim
x→a

−f(x) �= lim
x→a

+f(x).

�� ��������� �������

��* X 0� ) #-) � 3+*! ), ),+#�*"�-+ (�*"+ r ),% D 0� ) %�()+, +, X � ?�  )�� *!�
%�()+, D ����

����5 +'
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��!��

�; '�" ), )"0+*")"1 -)+" �' -�+,*# x′5 x′′ +, D *!� +,*"+,#+ %+#*), � δD(x′, x′′) < ∞5
),%

�; )0�B� -"�-�"*1 �; !��%# '�" ),1 #$0%�()+, D′ ⊂ D5

�+(-��#* �7)(-��# �' %�()+,# 3+*!�$* *!� -"�-�"*1 �; )"� �-�, )" # �1+,2 +, R2

),% ,�* !)B+,2 "� *+>)0�� #$0)" #�
�7)(-��# �' %�()+,# 3+*! *!� -"�-�"*1 �; !�3�B�" 3+*!�$* *!� -"�-�"*1 �;5 3�

 ), �)#+�)1  �,#*"$ * +' 3� *)C� )# X #�(� ,�,+,*�"#� *+�, %+# #  �,,� *�% 3+*!
�,�
%+(�,#+�,)� "� *+>)0�� )" #�

����� ���� �� � ������ D ⊂ X �
 ����

���� ���� ��� ��� ����
 �� �����
 a′, a′′ ∈
D ����� �!�
�
 �� ���� ������� �����"���� ��� γ ⊂ D� ������� ���� a′ �� a′′�

	����� @1 B+"*$� �' *!� )##$(-*+�, �; '�" *!� %�()+, D5 +* +# �,�$2! *�  �,#+%�" *!�
 )#�5 +, 3!+ ! a′ ∈ D ),% a′′ 0���,2# *� *!� 0�%1 |ξ| �' #�(� �,% ξ �' D�

�,�*� 01 ΔD(t, a′′) )  �,,� *�%  �(-�,�,* �' *!� #�* B−
D(a′′, t)� �* +#  ��)" *!)*

ΔD(t, a′′) )%F�+,# )* *!� �,% ξ�
<+7 ) -�+,* x1 ∈ ΔD(1, a′′)5 %+G�"�,* '"�( a′� @1 *!� )##$(-*+�, �;5 *!�"� �7+#*#

), D�"%), "� *+>)0�� )" γ1 ⊂ D5 ��)%+,2 '"�( a′ *� x1�
<+7 x2 ∈ ΔD(1

2 , a′′)� @1 B+"*$� �' *!� )##$(-*+�, �; '�" ΔD(1, a′′)5 *!�"� �7+#*#
), D�"%), "� *+>)0�� )" γ′

25 ��)%+,2 '"�( x1 *� x2� �!� )" γ2 = γ1∪γ′
2 +# "� *+>)0��

),% ��)%# '"�( a′ *� x2�
<+7 x3 ∈ ΔD(1

3 , a′′)5 %+G�"�,* '"�( a′5 x1 ),% x2� H#+,2 �; '�" *!� %�()+,
ΔD(1

2 , a′′)5 3� >,% ), D�"%), "� *+>)0�� )" γ′
35 ��)%+,2 '"�( x2 *� x3� �!� )" 

γ3 = γ1 ∪ γ′
2 ∪ γ′

3 +# "� *+>)0�� ),% ��)%# '"�( a′ *� x3�
�' 3�  �,*+,$� *!+# -"� �## +,%�>,+*��15 *!�, 3� �0*)+, *!� )" 

γ = γ1 ∪ γ′
2 ∪ . . . ∪ γ′

n ∪ . . . ,

3!�"� *!� )" # γ′
n )"� "� *+>)0��5  �,,� * -�+,*# xn−15 xn ),% )"� #+*$)*�% +,

ΔD( 1
n−1 , a′′)� �!� )" γ +# %�#+"�%� �

#����� $�%� <"�( *!� -"��' �' *!� ��(()5 +* '����3# *!)* +' a′, a′′ ∈ D ),%
δD(a′, a′′) < ∞5 *!�, *!� )" γ ⊂ D  ), 0�  !�#�, #$ ! *!)* +*# ��,2*! +# ),1
)(�$,*  ��#� *� δD(a′, a′′)�

�� ������ �� �� 
	����

��* D 0� ) %�()+, +, ), ),+#�*"�-+ #-) � X 3+*! ) (�*"+ r� ��* a ∈ D 0� ) >7�%
-�+,* #$ ! *!)*

δ±a,D(x) < ∞ ∀x ∈ D,6�;

3!�"�

δ±a,D(x) =

{
δ−a,D(x) = δD(a, x),
δ+
a,D(x) = δD(x, a).



�� ����� �����	
���
�� � ����
��� 
� ��
������
� ������ .�

I�"��B�" +' a ∈ ∂D5 3� )##$(� *!)* #�(� �,% ξ �' D +# 2+B�, ),% a ∈ |ξ|� J�"� ),%
0���3 *!� ,�*)*+�, δ±a,D(x) < ∞ (�),# �,� �' *3�  �,%+*+�,#4 �+*!�" δ+

a,D(x) < ∞
�" δ−a,D(x) < ∞� �!$# 01 6�; 3� %�,�*� *3� %+G�"�,* "��)*+�,#�

��,#+%�" *3�  �)##�# ς±(D, a) �' '$, *+�,# ς : D → R1 3+*!  �""�#-�,%+,2 -"�-

�"*+�#4

lim±
a′→aς(a′) = 0 .

?�  )�� #$ ! '$, *+�,# 01 
�����
��
��* f : D\{a} → R1 0� ) '$, *+�,� �$" 2�)� +# *� �7-�)+,  �,%+*+�,# $,%�" 3!+ !

*!�"� �7+#* '$, *+�,# ς ∈ ς±(D, a) ),%

ε : D \ {a} → R
1, lim±

a′→aε(a′) = 0,6�;

#$ ! *!)*5 "�#-� *+B��15

f(a′) − f(a) = ς(a′) + ε(a′) δ±a,D(a′) , a′ ∈ D.6=;

�� ����������� �� � �	�
�

��* X 0� ), ),+#�*"�-+ #-) � X 3+*! ) (�*"+ r� ��* D 0� ) %�()+, +, X 5 ),%
f : D → R1 0� ) '$, *+�,� <�" ), )"0+*")"1 -�+,* x ∈ D 3� -$*

λ+(x, f) = sup
γ�x

lim y→x
y∈γ

|f(y) − f(x)|
r(y, x)

,

3!�"� *!� #$-"�($( +# *)C�, �B�" )�� �� )��1 "� *+>)0�� )" # γ ⊂ D5 γ � x�
�!� A$),*+*1 λ+(x, f)  !)") *�"+E�# ), ����������� �' *!� 2")-! f )* x ∈ X *� X �

�, *!�  )#�5 D +# ) #$0%�()+, �' Rn ),% f : D → R1 +# ) C1
'$, *+�,5 3� !)B�

λ+(x, f) = |∇f(x)| .
@���3 3� 3+�� ,��%

����� ���� �� � �������� f : D ⊂ X → R1 �
 ��
������� ���������
 ����� ��

�������� ������� �����"���� ��� γ ⊂ D� ������� ���� � ����� a �� � ����� b� ����

|f(b) − f(a)| ≤
∣∣∣∣∣∣
∫
γ

λ+(x, f) dsγ

∣∣∣∣∣∣ .6�;

�!� ����� +# �7) *�1 )# +, 8�5 9�5 �!� �: '�" D ⊂ Rn�

�� ���� ���	�

�!� '����3+,2 #*)*�(�,* +# *"$�4

������� ���� &�� D ⊂ X �� �� ����

���� ������� a ∈ D �� � "!�� ����� 
���
�����

�� 6�;� ��� g : D → R1 �� � �������� ���� ��� ���������
'



.� ��  �  �!
��!��

λ+(x, g) < ∞ ∀x ∈ D ��� lim
δ±

a,D(x)→0
λ+(x, g) = 0.6�;

���� ����� �!�
�
 g(a) = lim
δ±

a,D(x)→0
g(x) 
��� ����

g(a′) = g(a) + δ±a,D(a′) εa(a′), ����� lim
δ±

a,D(a′)→0
εa(a′) = 0.6�;

�������� �� ��� ���

εa(a′) = sup
x∈B±

D(a,t)

λ+(x, g) , t = δ±a,D(a′).6.;

	����� �* >"#*5 3� ,�*� *!)* *!� >,+*,�## +, D �' *!� A$),*+*1 λ+(x, g) +(-�+�#
 �,*+,$+*1 �' g� ��* R > 0 ),% s > 0 0� #$ ! *!)*

λ+(x, g) < s ∀x ∈ B±
D(a, R) .

�!� #�* B±
D(a, R) +# �-�, ),% )%F�+,# *� *!� 0�$,%)"1 -�+,* a� �)C� ), )"0+*")"+�1

) -�+,* b ∈ B±
D(a, R)� �+, � D +# )%(+##+0�� *!�, 01 ��(() ��� *!�"� �7+#*# ) �� )��1

"� *+>)0�� )" γ ⊂ B±
D(a, R) ��)%+,2 '"�( b *� a�

�B�"13!�"� )��,2 γ5 *!� -"�-�"*1 λ+(x, g) < s !��%#� �!$#5 *!� '$, *+�, g +#
)0#��$*��1  �,*+,$�$# )��,2 γ5 ),% 01 ��(() ��� '�" ), )"0+*")"1 -)+" �' -�+,*#
x′, x′′ ∈ γ5 3� !)B�

|g(x′′) − g(x′)| ≤
∫

γ(x′,x′′)

λ+(x, g) dsγ .6�;

<"�( !�"�5 +, -)"*+ $�)"5 +* '����3# *!� �7+#*�, � �' lim g(x) )# x → a )��,2 γ�
I�"��B�"5 +* +#  ��)" *!)* *!+# �+(+* %��# ,�* %�-�,% �, γ ⊂ B±

D(a, R) ),% *!�"�
�7+#*#

g(aξ) ≡ lim
x→a

x∈B
±
D

(a,s)

g(x) .

@1 6�; 3�  �, �$%� *!)* '�" �B�"1 -�+,* a′ ∈ γ *!� '����3+,2 -"�-�"*1 !��%#

|g(a′) − g(aξ)| ≤
∫

γ(a,a′)

λ+(x, g) dsγ ≤

≤ length γ(a, a′) sup
x∈B±

D(a,R)

λ+(x, g).

H#+,2 *!� ��()"C � 3� #�� *!)* *!� )" γ(a, a′)  ), 0�  !��#�, #$ ! *!)*
length γ(a, a′) 3+�� 0� ),1 )(�$,*  ��#� *� δ±a,D(a′)� @� )$#� *!� A$),*+*1

sup
x∈B±

D(a,R)

λ+(x, g) → 0, (R → 0),

*!� "��)*+�,# 6�; ),% 6.; !��%� �
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�� � ����
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� ��
������
� ������ .=

�$**+,2
g(x) = f(x) − f(a) − ς(x), ς(x) ∈ ς±(D, a),

3� �0*)+,

��������� ���� �� � ������ D �
 ����

���� ��� 
���
"�
 �� 6�;� ��� � �������� f

�
 
��� ���� ��� g ��� �

�������
 6�; ����� ���� f 
���
"�
 �� 6=;�

�� �

��������� ��	 � ������� �� � �������� �� Rn

���� ����� �� ��� ! " !  �� #�! $�

�* >"#* 3� %�,�*� *!� '����3+,2 3���
C,�3, #*)*�(�,*�

������� ���� &�� D �� � ������ �� ��� (�������� 
���� Rn ��� a ∈ D� �� f : D →
R1 �
 � �������� ������ ��� ������� ����������
 ∂f/∂xi (i = 1, 2, . . . , n) �� ����� �����

y ∈ D ��� ���
� ����������
 ��� ���������
 �� a� ���� f ��
 � ����� ��)�������� ��

��� ����� a�

	����� �$* +, �!��"�( .��

g(x) = f(x) − f(a) −
n∑

i=1

∂f

∂xi
(a) (xi − ai), a = (a1, . . . , ai, . . . , an).

?� !)B�
∂g

∂xi
(x) =

∂f

∂xi
(x) − ∂f

∂xi
(a).

@� )$#�

g(a + Δx) − g(a) = f(a + Δx) − f(a) −
n∑

i=1

∂f

∂xi
(a) Δxi,

3!�"�
Δx = (Δx1, . . . , Δxi, . . . , Δxn),

+* *!�, '����3# 01 *!� (�), B)�$� *!��"�(5

g(a + Δx) − g(a) =
n∑

i=1

(
∂f

∂xi
(ξi) − ∂f

∂xi
(a)
)

Δxi .

J�"� ξi )"� #�(� -�+,*# #$ ! *!)* |ξi−a| ≤ |Δx|� �!$#5 '�" #$K +�,*�1 #()�� Δx5 *!�
A$),*+*1 λ+(x, g) #)*+#>�# *� 6�;� �!� ,� �##)"1 #*)*�(�,* '����3# '"�( �!��"�(.���

�

��3 3�  �,#+%�" �*!�" C,�3, #*)*�(�,* �, �7+#*�, � �' *!� *�*)� %+G�"�,*+)� �'
�"%�" m )* ) -�+,*�

������� ��%� &�� m, n ≥ 1 �� �������
� ��� D �� � 
�������� �� ��� (��������


���� Rn ��� a = (a1, . . . , an) ∈ D� �� f : D → R1 �
 � �������� ������ �� D ���

���������
 ������� ����������
 �� ��� �����
 k� 1 ≤ k ≤ m�



.� ��  �  �!
��!��

∂kf

∂xi1 ...∂xik

(x), 1 ≤ i1, . . . , ik ≤ n,

��� ��� ���������
 �� ��� ����� a ������� ����������
 �� ��� ����� m + 1'

∂m+1f

∂xi1 ...∂xim+1

(y), 1 ≤ i1, . . . , im+1 ≤ n,

����

f(x) = f(a) +
n∑

i1=1

∂f

∂xi1

(a)(xi1 − ai1)+

+
1
2!

∑
1≤i1,i2≤n

∂2f

∂xi1∂xi2

(a)(xi1 − ai1)(xi2 − ai2) + . . .

+
1

(m + 1)!

∑
1≤i1,... ,im+1≤n

∂m+1f

∂xi1 ...∂xim+1

(a)(xi1 − ai1) · · · (xim+1 − aim+1)+

+o(|x − a|m+1), x → a.

	����� ?� $#� �!��"�( .��� ?� -$*

g(x) = f(x) − f(a) −
n∑

i1=1

∂f

∂xi1

(a) (xi1 − ai1)

− 1
2!

∑
1≤i1,i2≤n

∂2f

∂xi1∂xi2

(a)(xi1 − ai1)(xi2 − ai2)−

− 1
(m + 1)!

∑
1≤i1,... ,im+1≤n

∂m+1f

∂xi1 ...∂xim+1

(a)(xi1 − ai1) · · · (xim+1 − aim+1).

J�"�
λ+(x, g) = |∇g(x)| .

��* m = 1� ?� !)B�

∂g

∂xi
(x) =

∂f

∂xi
(x) − ∂f

∂xi
(a) − 1

2
∂

∂xi

[
n∑

p=1

(xp − ap)
n∑

q=1

∂2f

∂xp∂xq
(a)(xq − aq)

]
.

?� >,% [
n∑

p=1

(xp − ap)
n∑

q=1

∂2f

∂xp∂xq
(a)(xq − aq)

]′
xi

=

=
n∑

p=1

(xp − ap)′xi

n∑
q=1

∂2f

∂xp∂xq
(a)(xq − aq)+

+
n∑

p=1

n∑
q=1

∂2f

∂xp∂xq
(a)(xp − ap)(xq − aq)′xi

=



�� ����� �����	
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��� 
� ��
������
� ������ .�

=
n∑

q=1

∂2f

∂xi∂xq
(a)(xq − aq) +

n∑
p=1

(xp − ap)
∂2f

∂xp∂xi
(a) =

= 2
n∑

j=1

∂2f

∂xi∂xj
(a)(xj − aj).

�!$#5 $#+,2 *!� (�), B)�$� *!��"�(5 '�" ), )"0+*")"1 i = 1, 2, . . . , n 3� !)B�

∂g

∂xi
(x) =

∂f

∂xi
(x) − ∂f

∂xi
(a) −

n∑
j=1

∂2f

∂xi∂xj
(a)(xj − aj) =

=
n∑

j=1

∂2f

∂xi∂xj
(ξj)(xj − aj) −

n∑
j=1

∂2f

∂xi∂xj
(a)(xj − aj) =

=
n∑

j=1

(
∂2f

∂xi∂xj
(ξji) − ∂2f

∂xi∂xj
(a)
)

(xj − aj),

3!�"� ξji )"� #�(� -�+,*# �' *!� #�* B(a, |x − a|)�
J�, � +* +#  ��)" *!)* A$),*+*+�# λ+(x, g) #)*+#'1 6�;�
�!� ,� �##)"1 #*)*�(�,* '����3# '"�( �!��"�( .��5 0� )$#� *!� A$),*+*1

εa(x) = o(|x − a|2) )# x → a.

�, *!�  )#� m = 2 +* +# �,�$2! *� "�()"C +, )%%+*+�, �,�15 *!)*

∂f

∂xi
(x) − ∂f

∂xi
(a) −

n∑
j=1

∂2f

∂xi∂xj
(a)(xj − aj) =

=
n∑

j=1

(
∂2f

∂xi∂xj
(ξij) − ∂2f

∂xi∂xj
(a)
)

(xj − aj) =

=
n∑

j,k=1

∂3f

∂xi∂xj∂xk
(ξij k)(xj − aj)(xk − ak), ξij k ∈ B(a, |x − a|).

�, *!�  )#� m > 2 *!� )"2$(�,*# )"� ),)��2�$#� �

��%� ����� �� ��� ! " &�' (��� #�! $�

@���3 3� 0"+,2 0�$,%)"1 B�"#+�,# �' �!��"�( ���� ��� )�#� #�(� 0�$,%)"1 B�"#+�,#
�' �!��"�( ��� '�" 3�+2!* ��0���B  �)##�# +, 8�5 �� *� ���
���:�

������� ��)� &�� D �� � ������ �� Rn� n ≥ 1� ��� ξ �� �� ��� �� D ��� a =
(a1, . . . , an) ∈ |ξ| �� � �������� ����� 
���
����� 6�; ���� ��
���� �� ��� ������
��

��
����� δD(x, y) �� D�

&�� f : D → R1 �� � �������� ������ �� D ��� ���������
 ������� ����������
'

∂f

∂xi1

(x),
∂2f

∂xi1∂xi2

(x), 1 ≤ i1, i2 ≤ n.
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*����
� ���� ��� ��������� "���� �����
 �!�
�

A = A(a) = lim f(x), Ak = Ak(a) = lim
∂f

∂xk
(x), k = 1, . . . , n,

Ai1 i2 = Ai1 i2(a) = lim
∂2f

∂xi1∂xi2

(x), 1 ≤ i1, i2 ≤ n,

�
 δD(x, a) → 0�

����

f(x) = A +
n∑

i1=1

Ai1 (xi1 − ai1) + O(δ2
D(x, a)) (δD(x, a) → 0).

	����� ?� $#� �!��"�( .��� ?� -$*

g(x) = f(x) − A −
n∑

i1=1

Ai1 (xi1 − ai1) − 1
2

∑
1≤i1,i2≤n

Ai1i2(xi1 − ai1)(xi2 − ai2).

�# )0�B�5 3� "�()"C *!)*
λ+(x, g) = |∇g(x)| .

?� !)B�

∂g

∂xi
(x) =

∂f

∂xi
(x) − Ai −

[
n∑

p=1

(xp − ap)
n∑

q=1

Ap q(xq − aq)

]′
xi

(1 ≤ i ≤ n).6	;

��7* 3� >,% [
n∑

p=1

(xp − ap)
n∑

q=1

Ap q(xq − aq)

]′
xi

=6��;

=
n∑

p=1

(xp − ap)′xi

n∑
q=1

Ap q (xq − aq) +
n∑

p=1

n∑
q=1

Ap q (xp − ap)(xq − aq)′xi

= 2
n∑

q=1

Ai q(xq − aq).

�!$#5 '�" )"0+*")"1 i = 1, 2, . . . , n *!� '����3+,2 -"�-�"*1 !��%#

∂g

∂xi
(x) =

∂f

∂xi
(x) − Ai −

n∑
j=1

Ai j(a)(xj − aj).

�!� %�()+, D +# )%(+##+0�� ),% *!� 0�$,%)"1 -�+,* a ∈ |ξ| +# )  �##+0�� �$*3)"%#
D 01 ), )" �' >,+*� ��,2*!� <+7 x ∈ D ),% ) -)*! γ ⊂ D5 ��)%+,2 '"�( a *� x5
+,>,+*� #(��*! ),% #$ ! *!)*

l(γ) ≤ 2δD(a, x), l(γ) = length γ.6��;

��*

x(s) : (0, l(γ)) → D, x(s) ∈ C∞, lim
s→0

x(s) = a, lim
s→l(γ)

x(s) = x,
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0� ) ,)*$")� -)")(�*"+E)*+�, �' γ�
H#+,2 *!� (�), B)�$� *!��"�(5 3� !)B�

∂f

∂xi
(x) − Ai =

(
∂f

∂xi
(x(s))

)′

s=η

l(γ), η ∈ [0, l(γ)),

),%
∂f

∂xi
(x) − Ai =

n∑
j=1

∂2f

∂xi∂xj
(x(si))x′

j(si) l(γ), |x′(si)| = 1,

3!�"� si ∈ (0, l(γ)) )"� #�(� -�+,*#�
�!� -�+,*# ξi = x(si) ∈ γ ⊂ BD(a, |x − a|)� �!$#5

∂f

∂xi
(x) − Ai =

n∑
j=1

∂2f

∂xi∂xj
(ξi) x′

j(si) l(γ)

),% 01 B+"*$� �' 6��;5∣∣∣∣ ∂f

∂xi
(x) − Ai

∣∣∣∣ ≤ 2
n∑

j=1

∣∣∣∣ ∂2f

∂xi∂xj
(ξi)
∣∣∣∣ δD(a, x).

��()"C *!)*∣∣∣∣∣∣
n∑

j=1

Ai j(xj − aj)

∣∣∣∣∣∣ ≤
⎛
⎝ n∑

j=1

A2
i j

⎞
⎠

1
2

|x − a| ≤
⎛
⎝ n∑

j=1

A2
i j

⎞
⎠

1
2

δD(a, x).

I�"��B�"5 $#+,2 6	;5 3� >,%

λ2
+(x, g) = |∇g(x)|2 ≤ 2

n∑
i=1

(
∂f

∂xi
(x) − Ai

)2

+ 2
n∑

i=1

⎛
⎝ n∑

j=1

Aij(a)(xj − aj)

⎞
⎠

2

≤

≤ 8δ2
D(a, x)

n∑
i=1

⎛
⎝ n∑

j=1

∣∣∣∣ ∂2f

∂xi∂xj
(ξi)
∣∣∣∣
⎞
⎠

2

+ 2|x − a|2
n∑

i=1

n∑
j=1

A2
ij(a)

),% *!� A$),*+*1 λ+(x, g) #)*+#>�# 6�;�
H#+,2 �!��"�( .�� 3� !)B�

f(x) = A+
n∑

i1=1

Ai1 (xi1 −ai1)+
1
2

∑
1≤i1,i2≤n

Ai1i2 (xi1 −ai1)(xi2 −ai2)+δD(a, x)εa(x),

3!�"�
εa(x) = O(δD(a, x)) )# δD(a, x) → 0.

�!�,∣∣∣∣∣f(x) − A −
n∑

i1=1

Ai1 (xi1 − ai1)

∣∣∣∣∣ ≤
1
2
|x − a|2

∑
1≤i1,i2≤n

|Ai1i2 | + δD(a, x)εa(x) =

= O(δ2
D(a, x)) (δD(a, x) → 0)

),% *!� ,� �##)"1 #*)*�(�,* +# *"$�� �



.� ��  �  �!
��!��

��* D 0� ) #$0%�()+, �' Rn5 n ≥ 15 ��* ξ 0� ), �,% �' D ),% ��* a =
(a1, . . . , an) ∈ |ξ| 0� ) 0�$,%)"1 -�+,*5 #)*+#'1+,2 6�; 3+*! "�#-� * *� *!� +,*"+,

#+ %+#*), � δD(x, y) �, D� ?� 3+�� #)1 *!)* *!� -�+,* a #)*+#>�# *!� α
���������5
0 < α ≤ 15 +' *!�"� �7+#*  �,#*),*# R > 0 ),% 0 < A < ∞ #$ ! *!)* '�" ), )"0+*")"1
-�+,* x ∈ BD(a, R) *!�"� �7+#*# ) C1
-)*! γ ⊂ BD(a, R)5 ��)%+,2 '"�( a *� x ),%
!)B+,2 *!� *),2�,* B� *�"#

e(y), |e(y)| = 1, ∀ y ∈ γ,

3+*!

sup
y∈γ

|e(y) l(γ) − (y − a)| ≤ A δ1+α
D (x, a).6��;

�* +#  ��)" *!)* *!�  �,%+*+�, 6��; +# +,B)"+),* 3+*! "�#-� * *� *!� 0+
�+-# !+*E
!�(��(�"-!+#(# f : D → Rn�

������� ���� &�� D �� � 
�������� �� R
n� n ≥ 1� ��� ξ �� �� ��� �� D ��� ���

a = (a1, . . . , an) ∈ |ξ| �� � ����� 
���
����� 6��;�
&�� f : D → R1 �� � �������� ������ �� D ���������
 ������� ����������
 �� ���

�����
 k� 0 ≤ k ≤ m+ 1� �������� ����� �!�
� ��� �����
 (���� ��
���� �� ��� ��������

�� ��� ��� ξ)

lim
x→a

∂kf

∂xi1 . . . ∂xik

(x) = 0, 1 ≤ i1, . . . , ik ≤ n, 2 ≤ k ≤ m,6�=;

��� ��� "���� �����


Ai1...im+1 = lim
x→a

∂m+1f

∂xi1 . . . ∂xim+1

(x), 1 ≤ i1, . . . , im+1 ≤ n.6��;

����

f(x) = f(a) +
n∑

i=1

∂f

∂xi
(a)(xi − ai)+

+
1

(m + 1)!

∑
1≤i1,... ,im+1≤n

Ai1...im+1(xi1 − ai1) . . . (xim+1 − aim+1)+

+O(δ(m+1)(1+α)
D (x, a)) χa(x) (δD(x, a) → 0),

�����

χa(x) → 0 �
 δD(x, a) → 0.

�� �!���� 6��; ��� �

�������
 ��� ����� ��� ����������


∂m+1f

∂xi1 . . . ∂xim+1

(x), 1 ≤ i1, . . . , im+1 ≤ n,

��� ������� ���� ξ� ����

f(x) = f(a) +
n∑

i=1

∂f

∂xi
(a)(xi − ai)+



�� ����� �����	
���
�� � ����
��� 
� ��
������
� ������ .	

+
1

(m + 1)!

∑
1≤i1,... ,im+1≤n

Ai1...im+1(xi1 − ai1) . . . (xim+1 − aim+1)+

+O(δ(m+1)(1+α)
D (x, a)) χa(x) (δD(x, a) → 0),

�����

χa(x) = O(1) �
 δD(x, a) → 0.

	����� ��*

g(x) = f(x) − f(a) −
n∑

i=1

∂f

∂xi
(a)(xi − ai)−

− 1
(m + 1)!

∑
1≤i1,... ,im+1≤n

Ai1...im+1(xi1 − ai1) . . . (xim+1 − aim+1).

?� !)B�
∂g

∂xi
(x) =

∂f

∂xi
(x) − ∂f

∂xi
(a)

− 1
(m + 1)!

⎡
⎣ ∑

1≤i1,... ,im+1≤n

Ai1...im+1(xi1 − ai1) . . . (xim+1 − aim+1)

⎤
⎦
′

xi

),% ⎡
⎣ ∑

1≤i1,... ,im+1≤n

Ai1...im+1(xi1 − ai1) . . . (xim+1 − aim+1)

⎤
⎦
′

xi

=

=
∑

1≤j1,... ,jm≤n

Aij1...jm(xj1 − aj1) . . . (xjm − ajm)+

+(xi − ai)

⎡
⎣ ∑

1≤j1,... ,jm≤n

Aij1...jm(xj1 − aj1) . . . (xjm − ajm)

⎤
⎦
′

xi

=

=
∑

1≤j1,... ,jm≤n

Aij1...jm(xj1 − aj1) . . . (xjm − ajm)+

+(xi − ai)
∑

1≤k1,... ,km−1≤n

Aiik1...km−1(xk1 − ak1) . . . (xkm−1 − akm−1) + ...

�!$#5
∂g

∂xi
(x) =

∂f

∂xi
(x) − ∂f

∂xi
(a)

− 1
(m + 1)!

∑
1≤j1≤...≤jm≤n

Aij1...jm(xj1 − aj1) . . . (xjm − ajm)−

− xi − ai

(m + 1)!

∑
1≤k1,... ,km−1≤n

Aiik1...km−1(xk1 − ak1) . . . (xkm−1 − akm−1) − ...
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<"�( !�"�5 λ+(x, g) = |∇g(x)| ),% 6�;5 6�; )"� *"$��
<+7 ), C1
)" γ 3+*! %�# "+0�% -"�-�"*+�#� �,*"�%$ � +*# ,)*$")� -)")(�*"+E)*+�,

x(s) : (0, l(γ)) → γ, x(0) = a, x(l(γ)) = x.

@1 *!� (�), B)�$� *!��"�( 3� >,% s1 ∈ (0, l(γ)) #$ ! *!)*

f(x) − f(a) = f(x(l(γ))) − f(x(0)) =
df

ds
(x(s1))l(γ) =

=
n∑

i1=1

∂f

∂xi1

(x(s1))x′
i1 (s1)l(γ) =

=
n∑

i1=1

∂f

∂xi1

(a)x′
i1 l(γ) +

n∑
i1=1

(
∂f

∂xi1

(x(s1)) − ∂f

∂xi1

(a)
)

x′
i1(s1)l(γ).

��35 $#+,2 6�=; ),% *!� (�), B)�$� *!��"�( 3� !)B�

∂f

∂xi1

(ξ1) − ∂f

∂xi1

(a) =
n∑

i2=1

∂2f

∂xi1∂xi2

(x(s2))x′
i2 (s2)l(γ), ξ1 = x(s1), s2 ∈ (0, s1),

),%

f(x) = f(a) +
n∑

i1=1

∂f

∂xi1

(a)x′
i1 (s1)l(γ)+

+
n∑

i2=1

n∑
i1=1

∂2f

∂xi1∂xi2

(ξ2)x′
i1(s1)x′

i2 (s2)l2(γ), ξ2 = x(s2), 0 < s2 < s1 < l(γ).

�!�"�'�"�5 )'*�" m #*�-# 3� �0*)+,

f(x) = f(a) +
n∑

i1=1

∂f

∂xi
(a)x′

i1 (s1)l(γ)+

+
n∑

im+1=1

. . .

n∑
i1=1

∂m+1f

∂xi1 . . . ∂xim+1

(ξm+1)x′
i1 (s1) . . . x′

im+1
(sm+1)lm+1(γ),

3!�"�

ξm+1 = x(sm+1), 0 < sm+1 < . . . < s1 < l(γ).

<"�( !�"�

f(x) = f(a) +
n∑

i1=1

∂f

∂xi
(a)x′

i1 (s1)l(γ)+

+
n∑

im+1=1

. . .

n∑
i1=1

Ai1,... ,im+1x
′
i1 (s1) . . . x′

im+1
(sm+1)lm+1(γ)+

+
∑

i1,...im+1

(
∂m+1f

∂xi1 . . . ∂xim+1

(ξm+1) − Ai1,... ,im+1

)
x′

i1 (s1) . . . x′
im+1

(sm+1)lm+1(γ) =

=
∑

i1,...im+1

Ai1,... ,im+1x
′
i1 (s1) . . . x′

im+1
(sm+1)lm+1(γ) + lm+1(γ) o(l(γ)), l(γ) → 0.
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��3 3� $#� α
 �,%+*+�,� ?� ,�*� *!)* '"�( 6��; '�" )�� i = 1, . . . , n +* '����3#

|x′
i l(γ) − (xi − ai)| ≤ A δ1+α

D (x, a), x = (x1, . . . , xn), a = (a1, . . . , an).

�!$#5 ∑
1≤i1,...im+1≤n

Ai1,... ,im+1x
′
i1(s1) . . . x′

im+1
(sm+1)lm+1(γ) =

=
∑

1≤i1,...im+1≤n

Ai1,... ,im+1(xi1 − ai1) . . . (xim+1 − aim+1)+

+o(δ(m+1)(1+α)
D ) (δD(x, a) → 0)

),% +, *!�  )#� 6��; *!� *!��"�( +# -"�B�%�
�!�  )#� �' 0�$,%�%,�## �' (m + 1)
%�"+B)*+B�# ,�)" ξ +# ),)��2�$#� �

#������ �"�0��(#  �,,� *+,2 3+*! A$�#*+�,# �' *!� #(��*! )--"�7+()*+�, �' '$, 

*+�,# ,�)" 0�$,%)"1 -�+,*# +* +# !)B� (),1 �7+*# *� *)#C# �' *!�  �)##+ ),)�1#+#�
<�" �7)(-��5 +' *!� 0�$,%)"1 �' *!� %�()+, D +# A$)#+ �,'�"()� 6#�� 8�:;5 +��� *!�"�
�7+#*# ) A$)#+ �,'�"()� !�(��(�"-!+#(

T : R
n → R

n, T (B) = D, B = {x ∈ R
n : |x| < 1},

*!�, #(��*!,�## �' T ,�)" ) 0�$,%)"1 -�+,* +(-�+�# ) -�##+0+�+*1 �' "�%$ *+�, �' *!�
+,+*+)� -"�0��( �' )--"�7+()*+�, ,�)" *!� -�+,* a ∈ ∂D *� ) -"�0��( �' )--"�7+()

*+�, ,�)" +,,�" -�+,* a ∈ Rn� �0#�"B�5 !�3�B�"5 *!)* *!� #*"$ *$"� �' D5 )%(+**+,2
�7+#*�, � �' m
#(��*! ()--+,2 T �' *!� #!�3�% '�"(5 !)# ,�* 0��, +,B�#*+2)*�% $-
*� ,�3�

��* �+��("��� $�

�!� )$*!�" 3+#!�# *� *!),C ���,) L"+2�"M�B)5 ���7�1 N�1) !+,5 ��)%+(+" N�1) !+,
),% �!�()# OP" !�"5 3!� "�)% �)"�1 (),$# "+-*# ),% 3!�#� #$22�#*+�,# ��% *�
#$0#*),*+)� +(-"�B�(�,*# +, *!� *�7*�

��,��� ���

"#$ %�%������!�� ��������� � ��  �	����  ���� ������� ��
� &'� (� )��� *�
���  ����
�����
 +������ �������� #,-.�

"&$ ��/� 0��	��� ����1���
�	� ��2��3�)��	� 3� +� 3��������� 4�5�/����		�!���
�� +� *��������� /���6��
)��� 5� *� +��
!���� �	� 3� 0� 7�
�	�	!�� ��
��	� ����

�����
�� �� ������������ ��	���� 1�� ����	��� �� �����	� �	� �	���	� �	�
���� ���
���� ���
���� �	 ������ ����� �	� ������ ���� 88�00�  ������  9:� ����������
��� !��� ���� ������ �	� ���
���� &'##� .#;#'<�

"<$ �� � �!
��!��� ��
���	� �	�� �� ��
������ ����	��� 	
� ����� ������	���
��
3�
����� ������ *��
���
���� &''.�

"($ 9�=� +������� �	������ �� ��	
� ���������	� �	��� 5���������! #,>- ?�	 6�����	@�

"-$ �� � �!
��!��� ��
����
� �� ������ �� ���� ��	����� 	
�!������� ������� 	
� ����
�

��	�� "�	����
����	� �	��� ��
9:� ��
������ &'#' ?�	 6�����	@A �� ����	� �����	
��� ��������������	���
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����

�"�#�,*�% 01 ?Q)%1#Q)3 ?+� E1R#C+ )* *!� ��##+�, �' *!� I)*!�()*+ )�
�!1#+ )�
��((+##+�, �' *!� �S%T �� +�*1 �' � +�, �# ),% �"*# �, � �(0�" �=5 ����
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������� ������	 ���� ��������� �� ����������� 	����	 �� ������� �� �����
���������
	������� �� ����������� ��� ��
���������� �� ������	 �� ��� ������������� ��	 ��������������
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�, 0��(�*"+ '$, *+�, *!��"1 �'  �(-��2 3)"+)4�� �2*"�()� -"�4��(# �, ,�,
�3�"

�)--+,0 %�()+,# )"� 5���
6,�5,  �)##+ %+"� *+�, ),% !)3� ) "+ ! !+#*�"1 7#�� 8�/��9:�
�)-�" 8�9 5)# #*)"* -�+,* '�" *!+# %+"� *+�,; +, 5!+ !; 5)# <"#* -"�-�#�% ),% #��3�%
*!� -"�4��( �' ()2+(+=+,0 *!� -"�%$ * �'  �,'�"()� ")%++ �' *5� ,�,
�3�"�)--+,0
#+(-�1  �,,� *�% %�()+,#� �* 5)# *!� <"#* "�#$�* �' *!+# %+"� *+�,� >$"*!�"; *!+#
-"�4��( 5)# 0�,�")�+=�% +, *!� (),1 5�"6# �' �*!�" )$*!�"#� �!+# )"*+ ��  �, �",#
�,� �' *!� 5���
6,�5, -"�4��( �' *!� %+"� *+�,�

��* N; R 4� ) #�* �' -�#+*+3� +,*�0�"# ),% "�)� ,$(4�"#; "�#-� *+3��1; C 4� )
 �(-��2 -�),�; C = C

⋃{∞} 4� ) �+�(),, #-!�"� ),% R+ = (0,∞)�
��* r(B, a) 4� ) +,,�" ")%+$# �' %�()+, B ⊂ C; 5+*! "�#-� * *� ) -�+,* a ∈ B

7#�� 8.9; 8�.9; 8�?9:�
��* n ∈ N� � #�* �' -�+,*# An :=

{
ak ∈ C : k = 1, n

}
, +#  )���% n������� #1#*�(;

+' |ak| ∈ R+; k = 1, n; ),% 0 = arg a1 < arg a2 < . . . < arg an < 2π�



��  � !������ ��	 �� "�����

�,�*�

αk :=
1
π

arg
ak+1

ak
, αn+1 := α1, k = 1, n.

��,#+%�" ,�2* '$, *+�,)�

Jn(γ) = rγ (B0, 0)
n∏

k=1

r (Bk, ak) ,7�:

5!�"� γ ∈ R+; B0; B1; B2;���; Bn; n ≥ 2 +# ,�,
�3�"�)--+,0 %�()+,# 7��+� Bp ∩Bj =
+' p �= j: +, C; a0 = 0; |ak| = 1; k = 1, n; ak ∈ Bk; k = 0, n ),% γ ≤ n�

�, *!+# -)-�" 5�  �,#+%�" �,� �-�, -"�4��( �' ���� $4+,+,; 5!+ ! 5)# '�"($

�)*�% +, *!� 5�"6# 8�.; -� ��; ,��	��9 8��; -� .��;,����9@

	������� 7����$4+,+,: �"�3� *!)* *!� ()2+($( �' '$, *+�,)� 7�: +# )**�,%�% '�"
#�(�  �,<0$")*+�, �' %�()+,# 5!+ ! !)3� n
*$-�� #1((�*"1�

�!+# -"�4��( !)# 4��, #*$%+�% +, (),1 -)-�"# 7#��; '�" �2)(-��; 8��; ��; �?; ��;
��9:� �$""�,*�1 '�" *!+# -"�4��( )"� 5���
6,�5, �,�1 -)"*+)� "�#$�*#� �!+# �2*"�()�
-"�4��( "��)*�% *�  �)## �' �2*"�()� -"�4��(# 5+*! #�
 )���% A'"��B -���# �'  �""�

#-�,%+,0 C$)%")*+ %+D�"�,*+)�#� �!� ') * *!)* ) C$)%")*+ %+D�"�,*+)�  �""�#-�,%#
*� �) ! �2*"�()� -"�4��( 5)# ),,�$, �% 41 ����+ !($���" 7#�� 8�; -� �	9:� E1 *!�
(+%%�� �' ?�
*1 �2*"�()� -"�4��(# �, ,�,
�3�"�)--+,0 %�()+,# 5�"� )##� +)*�% 5+*!
C$)%")*+ %+D�"�,*+)�# 5+*! <2�% -���#�

�, �	�� ��F��)(")=�3 +, )"*+ �� 8?9 #$00�#*�% *!)* *!� #*$%1 �' �2*"�()� -"�4

��(# 5!+ !  �""�#-�,% *� C$)%")*+ %+D�"�,*+)�# 5+*! '"�� -���# +# 3�"1 +,*�"�#*+,0
),% $#�'$�� �, *!+# -)-�" ��F��)(")=�3 <"#*  �,#+%�"�% ),% '$��1 #��3�% �,� 3�"1
+(-�"*),* �2*"�()� -"�4��( �' 0��(�*"+ '$, *+�, *!��"1 �'  �(-��2 3)"+)4�� 5+*!
<3� #+(-�� -���#� �* +# 5��� 6,�5, *!)* �2*"�()� -"�4��(# �, ,�,
�3�"�)--+,0 %�

()+,#  �""�#-�,%+,0 C$)%")*+ %+D�"�,*+)�# 5+*! -���# #� �,% �"%�"� �!+# -"�'�$,%
+%�) �' ��F��)(")=�3 !)#  �,#+%�")4�1 %�3���-�% +, *!� 5�"6 �' (),1 # +�,*+#*#
7#��; '�" �2)(-��; 8�; 	; �.; ��/�?9:�

�, �	?�/�	?� +, -)-�"# �' G� ��E)6!*+,) 8�;	9 *!+# +%�) '�$,% ), $,�2-� *�%  �,

*+,$)*+�, +, *!� *!��"1 �' �2*"�()� -"�4��(# �, ,�,
�3�"�)--+,0 %�()+,#� �)*�" �2

*"�()� -"�4��(# �, ,�,
�3�"�)--+,0 %�()+,#  �,#+%�"�% 41 G���E)6!*+,) +#  )���%
A�2*"�()� -"�4��(# �, ,�,
�3�"�)--+,0 %�()+,# 5+*! '"�� -���# �, *!�  +" ��B� �,
���� ��H�E)6!*+,  �,*+,$�% %�3���-(�,* �' *!� +%�) �' ��F��)(")=�3 ),% #*$%

+�% ) ,$(4�" �' ,�5 �2*"�()� -"�4��(# �, *!� n
")%+)� #1#*�( �' -�+,*#� �, �	��
����$4+,+, #*$%1+,0 ),% 0�,�")�+=+,0 *!� '�"($�)*+�, �' �2*"�()� -"�4��(# 5+*!
'"�� -���# <"#* -"�-�#�% ) (�*!�% 5!+ ! )���5# $# *� #��3� (),1  �)##�# �' �2*"�()�
-"�4��(#� ����$4+,+, 4)#�% �, !+# (�*!�% �' #�-)")*+,0 *"),#'�"()*+�,  �$�%
#��3�% #�(� %+I $�* �2*"�()� -"�4��(# �, ,�,
�3�"�)--+,0 %�()+,# 5+*! '"�� -���#
�, *!�  +" ��� �)(��1; !� -"�3�% ,�2* "�#$�*�

������� �� 8��; �!��"�( �9 ��� ��� ��������  ����
 ak! k = 0, n! 7n � 2:! "��#�
��� �� ��� #��#�� |z| = 1! ��� ��� 
�
��� �� ����������  ��� ������
 Dk!



�������� �� 	 �
����� �� ������	 ������������� �� �
� ������ �	�� ��

ak ∈ Dk ⊂ C, k = 0, n, a0 = 0 ∈ D0,

�����"��� ���$%����� ����
&

n∏
k=0

r (Dk, ak) ≤ 4
1
n +nnn

(n2 − 1)
1
n +n

(
n − 1
n + 1

)2

.7�:

�� ��� ������
 Dk! k = 0, n! ���� #��

�#�� '����(
 �%�#���� ���� �$%����� �� 7�: �


�������� �� ��� ���� �� "��� ������
 Dk ���  ����
 ak ���! ��
 �#������! #��#%���

������
 ���  ���
 �� ��� $%������# �����������

Q(w)dw2 = − (n2 − 1)wn + 1
w2(wn − 1)2

dw2.

���� ��� ������ ��  ���� �� ������� ) ����������� �����"
 ���� �� ����
 ��� γ ∈
[0, 1]�

�, �		� ����H�3)��3 8��9 #��3�% *!� $4+,+,J# -"�4��( +' *!� '����5+,0  �,%+*+�,#
!��%#

0 < αk ≤ 2/
√

γ, k = 1, n, n ≥ 5.

��*�% *!)* *!� "�#$�*# �' -)-�" 8��9 +# +,*�"�#*+,0 41 *!� (�*!�% �' +,3�#*+0)*+�,
),% +, +*#��'� �, *!�  )#� n = 2, 3, 4 ���� H�3)��3 !)# ,�* 0+3�, ),1 #*)*�(�,*#�
F�"��3�"; '"�( *!� (�*!�% �' -)-�" 8��9 '����5# *!)* *!� "�#$�* �' *!��"�( � !��%#
'�" )�� γ ∈ [0, 1]� �, ���. +, -)-�" 8��9 *!��"�( � '�" γ ∈ [0, 1] 5)# �4*)+,�% 41 �*!�"
(�*!�%�

�, (�,�0")-! 8�?9 5)# -"�-�#�% ) (�*!�% �' A �,*"��B '$, *+�,)�#; 5!+ ! 5�)6�,
*!� "�C$+"�(�,*# �, *!� 0��(�*"1 �� )*+�, #1#*�( �' -�+,*#� �, *!+# 5)1; +, 8�?; -�
���9 +, ���� +* 5)# #!�5, *!)* *!��"�( � !��%# '�" )"4+*")"1 γ ∈ R+ 4$* #*)"*+,0
'"�( #�(� ,$(4�" n0(γ); n0 ∈ N� �, ���	 +, -)-�" 8�	9 +* 5)# #!�5, *!)* 5�  ),
0�* (�"� )  $")*� "�#$�*# '�" #�(� γ > 1 +' n ≥ 5� �, ���� K� L)4���*,++ 8��9 0�* )
#��$*+�, '�" *!� $4+,+,J# -"�4��( '�" n ≥ 8 ),% 0 < γ ≤ 4

√
n�

�� ��� ���	��

�!� '����5+,0 *!��"�( 0+3�# )%%+*+�,# *� *!� "�#$�* �' ����H�3)��3 8��9� M� #!)��
-"�3�

������� �� *�� n ∈ N! n � 2! γ2 = 1, 6! γ3 = 2, 8! ��� γn = n �� n ≥ 4� *��
0 < γ ≤ γn� ���� ��� ��� n������� 
�
��� ��  ����
 An = {ak}n

k=1! |ak| = 1 
%#�

���� 0 < αk ≤ 2/
√

γ! k = 1, n ��� ��� 
�
��� �� ����������  ��� ������
 Bk!

ak ∈ Bk ⊂ C! k = 1, n! a0 = 0 ∈ B0! "� ���� ���$%�����

rγ (B0, 0)
n∏

k=1

r (Bk, ak) ≤
(

4
n

)n (
4γ
n2

) γ
n

(
1 − γ

n2

)n+ γ
n

(
1 −

√
γ

n

1 +
√

γ

n

)2
√

γ

.7.:



��  � !������ ��	 �� "�����

+$%����� �� ���
 ���$%����� �
 �������� "��� ak ��� Bk! k = 0, n! ���! ��
 �#������!

 ���
 ��� #��#%��� ������
 �� ��� $%������# �����������

Q(w)dw2 = − (n2 − γ)wn + γ

w2(wn − 1)2
dw2.

�!��"�( � '�" n ≥ 5 +#  �+, +%�# 5+*! �!��"�( �' ���� H�3)��3� �!� ()+, "�#$�*
 �,#+#*# +, )%%+*+�, �' n = 2, 3, 4. M� -"�3� *!)* *!� H�3)��3J# *!��"�(  �(-��*��1
!��%# '�" n ≥ 4�

	����� F�*!�% �' -"��' �' *!+# *!��"�( +# 4)#�% �, *!� $#� �' #�-)")*+,0 *"),#'�"

()*+�, 7#�� 8��9; 8�.9: ),% $#�# *!� +%�)# �' 8��; �?9�

N#+,0 *!� (�*!�%# �' -)-�"# 8��; ��; �?9 5� �4*)+, *!� +,�C$)�+*1

Jn(γ) ≤
(

n∏
k=1

αk

)[
n∏

k=1

rα2
kγ
(
G

(k)
0 , 0

)
· r
(
G

(k)
1 ,−i

)
· r
(
G

(k)
2 , i

)] 1
2

,

5!�"� G
(k)
0 ; G

(k)
1 ; G

(k)
2 )"�  +" $�)" %�()+,# �' *!� C$)%")*+ %+D�"�,*+)�

Q(w)dw2 =
(4 − α2

kγ)w2 − α2
kγ

w2(w2 + 1)2
dw2

70 ∈ G
(k)
0 ; −i ∈ G

(k)
1 ; i ∈ G

(k)
2 :�

>����5+,0 *!� 5�"6# 8��9; 8��9 5� +,*"�%$ � ) '$, *+�,

P (x) = 2x2+6 · xx2+2 · (2 − x)−
1
2 (2−x)2 · (2 + x)−

1
2 (2+x)2 , x ∈ [0, 2],

),%; )# ) "�#$�*; ,�2* +,�C$)�+*1 +# *"$�

Jn(γ) ≤ γ−n
2

[
n∏

k=1

P (αk
√

γ)

] 1
2

.

>$"*!�"; 5� $#� *!� (�*!�% #$00�#*�% +, 5�"6# 8��9; 8��9� ��,#+%�" *!� �2*"�()�
-"�4��(

n∏
k=1

P (xk) −→ max;
n∑

k=1

xk = 2
√

γ,

xk = αk
√

γ, 0 < xk ≤ 2.

��*
F (xk) = ln (P (xk)) ),% X(0) =

{
x

(0)
k

}n

k=1

4� ), )"4+*")"1 �2*"�()� -�+,*� �,�*�

Z(X(0)) =
n∑

k=1

F (x(0)
k ).

��-�)*+,0 *!� )"0$(�,*# �' -)-�" 8��9 5� �4*)+, *!� #*)*�(�,*@ +' 0 < x
(0)
k <

x
(0)
j < 2; k �= j; *!�, *!�"� +# )  �,%+*+�, �' $4+,+,
H�3)��3
M�+�"#*")##
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F ′(x(0)
k ) = F ′(x(0)

j ),

),% +' x
(0)
j = 2; *!�, '�" ),1 x

(0)
k < 2;

F ′(x(0)
k ) ≤ 1,

5!�"� F ′(x) = 2x ln 2x + (2 − x) ln(2 − x) − (2 + x) ln(2 + x) + 2
x 7#�� >+0� �:�

#��� $� %���� �� � �������� F ′(x)

>$"*!�"; 5� 5+�� #!�5 *!)* *!� '����5+,0 )##�"*+�, +# *"$�@ +' *!� '$, *+�,

Z(x1, . . . , xn) =
n∑

k=1

F (xk)

)**)+,# +*# ()2+($( )* *!� -�+,* (x(0)
1 , . . . , x

(0)
n ) $,%�" *!�  �,%+*+�,#

0 < xk ≤ 2, k = 1, n,

n∑
k=1

xk = 2
√

γ,

*!�,

x
(0)
1 = x

(0)
2 = . . . = x(0)

n .

�$--�#� '�" #+(-�+ +*1 x
(0)
1 ≤ x

(0)
2 ≤ . . . ≤ x

(0)
n � � '$, *+�,

F ′′(x) = ln
(

4x2

4 − x2

)
− 2

x2

+# #*"+ *�1 +, "�)#+,0 �, (0, 2) ),% *!�"� +# x0; x0 ≈ 1, 324661 #$ ! *!)* signF ′′(x) ≡
(x − x0)�

��,#+%�" *!�  )#� n = 2� �' x
(0)
2 ≤ x0 *!�, 41 *!� #*"+ * (�,�*�,+ +*1 F ′(x) �,

[0, x0] '"�( *!�  �,%+*+�,# �' *!� -"�4��( 5� �4*)+, *!)* x
(0)
1 = x

(0)
2 �



��  � !������ ��	 �� "�����

��* x0 < x
(0)
2 ≤ 1, 4; *!�, 41 +, "�)#+,0 F ′(x) �, [x0, 2]; 5� !)3� F ′(x(0)

2 ) ≤
F ′(1, 4) = −0, 155826.

��,#+%�" ) '$, *+�, ϕ(t) = (2
√

t− b)/(t− 1); b < 2; t > 1; +* %� "�)#�# '�" t ≥ 2;
#+, � '�" )�� t ≥ 2

ϕ′(t) < (b − 2)/(t − 1)2 < 0.

�!�,

x
(0)
1 = 2

√
γ − x

(0)
2 ≤ 2

√
1, 6 − x0 ≤ 2

√
1, 6 − 1, 324661 < 1, 205161,

!�, � x
(0)
1 < 1, 205161� E1 %� "�)#+,0 F ′(x) �, (0, x0); 5� !)3�

F ′(x(0)
1 ) > F ′(1, 205161) = −0, 1357233 > −0, 155826 = F ′(1, 4),

5!+ !  �,*")%+ *# *!�  �,%+*+�, �' *!� -"�4��(�
��* 1, 4 < x

(0)
2 ≤ 1, 5; *!�, 41 +, "�)#+,0 F ′(x) �, [x0, 2]; 5� !)3� F ′(x(0)

2 ) ≤
F ′(1, 5) = −0, 10207378. �!�,

x
(0)
1 = 2

√
γ − x

(0)
2 ≤ 2

√
1, 6 − 1, 4 < 1, 129822,

!�, � x
(0)
1 < 1, 129822� �!$#

F ′(x(0)
1 ) > F ′(1, 129822) = −0, 079788 > −0, 10207378 = F ′(1, 5),

5!+ !  �,*")%+ *# *!�  �,%+*+�, �' *!� -"�4��(�
��* 1, 5 < x

(0)
2 ≤ 1, 6; *!�, 41 +, "�)#+,0 F ′(x) �, [x0, 2]; 5� �4*)+, F ′(x(0)

2 ) ≤
F ′(1, 6) = −0, 005796. �!�,

x
(0)
1 = 2

√
γ − x

(0)
2 ≤ 2

√
1, 6 − 1, 5 < 1, 029822,

!�, � x
(0)
1 < 1, 029822� �!$#

F ′(x(0)
1 ) > F ′(1, 029822) = 0, 042302 > −0, 005796 = F ′(1, 6),

5!+ !  �,*")%+ *# *!�  �,%+*+�, �' *!� -"�4��(�
��* 1, 6 < x

(0)
2 ≤ 1, 7; *!�, 41 +, "�)#+,0 F ′(x) �, [x0, 2]; 5� !)3� F ′(x(0)

2 ) ≤
F ′(1, 7) = 0, 135284. �!�,

x1 = 2
√

γ − x
(0)
2 ≤ 2

√
1, 6 − 1, 6 < 0, 929822,

'"�( !�"� x
(0)
1 < 0, 929822� �!$#

F ′(x(0)
1 ) > F ′(0, 929822) = 0, 227842 > 0, 135284 = F ′(1, 7),

5!+ !  �,*")%+ *# *!�  �,%+*+�, �' *!� -"�4��(�
��* 1, 7 < x

(0)
2 ≤ 1, 85; *!�, 41 +, "�)#+,0 F ′(x) �, [x0, 2]; 5� �4*)+, F ′(x(0)

2 ) ≤
F ′(1, 85) = 0, 447263. �!�,

x1 = 2
√

γ − x
(0)
2 ≤ 2

√
1, 6 − 1, 7 < 0, 829822,

!�, � x
(0)
1 < 0, 829822� �!$#

F ′(x(0)
1 ) > F ′(0, 829822) = 0, 491217 > 0, 447363 = F ′(1, 85),

5!+ !  �,*")%+ *# *!�  �,%+*+�, �' *!� -"�4��(�



�������� �� 	 �
����� �� ������	 ������������� �� �
� ������ �	�� �	

��* 1, 85 < x
(0)
2 ≤ 2; *!�, 41 +, "�)#+,0 F ′(x) �, [x0, 2]; 5� !)3� F ′(x(0)

n ) ≤
F ′(2) = 1. �!�,

x1 = 2
√

γ − x
(0)
2 ≤ 2

√
1, 6 − 1, 85 < 0, 679822,

'"�( !�"� x
(0)
1 < 0, 679822� �!$#

F ′(x(0)
1 ) > F ′(0, 679822) = 1, 084726 > 1 = F ′(2),

5!+ !  �,*")%+ *# *!�  �,%+*+�, �' *!� -"�4��(� �!$# '�" n = 2 *!��"�( +# -"�3�%�
��,#+%�" *!�  )#� n = 3� �' x

(0)
3 ≤ x0 *!�, 41 *!� #*"+ * (�,�*�,+ +*1 F ′(x) �,

[0, x0] '"�( *!�  �,%+*+�,# �' *!� -"�4��( 5� �4*)+, *!)* x
(0)
1 = x

(0)
2 = x

(0)
3 �

��* x0 < x
(0)
3 ≤ 1, 65; *!�, F ′(x(0)

3 ) ≤ F ′(1, 65) = 0, 058873. �,%

1
2

(
x

(0)
1 + x

(0)
2

)
= (2

√
γ − x

(0)
3 )/2 ≤

≤ (2
√

2, 8 − x0)/2 ≤ (2
√

2, 8 − 1, 324661)/2 < 1, 010990,

!�, � x
(0)
1 < 1, 010990� E1 %� "�)#+,0 F ′(x) �, (0, x0); 5� !)3�

F ′(x(0)
1 ) > F ′(1, 010990) = 0, 072039 > 0, 058873 = F ′(1, 65),

5!+ !  �,*")%+ *# *!� )##$(-*+�,�
��* 1, 65 < x

(0)
3 ≤ 1, 8; *!�, F ′(x(0)

3 ) ≤ F ′(1, 8) = 0, 327581. �,%

1
2

(
x

(0)
1 + x

(0)
2

)
= (2

√
γ − x

(0)
3 )/2 ≤ (2

√
2, 8 − 1, 65)/2 < 0, 848320,

!�, � x
(0)
1 < 0, 848320� �!$#

F ′(x(0)
1 ) > F ′(0, 848320) = 0, 435751 > 0, 327581 = F ′(1, 8),

5!+ !  �,*")%+ *# *!� )##$(-*+�,�
��* 1, 8 < x

(0)
3 ≤ 1, 92; *!�, F ′(x(0)

3 ) ≤ F ′(1, 92) = 0, 651143. �,%

1
2

(
x

(0)
1 + x

(0)
2

)
= (2

√
γ − x

(0)
3 )/2 ≤ (2

√
2, 8 − 1, 8)/2 < 0, 773320,

!�, � x
(0)
1 < 0, 773320� �!$#

F ′(x(0)
1 ) > F ′(0, 773320) = 0, 682431 > 0, 651143 = F ′(1, 92),

5!+ !  �,*")%+ *# *!� )##$(-*+�,�
��* 1, 92 < x

(0)
3 ≤ 1, 98; *!�, F ′(x(0)

3 ) ≤ F ′(1, 98) = 0, 884285. �,%

1
2

(
x

(0)
1 + x

(0)
2

)
= (2

√
γ − x(0)

n )/2 ≤ (2
√

2, 8 − 1, 92)/2 < 0, 713320,

'"�( !�"� x
(0)
1 < 0, 713320� �!$#

F ′(x(0)
1 ) > F ′(0, 713320) = 0, 926672 > 0, 884285 = F ′(1, 98),

5!+ !  �,*")%+ *# *!� )##$(-*+�,�
��* 1, 98 < x

(0)
3 ≤ 2; *!�, F ′(x(0)

3 ) ≤ F ′(2) = 1. �,%

1
2

(
x

(0)
1 + x

(0)
2

)
= (2

√
γ − x

(0)
3 )/2 ≤ (2

√
2, 8 − 1, 98)/2 < 0, 68332,



	�  � !������ ��	 �� "�����

'"�( !�"� x
(0)
1 < 0, 68332� �!$#

F ′(x(0)
1 ) > F ′(0, 68332) = 1, 067416 > 1 = F ′(2),

5!+ !  �,*")%+ *# *!� )##$(-*+�,� �!$# '�" n = 3 *!��"�( +# -"�3�%�
��,#+%�" *!�  )#� n = 4� �' x

(0)
4 ≤ x0 *!�, 41 *!� #*"+ * (�,�*�,+ +*1 F ′(x) �,

[0, x0] '"�( *!�  �,%+*+�,# �' *!� -"�4��( 5� �4*)+, *!)* x
(0)
1 = x

(0)
2 = x

(0)
3 = x

(0)
4 �

��* x0 < x
(0)
4 ≤ 1, 75; *!�, F ′(x(0)

4 ) ≤ F ′(1, 75) = 0, 224369. �,%

(n − 1)−1 ·
n−1∑
k=1

x
(0)
k = (2

√
γ − x

(0)
4 )/3 ≤ (2

√
4 − x0)/3 < 0, 891780,

!�, � x
(0)
1 < 0, 891780� E1 %� "�)#+,0 F ′(x) �, (0, x0); 5� !)3�

F ′(x(0)
1 ) > F ′(0, 891780) = 0, 317868 > 0, 224369 = F ′(1, 75),

5!+ !  �,*")%+ *# *!� )##$(-*+�,�
��* 1, 75 < x

(0)
4 ≤ 1, 95; *!�, 41 +, "�)#+,0 F ′(x) �, [x0, 2]; 5� !)3� F ′(x(0)

4 ) ≤
F ′(1, 95) = 0, 757486. �!�,

(n − 1)−1 ·
n−1∑
k=1

x
(0)
k = (2

√
γ − x

(0)
4 )/3 ≤ (2

√
4 − 1, 75)/3 < 0, 75,

!�, � x
(0)
1 < 0, 75� �!$#

F ′(x(0)
1 ) > F ′(0, 75) = 0, 771891 > 0, 757486 = F ′(1, 95),

5!+ !  �,*")%+ *# *!� )##$(-*+�,�
��* 1, 95 < x

(0)
4 ≤ 2; *!�, 41 +, "�)#+,0 F ′(x) �, [x0, 2]; 5� !)3� F ′(x(0)

4 ) ≤
F ′(2) = 1. �!�,

(n − 1)−1 ·
n−1∑
k=1

x
(0)
k = (2

√
γ − x

(0)
4 )/3 ≤ (2

√
4 − 1, 95)/3 < 0, 683333,

'"�( !�"� x
(0)
1 < 0, 683333� �!$#

F ′(x(0)
1 ) > F ′(0, 683333) = 1, 067351 > 1 = F ′(2),

5!+ !  �,*")%+ *# *!� )##$(-*+�,� �!$# '�" n = 4 *!��"�( +# -"�3�%�
�!� (�*!�% �' -"��' *!+# *!��"�( '�" n � 5 '����5# '"�( *!� -)-�" 8��9� >"�(

*!� '�"�0�+,0 +* '����5# *!)*

Jn(γ) ≤ γ−n
2

[
P

(
2
n

√
γ

)]n/2

.

O�, �; -�"'�"(+,0 #+(-�� *"),#'�"()*+�,# 5� �4*)+, *!� +,�C$)�+*1 7.:� �!� +(-��

(�,*)*+�, �' *!� �C$)� #+0, +# 3�"+<�% %+"� *�1� �!��"�( +# -"�3�%�
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�������� 	
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�$--�#� *!)* Λ = (λn) +# ) #�0$�, � �' -�#+*+1� ,$(2�"#3 +, "�)#+,4 *� +∞3 ),%
S(Λ, A) +# *!�  �)## �' +"+ !��* #�"+�#

F (s) =
∞∑

n=0

an exp{sλn}, s = σ + it,5�6

7+*! )2# +##) �' )2#��$*�  �,1�"4�, � σa = A ∈ (−∞, +∞]� 8�" σ < A 7� -$*

M(σ, F ) = sup{|F (σ + it)| : t ∈ R},
),% ��*

μ(σ, F ) = max{|an| exp (σλn) : n ≥ 0}
2� *!� ()9+()� *�"( �' #�"+�# 5�63

ν(σ, F ) = max{n ≥ 0 : |an| exp (σλn) = μ(σ, F )}



	� �� �� �������� �� �� ���������� �	� �� �� �����

2� +*#  �,*")� +,%�9 ),%

κn =
ln |an| − ln |an+1|

λn+1 − λn
.

:; Ω(A) 7� %�,�*� *!�  �)## �' -�#+*+1� '$, *+�,# Φ3 $,2�$,%�% �, (−∞, A)3
#$ ! *!)* *!� %�"+1)*+1� Φ′ +#  �,*+,$�$#�; %+<�"�,*+)2��3 -�#+*+1� ),% +, "�)#+,4 *�
+∞ �, (−∞, A)� 8�" Φ ∈ Ω(A) ��* ϕ 2� *!� '$, *+�, +,1�"#� *� Φ′ ),% ��*

Ψ(σ) = σ − Φ(σ)
Φ′(σ)

2 �, )##� +)*�% 7+*! Φ +, *!� #�,#� �' ��7*�,� �!�, =�> �3 -� .�? Ψ +#  �,*+,$�$#�;
%+<�"�,*+)2�� ),% +, "�)#+,4 *� A �, (−∞, A) ),% ϕ +#  �,*+,$�$#�; %+<�"�,*+)2��
),% +, "�)#+,4 *� A �, (0, +∞)�

�# +, =.?3 7� #); *!)* +"+ !��* #�"+�# 2���,4# *� )  �,1�"4�, � Φ
 �)## +'

A∫
σ0

Φ′(σ) ln M(σ, F )
Φ2(σ)

dσ < +∞.5�6

:; �)$ !; +,�0$)�+*; '"�( 5�6 +* '����7# *!)*

A∫
σ0

Φ′(σ) ln μ(σ, F )
Φ2(σ)

dσ < +∞.5.6

�!� ,�9* 0$�#*+�, )"+#�#@ 7!+ !  �,%+*+�,# %� �,#$"� *!)* 5.6 +(-�+�# 5�6A 8$"*!�"
7� )##$(� *!)* �+*!�" A = +∞ �" A = 03 2� )$#� *!�  )#� A ∈ (−∞, +∞)  ), 2�
"�%$ �% *� *!�  )#� A = 0 2; #$2#*+*$*+,4 s − A '�" s�

�, =�? +* +# -"�1�% *!)* +'
∞∫

σ0

Φ′(σ) ln Φ′(σ)
Φ2(σ)

dσ < +∞,5�6

*!�, '�" �) ! �,*+"� 5A = +∞6 +"+ !��* #�"+�# 7+*! λn = n "��)*+�,# 5�6 ),% 5.6 )"�
�0$+1)��,*� B� "�()"C *!)* '"�( 5�6 +* '����7# *!)* ln Φ′(σ) = o(Φ(σ)) )# σ → +∞�

�' Φ(σ) = e�σ (� > 0) *!�, '"�( 5�6 7� �2*)+, *!� %�D,+*+�, �' )  �,1�"4�, �
 �)##3 +,*"�%$ �% +, =�?� 8�" #$ !  �,1�"4�, �  �)## +, =�? *!� '����7+,4 *!��"�( +#
-"�1�%�

������� �� ��� ��� ��������

∞∫
0

ln M(σ, F )
exp{�σ} dσ < +∞ ���

∞∫
0

ln μ(σ, F )
exp{�σ} dσ < +∞

�� �� ���������� ��� ���� F ∈ S(Λ, +∞) �� �
 ����

��� ��� 
������� ����

ln n = O(λn) (n → ∞).



�������� 	��
��� ��� ������ ������� ��� ��� ������ ���� �� ��������� ������ 	�

�' Φ(σ) = σp (p > 1) '�" σ ≥ σ0 *!�, '"�( 5�6 7� �2*)+, *!� %�D,+*+�, �' )
��4)"+*!(+  �,1�"4�, �  �)##3 '�" 7!+ ! *!� '����7+,4 *!��"�( +# *"$� =E?�

������� 	� ��� ��� ��������

∞∫
1

σ−(p+1) ln M(σ, F )dσ < +∞ ���

∞∫
1

σ−(p+1) ln μ(σ, F )dσ < +∞

�� �� ���������� ��� ���� F ∈ S(Λ, +∞) �� �
 ����

��� ��� 
������� ����

ln n = O(λp/(p−1)
n ) (n → ∞).

8�" +"+ !��* #�"+�# 7+*! σa = 0 *!�  �,1�"4�, �  �)## +# %�D,�% =�? 2;  �,%+*+�,
5�6 7+*! Φ(σ) = |σ|−� (� > 0)� �!� '����7+,4 *!��"�( +# *"$��

������� �� ��� ��� ��������

0∫

−1

|σ|�−1 ln M(σ, F )dσ < +∞ ���

0∫
−1

|σ|�−1 ln μ(σ, F )dσ < +∞

�� �� ���������� ��� ���� F ∈ S(Λ, 0) �� �
 ����

��� ��� 
������� ����

ln ln n = o(ln λn) (n → ∞).

8+,)��;3 +' 7�  !��#� +, 5�6 Φ(σ) = e�/|σ| (� > 0) *!�, 7� �2*)+, =�? *!� %�D,+*+�,
�' *!�  �,1�"4�, �  �)## '�" +"+ !��* #�"+�# 7+*! σa = 0 �' D,+*� R
�"%�"� �, =	? *!�
'����7+,4 *!��"�( +# -"�1�%�

������� �� ��� ��� ��������

0∫

−1

ln M(σ, F )
|σ|2 exp{�/|σ|}dσ < +∞ ���

0∫
−1

ln μ(σ, F )
|σ|2 exp{�/|σ|}dσ < +∞

�� �� ���������� ��� ���� F ∈ S(Λ, 0) �� �
 ����

��� ����

ln n = O(λn/ ln2 λn) (n → ∞)

��� 
������� ����

ln n = O(λn/ lnq λn) (n → ∞)  ��� q > 3.

�!� )+( �' *!� -"�#�,* +,1�#*+4)*+�, +# *� D,%  �,%+*+�, �, (λn)3 $,%�" 7!+ !
*!� "��)*+�,# 5�6 ),% 5.6 )"� �0$+1)��,* +, *!�  )#� 7!�, *!� '$, *+�, Φ +, "�)#�#
")-+%�; �,�$4!3 *!)* +# Φ′(σ)/Φ(σ) +# ) ,�,%� "�)#+,4 '$, *+�,�



	� �� �� �������� �� �� ���������� �	� �� �� �����

�� 	�
���� 
��������

��* n(t) =
∑

λn≤t 1 2� *!�  �$,*+,4 '$, *+�, �' *!� #�0$�, � (λn)� 8"�( *!� -"��'
�' �!��"�( � '"�( =��? *!� '����7+,4 #*)*�(�,* '����7#�

����� �� !�� ������ A = +∞ �� A = 0� Φ ∈ Ω(A)� ��� Φ′(σ)/Φ(σ) �� � ���������
���������
��" �� [σ0, A)� �� ln μ(σ, F ) ≤ Φ(σ) ��� ��� σ ∈ [σ0, A) ��� ln n(t) = o(t)
�
 t → +∞� ���� M(σ, F ) ≤ μ(σ, F )n(γ(σ)) + 1 ��� σ ∈ [σ0, A)�  ���� γ(σ) =
Φ′(Ψ−1(σ + β(σ))) ��� β(σ) = Φ(σ)/Φ′(Ψ−1(σ))�

F#+,4 ��(() � 7� -"�1� *!� '����7+,4 *!��"�(�

������� �� !�� ������ A = +∞ �� A = 0� Φ ∈ Ω(A)� Φ′(σ)/Φ(σ) �� � ���������
���������
��" �� [σ0, A)� ���

Φ′′(σ)Φ(σ)
(Φ′(σ))2

≤ H < +∞

��� ��� σ ∈ [σ0, A)� ����� ��� ���������
 5�6 ��� 5.6 �� �� ���������� ��� ��� ��������
f ∈ S(Λ, A) �� �
 
������� ����

∞∫
t0

ln n(t)
tΦ(Ψ(ϕ(t)))

dt < +∞.5�6

	����� �+, �

Ψ′(σ) =
Φ′′(σ)Φ(σ)

(Φ′(σ))2
),%

Φ(Ψ(ϕ(t)))
Φ′(Ψ(ϕ(t)))

≥ Φ(ϕ(t))
Φ′(ϕ(t))

7� !)1�

lim
t→+∞

Φ(Ψ(ϕ(t)))

∞∫
t

dx

xΦ(Ψ(ϕ(x)))

≥ lim
t→+∞

(Φ(Ψ(ϕ(t))))2

tΦ(Ψ(ϕ(t)))Φ′(Ψ(ϕ(t)))Ψ′(ϕ(t))ϕ′(t)
=

= lim
t→+∞

Φ(Ψ(ϕ(t)))
Φ′(Ψ(ϕ(t)))

(Φ′(ϕ(t)))2

Φ′′(ϕ(t))Φ(ϕ(t))tϕ′(t)

≥ lim
t→+∞

Φ(ϕ(t))
Φ′(ϕ(t))

(Φ′(ϕ(t)))2

Φ′′(ϕ(t))Φ(ϕ(t))tϕ′(t)
= 1.

�!�"�'�"�3 '�" �1�"; ε > 0 ),% )�� t ≥ t0(ε) 7� �2*)+, '"�( 5�6

ε >

∞∫
t

ln n(x)
xΦ(Ψ(ϕ(x)))

dx≥ ln n(t)

∞∫
t

dx

xΦ(Ψ(ϕ(x)))

≥ (1 + o(1)) ln n(t)
Φ(Ψ(ϕ(t)))

, t → +∞,



�������� 	��
��� ��� ������ ������� ��� ��� ������ ���� �� ��������� ������ 	E

7!�, � +* '����7# *!)*

ln n(t) = o(Φ(Ψ(ϕ(t)))) )# t → +∞.

:$* Φ(Ψ(ϕ(t))) ≤ Φ(ϕ(t)) = O(t) )# t → +∞3 2� )$#� Φ(σ) = O(Φ′(σ)) )# σ ↑ A�
�!$#3 ln n(t) = o(t) )# t → +∞�

8"�( 5.6 +* '����7# *!)* ln μ(σ, F ) ≤ Φ(σ) '�" )�� σ ∈ [σ0, A)� �!�"�'�"�3 2;
��(() � ln M(σ, F ) ≤ ln μ(σ, F )+ln n(γ(σ))+o(1) )# σ ↑ A� G�, � +* '����7# *!)*
5.6 +(-�+�# 5�6 -"�1+%�%

I(Λ) =

A∫
σ0

Φ′(σ) ln n(Φ′(Ψ−1(σ + β(σ)))
Φ2(σ)

dσ < +∞.5�6

8"�( *!� ,�,%� "�)#� �' Φ′/Φ +* '����7# =��? *!)* σ+β(σ) ≤ Ψ−1(σ) ),% Φ(σ) ≤
eΦ(Ψ(σ)) '�" σ0 ≤ σ < A. �!�"�'�"�3

I(Λ) ≤
A∫

σ0

Φ′(σ)
Φ(σ)

ln n(Φ′(Ψ−1(Ψ−1(σ))))
Φ(σ)

dσ

≤ e

A∫
σ0

Φ′(Ψ−1(σ))
Φ(Ψ−1(σ))

ln n(Φ′(Ψ−1(Ψ−1(σ))))
Φ(Ψ−1(σ))

dσ =

= e

A∫
σ0

Φ′(Ψ−1(σ))
Φ(Ψ−1(σ))

ln n(Φ′(Ψ−1(Ψ−1(σ))))
Φ(Ψ−1(σ))

dΨ−1(σ)
(Ψ−1(σ))′

=

= e

A∫
Ψ−1(σ0)

Φ′(σ)
Φ(σ)

ln n(Φ′(Ψ−1(σ)))
Φ(σ)

Ψ′(σ)dσ

≤ eH

A∫
Ψ−1(σ0)

Φ′(σ)
Φ(σ)

ln n(Φ′(Ψ−1(σ)))
Φ(σ)

dσ.

�+, �

(Ψ(ϕ(x)))′ =
Φ(ϕ(x))

x2
,

!�, � ),% '"�( 5�6 7� �2*)+,

I(Λ) ≤ eH

∞∫
x0

Φ′(Ψ(ϕ(x)))
Φ(Ψ(ϕ(x)))

ln n(x)
Φ(Ψ(ϕ(x)))

Φ(ϕ(x))
x2

dx ≤

≤ eH

∞∫
x0

Φ′(ϕ(x))
Φ(ϕ(x))

ln n(x)
Φ(Ψ(ϕ(x)))

Φ(ϕ(x))
x2

dx =

∞∫
x0

ln n(x)
xΦ(Ψ(ϕ(x)))

dx < +∞,

*!)* +# 5�6 !��%#3 ),% �!��"�( � +# -"�1�%�



	� �� �� �������� �� �� ���������� �	� �� �� �����

�� ��
������ 
��������

B� ,��% *!� '����7+,4 ��(()#�

����� �� =��3 ��? ��##�
� ���� γ� ��$��� �� [0, +∞)� �
 � #�
������ ���������

��� ������
��" �� +∞ �������� ���

lim
n→+∞

ln n

γ(λn)
> 1.

���� ����� �%�
�
 � 
��
������� (λ∗
k) �� ��� 
������� (λn) 
��� ����

k ≤ exp{γ(λ∗
k)} + 1 ��� ��� k ≥ 1 ��� kj ≥ exp{γ(λ∗

kj
)}

��� �� ������
��" 
������� �� (kj) �� #�
����� ����"��
�

����� �� =.? ��� �������� 5.6 ����
 �� ��� ���� ��
A∫

σ0

λν(σ,F )

Φ(σ)
dσ < +∞.5E6

����� �� =��3 -� ��� ? �� ln n = o(λn) �
 n → ∞ ����

σa = − lim
n→+∞

ln |an|
λn

.

F#+,4 ��(()# �/�3 7� -"�1� *!� '����7+,4 *!��"�(�

������� �� ��##�
� ���� A = +∞ �� A = 0 ��� ��� �������� Φ ∈ Ω(A) �
 
���
����

Φ′(σ)
Φ(σ)

↑ +∞,
Φ′(σ)
Φ2(σ)

↓ 0

�
 σ ↑ A ���

Φ(ϕ(x))Φ′(Φ−1(x)) = O(x2) �
 x → +∞.

����� ��� ��������
 5�6 ��� 5.6 �� �� ���������� ��� ��� �������� F ∈ S(Λ, A)� �� �

����

��� ����

ln n = O

(
λ2

n

Φ′(Φ−1(λn))

)
, n → ∞.5�6

	����� �* D"#* 7� ,�*� *!)*
x2

Φ′(Φ−1(x))
↑ +∞

),%
x

Φ′(Φ−1(x))
↓ 0 )# x → +∞.



�������� 	��
��� ��� ������ ������� ��� ��� ������ ���� �� ��������� ������ 		

��7 7� )##$(� *!)* *!� #�0$�, � Λ %��# ,�* #)*+#';  �,%+*+�, 5�6� �!�, *!�"�
�9+#*# %�D,�% �, (0, +∞)3 -�#+*+1�3  �,*+,$�$# ),% #��7�; +, "�)#+,4 *� +∞ '$, *+�,
l #$ ! *!)*

xl(x)
Φ′(Φ−1(x))

→ 0, x → +∞,5	6

),%

lim
n→+∞

Φ′(Φ−1(λn)) ln n

λ2
nl(λn)

> 1.5��6

��,%+*+�,# �' �!��"�( � +(-�;

1
x

Φ′
(

Φ−1

(
x2l(x)

Φ′(Φ−1(x))

))
→ +∞

)# x → +∞� �,%��%3 +'

Φ′
(

Φ−1

(
x2

kl(xk)
Φ′(Φ−1(xk))

))
≤ K0xk

'�" #�(� K0 =  �,#* ≥ 1 ),% ) #�0$�, � (xk) +, "�)#+,4 *� +∞ *!�,

l(xk) ≤ K0
Φ(ϕ(K0xk))

K0xk

Φ′(Φ−1(xk))
xk

≤ K0
Φ(ϕ(xk))Φ′(Φ−1(xk))

x2
k

= O(1), k → ∞,

7!+ ! +# +(-�##+2��� G�, � +* '����7# *!)* *!�"� �9+#*# %�D,�% �, (0, +∞)3 -�#+*+1�3
 �,*+,$�$# ),% +, "�)#+,4 *� +∞ '$, *+�, L #$ ! *!)*

Φ′
(

Φ−1

(
x2l(x)

Φ′(Φ−1(x))

))
≥ xL(x), x ≥ x0.5��6

�, 1+�7 �' 5��6 2; ��(() � *!�"� �9+#*# ) #$2#�0$�, � (λ∗
k) �' *!� #�0$�, � (λn)

#$ ! *!)*

k ≤ exp
{

(λ∗
k)2l(λ∗

k)
Φ′(Φ−1(λ∗

k))

}
+ 1

'�" )�� k ≥ 1 ),%

kj ≥ exp

{
(λ∗

kj
)2l(λ∗

kj
)

Φ′(Φ−1(λ∗
kj

))

}

'�" ), +, "�)#+,4 #�0$�, � �' (kj) �' -�#+*+1� +,*�4�"#�
8�" λn 	∈ (λ∗

k) 7� -$* an = 0 ),% +, *!� �2*)+,�% +"+ !��* #�"+�# 7� "�-�) � λ∗
k

2; λn� B�  �(� *� +"+ !��* #�"+�# 5�6 7+*! *!� �9-�,�,*# λn #)*+#';+,4 '����7+,4
 �,%+*+�,#

ln n ≤ λ2
nl(λn)

Φ′(Φ−1(λn))
+ 1, n ≥ 1,5��6

),%

ln nj ≥ λ2
nj

l(λnj )
Φ′(Φ−1(λnj ))

5�.6



��� �� �� �������� �� �� ���������� �	� �� �� �����

'�" ), +, "�)#+,4 #�0$�, � �' (nj) �' -�#+*+1� +,*�4�"#� B�  ),  �,#+%�" *!)* *!�
#�0$�, � (nj) +# #$ ! *!)* nj+1 > 2nj ),% λmj > 2λnj '�" mj = [nj+1/2] ),% )��
j ≥ 13 ),%

∞∑
j=1

1
L(λnj+1)

< +∞.5��6

��* (qk) 2� ) #�0$�, �3 +, "�)#+,4 *� A� B� -$* n0 = 03 an0 = 13 an = 0 '�" )��
nj < n < mj 3

anj+1 =
j∏

k=0

exp{−qk(λnk+1 − λnk
)}, j = 0, 1, . . . ,5��6

),%

an = anj exp{−qj(λn − λnj )}, mj ≤ n < nj+1,5��6

*!)* +# 7� �2*)+, *!� +"+ !��* #�"+�#

F ∗(s) =
∞∑

j=0

⎛
⎝anj exp{sλnj} +

nj+1−1∑
n=mj

an exp{sλn}
⎞
⎠ .5�E6

8"�( 5��6 ),% 5��6 +* '����7# *!)*

ln anj − ln anj+1

λnj+1 − λnj

=
ln anj − ln amj

λmj − λnj

=
ln anj − ln anj+1

λnj+1 − λnj

=

=
ln an − ln an+1

λn+1 − λn
= qj , mj ≤ n < nj+1 − 1.

�!�"�'�"�3 +' qj ≤ σ < qj+1 *!�, ν(σ, F ∗) = nj+1 ),% μ(σ, F ∗) = anj+1 exp{σλnj+1}�
�+, �

Φ′′(σ)Φ(σ) − (Φ′(σ))2 = Φ2(σ)(Φ′(σ)/Φ(σ))′ ≥ 0,

!�, � 7� !)1�
A∫

q1

λν(σ,F∗)

Φ(σ)
dσ =

∞∑
j=1

qj+1∫
qj

λν(σ,F∗)

Φ(σ)
dσ =

∞∑
j=1

λnj+1

qj+1∫
qj

dσ

Φ(σ)
≤

≤
∞∑

j=1

λnj+1

qj+1∫
qj

Φ′′(σ)dσ

(Φ′(σ))2
≤

∞∑
j=1

λnj+1

Φ′(qj)
.5��6

�, *!� �*!�" !),%3

M(qj , F
∗) ≥

nj+1−1∑
n=mj

an exp{qjλn} = (nj+1 − mj)μ(qj , F
∗) ≥ K1nj+1,5�	6

7!�"� K1 ≡  �,#*�
B�  !��#�

qj = Φ−1

(
λ2

nj+1
l(λnj+1)

Φ′(Φ−1(λnj+1 ))

)
.



�������� 	��
��� ��� ������ ������� ��� ��� ������ ���� �� ��������� ������ ���

�!�, '"�( 5�	6 ),% 5�.6 7� �2*)+,

ln M(qj , F
∗) ≥ ln nj+1 + ln K1 ≥ λ2

nj+1
l(λnj+1)

Φ′(Φ−1(λnj+1 ))
+ ln K1 = Φ(qj) + ln K1,

*!)* +# *!� "��)*+�, 5�6 %��# ,�* !��%3 2� )$#� 5�6 +(-�+�# ln M(σ, F ) = o(Φ(σ))3
σ ↑ A�

8"�( 5��63 5��6 ),% 5��6 7� !)1�
A∫

q1

λν(σ,F∗)

Φ(σ)
dσ ≤

∞∑
j=1

λnj+1

Φ′
(

Φ−1

(
λ2

nj+1
l(λnj+1)

Φ′(Φ−1(λnj+1 ))

)) ≤
∞∑

j=1

1
L(λnj+1 )

< +∞,

*!)* +# 2; ��(() . "��)*+�, 5.6 !��%#�
8+,)��;3 7� -"�1� *!)* σa = A� �+, � qk ↑ A (k → ∞)3 '"�( 5��6 7� !)1�

ln anj+1

λnj+1

=
−

j∑
k=0

qk(λnk+1 − λnk
)

j∑
k=0

(λnk+1 − λnk
)

↓ −A, j → ∞.

�' mj ≤ n < nj+1 ),% A = 0 *!�, '"�( 5��6 7� �2*)+,

ln an

λn
=

ln anj

λnj

λnj

λn
− qj + qj

λnj

λn
= o

(
λnj

λn

)
− qj

(
1 − λnj

λn

)
= o(1), n → ∞,

),% +' A = +∞ *!�,

ln an

λn
≤ −qj

(
1 − λnj

λn

)
≤ −qj

2
→ −∞, j → ∞.

�!�"�'�"�3

lim
n→+∞

ln an

λn
= −A,

),% #+, �3 +, 1+�7 �' 5��6 ),% 5	63 ln n = o(λn) (n → ∞) 2; ��(() � 7� !)1�
σa = A�

�!$#3 +' *!� #�0$�, � Λ %��# ,�* #)*+#';  �,%+*+�, 5�6 *!�, *!�"� �9+#*# ) '$, *+�,
F ∈ S(Λ, A)3 '�" 7!+ ! "��)*+�, 5�6 ),% 5.6 )"� ,�* �0$+1)��,*� �!��"�( � +# -"�1�%�

�� �������

F#+,4 �!��"�(# � ),% �3 +* +# �)#; *� -"�1� *!� '����7+,4 #*)*�(�,*3 7!+ ! +# ) #�+4!*
4�,�")�+H)*+�, �' �!��"�( �

����  ��! �� !�� � > 0� ��� ��� ��������

0∫

−1

ln M(σ, F )
|σ|2 exp{�/|σ|}dσ < +∞ ���

0∫
−1

ln μ(σ, F )
|σ|2 exp{�/|σ|}dσ < +∞



��� �� �� �������� �� �� ���������� �	� �� �� �����

�� �� ���������� ��� ��� �������� f ∈ S(Λ, 0)� �� �
 
������� ����
∞∫

t0

ln2 t

t2
ln n(t)dt < +∞5��6

��� ����

��� ���� ln n(t) = O(t ln−2 t) (t → +∞)�

�,%��%3 '�"

Φ(σ) = exp
{

�

|σ|
}

7� !)1�

Φ′(σ) =
�

|σ|2 exp
{

�

|σ|
}

,

|Φ−1(x)| =
�

ln x
, Φ′(Φ−1(x)) =

x ln2 x

�

),% #+, �
�

|ϕ(x)|2 exp
{

�

|ϕ(x)|
}

≡ x

7� )�#� !)1�

|ϕ(x)| =
(1 + o(1))�

ln x

),%

Φ(ϕ(x)) =
x|ϕ(x)|2

�
=

(1 + o(1))x�

ln2 x
)# x → +∞.

�!�"�'�"�3
Φ′(σ)
Φ(σ)

↑ +∞,
Φ′(σ)
Φ2(σ)

↓ 0 )# σ ↑ 0

),%

Φ(ϕ(x))Φ′(Φ−1(x)) = (1 + o(1))x2 )# x → +∞.

8+,)��;3
Φ′′(σ)Φ(σ)

(Φ′(σ))2
= 1 +

2|σ|
�

.

�!$#3 *!� '$, *+�,

Φ(σ) = exp
{

�

|σ|
}

#)*+#D�# )��  �,%+*+�,# �' �!��"�(# � ),% �� �+, � Ψ(σ) = −|σ|(1 + |σ|/�) 7� !)1�

Φ(Ψ(σ)) = exp

{
�

|σ|
(

1 +
|σ|
�

)−1
}

= exp
{

�

|σ|
(

1 − (1 + o(1))|σ|
�

)}
=

(1 + o(1))
e

Φ(σ)



�������� 	��
��� ��� ������ ������� ��� ��� ������ ���� �� ��������� ������ ��.

)# σ ↑ 0 ),%3 *!$#3

Φ(Ψ(ϕ(x))) =
(1 + o(1))x�

e ln2 x

)# x → +∞3 7!+ ! +(-�+�# �0$+1)��, � �' 5�6 ),% 5��6� 8+,)��;3 #+, �

Φ′(Φ−1(x)) =
x ln2 x

�

*!�  �,%+*+�,# 5�6 ),% ln n(t) = O(t ln−2 t) (t → +∞) )"� )�#� �0$+1)��,*� ��"���)";
� +# -"�1�%�

����  ��! �� !�� p > 1� ��� ��� ��������

+∞∫
σ0

σp−1 ln M(σ, F )
exp{σp} dσ < +∞

���
+∞∫
σ0

σp−1 ln μ(σ, F )
exp{σp} dσ < +∞

�� �� ���������� ��� ��� �������� f ∈ S(Λ, +∞) � �� �
 
������� ����
∞∫

t0

ln(p−1)/p t

t2
ln n(t)dt < +∞5��6

��� ����

��� ���� ln n(t) = O(t ln−(p−1)/p t) (t → +∞)�

�,%��%3 '�"
Φ(σ) = exp{σp} (σ ≥ σ0)

7� !)1�

Φ′(σ) = pσp−1 exp{σp}, Φ−1(x) = (ln x)1/p, Φ′(Φ−1(x)) = px(ln x)(p−1)/p

),% #+, �
p(ϕ(x))p−1 exp {(ϕ(x))p} ≡ x

7� )�#� !)1�

ϕ(x) = (1 + o(1))(ln x)1/p

),%

Φ(ϕ(x)) = (x/p)(ϕ(x))−(p−1) = (1 + o(1))(x/p)(ln x)−(p−1)/p )# x → +∞.

�!�"�'�"�3
Φ′(σ)
Φ(σ)

↑ +∞,
Φ′(σ)
Φ2(σ)

↓ 0 )# σ → +∞

),%
Φ(ϕ(x))Φ′(Φ−1(x)) = (1 + o(1))x2 )# x → +∞.



��� �� �� �������� �� �� ���������� �	� �� �� �����

8+,)��;3
Φ′′(σ)Φ(σ)

(Φ′(σ))2
= 1 +

(p − 1)
pσp

.

�!$#3 *!� '$, *+�, Φ(σ) = exp{σp} #)*+#D�# )��  �,%+*+�,# �' �!��"�(# � ),% ��
�+, � Ψ(σ) = σ − 1/(pσp−1) 7� !)1�

Φ(Ψ(σ)) = exp
{

σp

(
1 − 1

pσp

)p}
= exp

{
σp

(
1 − 1 + o(1)

σp

)}
=

(1 + o(1))
e

Φ(σ)

)# σ → +∞ ),%3 *!$#3

Φ(Ψ(ϕ(x))) =
1 + o(1)

e

x

p
(ln x)−(p−1)/p )# x → +∞,

7!�, � +* '����7# *!)* 5�6 ),% 5��6 )"� �0$+1)��,*� 8+,)��;3 #+, � Φ′(Φ−1(x)) =
px(ln x)(p−1)/p *!�  �,%+*+�,# 5�6 ),% ln n(t) = O(t ln−(p−1)/p t) (t → +∞) )"� )�#�
�0$+1)��,*� ��"���)"; � +# -"�1�%�

B� "�()"C *!)* 5��6 !��%# -"�1+%�% ln n(t) = O(t ln−α t) (t → +∞) 7+*! α >

(2p − 1)/p�

��"���#$�%
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0�'�"� 1� '�"($�)*� ),% -"�2� *!� ()+, "�#$�* ��* $# 3+2� *!� %�4,+*+�,# ,��%�%�

��������� � 5�6� � -�#+*+2� (�)#$")7�� '$, *+�, L %�4,�% �, R+ +#  )���% 
�����

������ 8+, *!� #�,#� �' 9)")()*): +' L(cr)/L(r) → 1 )# r → +∞ $,+'�"(�; 1+*!
"�#-� * *� c �, �) ! #�3(�,* [a, b] ⊂ R+.

��������� !� � '$, *+�, λ(r) %�4,�% �, R+ +# #)+% *� 7� ���"���� �� ��������

 ����� +' +* +# -�#+*+2�<  �,*+,$�$#< ,�,
%� "�)#+,3< λ(r) → +∞ )# r → +∞, ),%
λ(2r) ≤ Mλ(r) '�" #�(� M > 0 ),% )�� r > 0.

��* f 7� ), �,*+"� '$, *+�,< f(0) �= 0. �!��#� ) 2)�$� log f(0) ),% %�4,�
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log f(z) = log f(0) +

z∫
0

f ′(ς)
f(ς)

dς

+, *!�  �(-��= -�),� 1+*! ")%+)� #�+*# '"�( *!� >�"��# �' f *� ∞.

�$" ()+, "�#$�* +# *!� '����1+,3�

������� 	� #�� λ $� � ���"���� �� ��������  ������ �� ����� ���� ��� ��������

⎛
⎝

2π∫
0

∣∣log f(reiθ) − λ(r)H(θ)
∣∣p dθ

⎞
⎠

1
p

= o (λ(r)) , r → +∞,8�:

���� ��� 
��� ������ ���"���� f, f(0) �= 0, 
��� p ∈ [1, +∞), ��� � "��%��&'������

���"���� H ���� Lp[0, 2π] ���� ���'"��
���� %��� (�H �� �
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���� λ(r) = rρL(r), ρ > 0, L(r) �
 � 
����� ������ ���"�����

�, �"%�" *� -"�2� *!� �!��"�( � 1� 3+2� -"��+(+,)"; ��(()#�
��* λ 7� ) '$, *+�, �' (�%�")*� 3"�1*!� �,�*�

λ1(r) =

r∫
0

λ(t)
t

dt.

?� )##$(� λ(r) ,�)" *!� �"+3+, #$ ! *!)* *!� +,*�3")� �=+#*#�

����� �� �� λ �
 � ���"���� �� ��������  ������ ���� 
� �
 λ1� ���

λ(r) = O (λ1(r)) , r → +∞.

	����� ?� !)2�<  !),3+,3 *!� 2)"+)7��<

λ1(2r) =

2r∫
0

λ(t)
t

dt =

r∫
0

λ(2τ)
τ

dτ ≤ Mλ1(r).

@$"*!�"

λ1(er) ≥
er∫

r

λ(t)
t

dt ≥ λ(r), r > 0.

A�, �< λ(r) ≤ M2λ1(r). �!+#  �(-��*�# *!� -"��'�

��* ck(r, f) ),% ak(r, f) 7� *!� @�$"+�"  ��B +�,*# �' log |f | ),% arg f = �( (log f)
"�#-� *+2��;<

ck(r, f) =
1
2π

2π∫
0

e−ikθ log |f(reiθ)| dθ, ak(r, f) =
1
2π

2π∫
0

e−ikθ arg f(reiθ) dθ,

1!�"� k ∈ Z�
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lim
r→∞

ck(r, f)
λ(r)

=: ck, lim
r→∞

ak(r, f)
λ(r)

=: ak,

��� ck �= 0, ���� ak �= 0 ��� λ(r) = rρL(r), ρ > 0, L(r) �
 � 
����� ������ 
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	����� �* '����1# '"�( *!� -��)" '�"( �' *!� �)$ !;
�+�(),, �C$)*+�,# )--�+�% *�
log f *!)*

ak(r, f) = −ik

r∫
0

ck(t, f)
t

dt, k ∈ Z.

�!�"�'�"�< akλ(r) + o(λ(r)) = −ikckλ1(r) + o (λ1(r)) , r → ∞, '�" #�(� k �= 0.

D#+,3 ��(() � 1� !)2�

akλ(r) = −ikckλ1(r) + o (λ1(r)) , r → ∞,8�:

�+, � ck �= 0, +* '����1# '"�( 8�: *!)* ak �= 0. �$*

ρ = − ik

ak
ck.

���)*+�, 8�: +(-�+�#

lim
r→∞

λ(r)
λ1(r)

= ρ.8E:

�,�*�
log (ρλ1(r))

log r
= ρ(r);

$#+,3 8E: ),% )--�;+,3 �FA�#-+*)� "$�� 1� �7*)+, ρ(r) → ρ )# r → +∞.

@$"*!�"< 1� !)2�

ρ′(r)r log r =
λ(r)
λ1(r)

− ρ(r) → 0

)# r → +∞. A�, � ρ(r) +# ) -"�=+()*� �"%�" 85�6< 5E6:< ),%

λ1(r) =
1
ρ

rρ(r).

�!$# 5E6< λ(r) = rρ(r) = rρL(r), L(r) +# ) #��1�; 2)";+,3 '$, *+�,� �!+# 4,+#!�# *!�
-"��'�

	���� �� ������� �� �!� #$B +�, ; 1)# -"�2�% +, 5�6� �!�, f +# ) '$, *+�, �'
 �(-��*��; "�3$�)" 3"�1*! +, *!� ��2+,
�G$3�" #�,#� 5�6< 5E6 ),% H +# +*# +,%+ )*�"
5�6� �' *!� "��)*+�, 8�: !��%# '�" #�(� p ∈ [1, +∞), *!�, +* !��%# '�" )�� p '"�( [1, +∞).

�, �"%�" *� -"�2� *!� ,� �##+*; ,�*� *!)* 8�: +(-�+�# *!� �=+#*�, � �' *!� �+(+*#

lim
r→+∞

ck(r, f)
λ(r)

= ck, lim
r→+∞

ak(r, f)
λ(r)

= ak, k ∈ Z,
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λ(r) = rρL(r), ρ > 0, L(r) I	�� ���$�IK� � �L��	I G�	���J�� r > 0.
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��*  �,#+%�" ) #+(-�/  �,,� *�% %�()+, G +, *!�  �(-��0 -�),� 1�$,%�% 1/ )
#(��*! 2�"%),  $"3� Γ� ��* τ = τ(s) 1� *!� ),4�� 1�*5��, *!� *),4�,* *� Γ ),% *!�
-�#+*+3� "�)� )0+#6 s = s(w) 1� *!� )" ��,4*! �, Γ�

��* w = ϕ(z) 1� ) !�(��(�"-!+#( �' *!�  ��#�% $,+* %+#7 D = {z : |z| ≤ 1} �,*�
*!�  ��#$"� G �' *!� %�()+, G6  �,'�"()� +, *!� �-�, $,+* %+#7 D� ��* z = ψ(w)
*!� '$, *+�, +,3�"#� *� *!� '$, *+�, w = ϕ(z)�

8����4 +, �	�� -"�3�% *!)* +' τ = τ(s) #)*+#9�# :;�%�"  �,%+*+�, 5+*! +,%�0 α6
0 < α < 16 *!�, *!� %�"+3)*+3� ϕ′(eiθ) �' *!� '$, *+�, ϕ(z) �, ∂D #)*+#9�# :;�%�"
 �,%+*+�, 5+*! *!� #)(� +,%�0 α� �'*�"5)"%# *!+# "�#$�* 5)# 4�,�")�+<�% +, 5�"7#
1/ #�3�")� )$*!�"#= �� ��>)"#!)5#7+6 2� ��?�"�,+($#6 �� 2� ��-�"6 ����8�3)� !$76
�� �� 8���#,+7�

��@��)(")<�3 A�B �1*)+,�% #��+% "�+,'�" �(�,* '�" *!� (�%$�$# �'  �,*+,$+*/ �'
*!� '$, *+�, ϕ(z) �, D� ��(�  ��#� -"�1��(# 5�"� +,3�#*+4)*�% 1/ �� ����<�,7��
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+, *!� "�-�) �(�,* �' 9,+*� %+D�"�, �# E),% (�%$�+ �' #(��*!,�##F �' �"%�" k 1/
9,+*� %+D�"�, �# E),% (�%$�+ �' #(��*!,�##F �' *!� �,% �"%�"� �,% )# ) "�#$�* *!�
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#(��*!,�##�# '�"  �(-�#+*� '$, *+�,� �!�#� "�#$�*# 4)3� -�##+1+�+*/ *� "� �+3� 4�,�"

)�+<)*+�,# ),% +,3�"#)*+�,# �' 8����4 */-� *!��"�(# '�" 4�,�")� (�%$�+ �' #(��*!,�##
�' )"1+*")"/ �"%�"�

�#*+()*�# '�" $,+'�"(  $"3+�+,�)" (�%$�+ �' #(��*!,�## �' ), )"1+*")"/ �"%�"
+,*"�%$ �% 1/ ��@��)(")<�3 A�B 5�"� �1*)+,�% 1/ *!� -"�#�,* )$*!�" +, AC.�B E'�"
(�"� %�*)+�# #�� A�B6 ACB ),% A�BF�

I�#+%� *!+#6 #�(� �#*+()*�# 5�"� �#*)1�+#!�% 1/ *!� -"�#�,* )$*!�" '�" �� )� ),%
+,*�4")� (�%$�+ �' #(��*!,�##�

��* ωk,z(f(z), δ) 1� ) ,�, �,*")�+<�% �� )� )"+*!(�*+ (�%$�$# �' #(��*!,�## �'
�"%�" k Ek ∈ NF �' *!� '$, *+�, w = f(z) )* ) -�+,* z �, *!�  $"3� γ� �!�, *!�
+,*�4")� (�%$�$# �' #(��*!,�## �' �"%�" k '�" *!� '$, *+�, w = f(z) �, *!�  $"3� γ

+# +,*"�%$ �% 1/ *!� '�"($�)

ωk,z(f(z), δ)p =

⎧⎨
⎩
∫
γ

[ωk,z(f(z), δ)]pdλ(z)

⎫⎬
⎭

1/p

, 1 ≤ p < +∞, k ∈ N,

5!�"� λ = λ(z) +# *!� �+,�)" ��1�#4$� (�)#$"� �, *!�  $"3��
�!�#� +,*�4")� (�%$�+ )"� *!� #-� +)�  )#� �' +,*�4")� (�%$�+ �' #(��*!,�## +,


*"�%$ �% 1/ ��@��)(")<�3 +, �	HH� :� %�9,�% +,*�4")� (�%$�+ �' #(��*!,�## )#
)3�")4+,4 �, )"1+*")"/ (�)#$"� �, *!�  $"3� �' *!� "�#-� *+3� �� )� (�%$�+ �' #(��*!

,�##�

+D�"�, � 1�*5��, *!�#� (�%$�+ ),% *")%+*+�,)� +,*�4")� (�%$�+ �' #(��*!,�##6
+,*"�%$ �% )# *!� ��)#* $--�" 1�$,% �' )3�")4+,4 )1#��$*� 3)�$�# �' 9,+*� %+D�"�, �#6
+# *!)* *!� �-�")*�"# �' )3�")4+,4 ),% *)7+,4 �' ��)#* $--�" 1�$,% )"� )--�+�% +,
"�3�"#� �"%�"�

�� �������� ��� �������� ���	�� �� ���������� ��� ��� �������

���� �� ��� �	�
���� ��������� 
�������� ������� �� ��� 	���

���� ���� ��� ������ ������

�!� '����5+,4 "�#$�*# '�" +,*�4")� 4�,�")� (�%$�+ �' #(��*!,�## �' )"1+*")"/ �"%�" '�"
*!� %�"+3)*+3� ϕ′(z) �' *!� '$, *+�, ϕ(z) �, ∂D 4�,�")�+<+,4 8����4J# *!��"�( 5�"�
�)"�+�" �1*)+,�% 1/ )$*!�"�



�� ���� ������	
�� �� 
�	���� �����
 �� ����	����� �� �������� ���
��� ��C

������� �� E��>�8)"$-$ A�BF� ���

τ(s) ∈ Lpk[0, l], 1 ≤ p < +∞, k ∈ N.

��� �������� ������
 ωk(τ(s), δ)pk �� 
�������

 �� ����� k ��� ��� �������� τ = τ(s)

���
�� ��� ���������

ωk(τ(s), δ)pk = O[ω(δ)] (δ → 0),

����� ω(δ) �
 ��� ������ �������� 
��� ����

l∫
0

ω(t)
t

dt < +∞.

���� ��� �������� ������
 �� 
�������

 �� ����� k �� ��� ���������� ϕ′(eiθ) ���

��� �������� ϕ(z) �� ∂D 
���
��
 ��� ��������� 

ωk(ϕ′(eiθ), δ)p = O[ν(δ)] (δ → 0),

�����

ν(δ) =

l∫
0

ω(x1)

x1

(
1 + (x1/δ)k

) dx1 +

+
k−1∑
j=1

j−1∑
r1=1

· · ·
rj−1−1∑
rj=1

δk−r1

l∫
0

· · ·
l∫

0

x
rj−1
j+1

⎛
⎜⎝1 +

l∫
xj+1

ω(y)

y
rj+1
j

dy

⎞
⎟⎠

×
(

1 +
(

xj+1

xj

)rj+1)
×

j∏
p=1

⎛
⎜⎝1 +

l∫
xp

ω(tp)

t
rp−1−rp+1
p

dtp

⎞
⎟⎠
(

1 +
(

xp

xp−1

)rp−1)−1

× xrp−1−rp−1
p dx1 . . . dxj+1.

��������� �� �� � ������� ��
� ���� ��� ������
 �� 
�������

 ωk(τ(s), δ) �� �����

k ��� ��� �������� τ(s) 
���
��
 !"���� ���������

ωk(τ(s), δ)pk = O(δα) (δ → 0), 0 < α < k,

���� ��� ������
 �� 
�������

 ωk(ϕ′(eiθ), δ)p �� ��� 
��� ����� k ��� ��� ����������

ϕ′(z) �� ��� �������� ϕ(z) �� ∂D 
���
��
 ��� ���������

ωk(ϕ′(eiθ), δ)p = O(δα) (δ → 0)

���� ��� 
��� ����# α�



��� �� �
����

�� �������� ��� �������� ���	�� �� ���������� ��� ��� �������

���� �� ��� �	�
���� ��������� 
�������� ������� �� ��� ����

��� ������ ���� ��� 	��� ����

�!� '����5+,4 *!��"�( '�" +,*�4")� (�%$�$# �' #(��*!,�## �' )"1+*")"/ �"%�" '�"
*!� %�"+3)*+3� ψ′(w) �' *!� '$, *+�, ψ(w) �, *!�  $"3� Γ 4�,�")�+<�# "�#$�*# �)"�+�"
�1*)+,�% 1/ *!� )$*!�" '�" *!� $,+'�"(  $"3+�+,�)" (�%$�+ �' #(��*!,�##�

������� �� ��� ��� �������� ������
 �� 
�������

 ωk(τ(s), δ)pk �� ����� k $k ∈ N%

��� ��� �������� τ(s) 
���
�� ��� ���������

ωk(τ(s), δ)pk = O[ω(δ)] (δ → 0),

����� ω(δ) �
 ��� ������ �������� 
���
�����

l∫
0

ω(t)
t

dt < +∞.

���� ��� ������� ���������� ψ′(w) ���������
 �� G �� ��� �������� ψ(w) �#�
�


��� 
���
��
 �� Γ ��� ���������

ωk(ψ′(w(s)), δ)p = O(η(δ)) (δ → 0),

�����

η(δ) = μ(δ) + δ1−k(k−1)/2

l∫
δ

μ(y)
yk+1

dy

⎛
⎝δk

l∫
δ

μ(t)
tk

dt

⎞
⎠

k(k+1)/2−1
k

.

	���� �' *!+# *!��"�( +# #+(+�)" *� *!� -"��' �' �!��"�( ��

��������� �� �� � ������� ��
� ���� ��� �������� ������
 �� 
�������

 ωk(τ(s), δ)pk

�� ����� k ��� ��� �������� τ(s) 
���
��
 ��� !"���� ���������

ωk(τ(s), δ)pk = O(δα) (δ → 0), 0 < α < k,

���� ��� �������� ������
 �� 
�������

 ωk(ψ′(w(s)), δ)p �� ��� �������� ψ(w) 
��&

�
��
 ��� ���������

ωk(ψ′(w(s)), δ)p = O(δα) (δ → 0)

���� ��� 
��� ����# α�

�� �������� ��� �������� ���	�� �� ���������� ��� ��� �������

���� �� ��� �	�
���� ��������� 
�������� ������� �� ��� ����

��� ������ ���� ��� 	��� ����

��* G1 ),% G2 1� *!� #+(-�/  �,,� *�% %�()+,# +, *!�  �(-��0 -�),�6 1�$,%�% 1/
#(��*! 2�"%),  $"3�# Γ1 ),% Γ2�



�� ���� ������	
�� �� 
�	���� �����
 �� ����	����� �� �������� ���
��� ���

��* τ1(s1) 1� *!� ),4�� 1�*5��, *!� *),4�,* *� Γ1 ),% *!� -�#+*+3� "�)� )0+#6
s1(ζ) 1� *!� )" ��,4*! �, Γ1� ��* τ2(s2) 1� *!� ),4�� 1�*5��, *!� *),4�,* *� Γ2

),% *!� -�#+*+3� "�)� )0+#6 s2(w) 1� *!� )" ��,4*! �, Γ2�
��* w = f(ζ) 1� ) !�(��(�"-!+#( �' *!�  ��#$"� G1 �' *!� %�()+, G1 �,*� *!�

 ��#$"� G2 �' *!� %�()+, G26  �,'�"()� +, *!� %�()+, G1�

������� �� ��� ������ �� 
�������

 ωk(τ1(s1), δ)pk ��� ωk(τ2(s2), δ)pk �� �����

k (k ∈ N) ��� ��� ��������
 τ1(s1) ��� τ2(s2) 
���
�� ��� !"���� ���������

ωk(τ1(s1), δ)pk = O(δα) (δ → 0)

���

ωk(τ2(s2), δ)pk = O(δα) (δ → 0)

���� ��� 
��� ����# α' 0 < α < k�

���� ��� �������� ������
 �� 
�������

 ωk(f ′, δ)p �� ��� ���������� �� ��������

f(ζ) �� Γ1 
���
��
 ��� !"���� ���������

ωk(f ′, δ)p = O(δα) (δ → 0)

���� ��� 
��� ����# α�

�"��' �' *!+# *!��"�( +# 1)#�% �, ��"���)"/ � *� �!��"�(�6 ��"���)"/ � *� �!��

"�(� ),% �, �#*+()*�# '�" 9,+*� %+D�"�, � #(��*!,�##�# '�" *!�  �(-�#+*� '$, *+�,�

������� �!

�� !� "� #
��
���� �����
����� 	
� ����
���	� 	������	���
�� $
�%��
 &��%
� ��	�
�'() *	� +���	
�,�

�- !� "� #
��
���� ��
��� ������
�� ���
������ 	
� �����	��� ��� ������ �� ������
���

�� ��������� ��
����
�� .���	���� �� �
����
�	��� ��	� �'(( *	� +���	
�,�

�/ �� 0� �
����� �
 ������ �� ������
��� �� ��
����	� �	���
��� 1%�� "
��� �� ���
��� 2 *�'(3,� )245)2) *	� +���	
�,�

�2 �� 0� �
������
 ���� ���������� �� ������ �� ������
��� �� ��
����	� �	���
���
!���� .���� "
�� $
��� 6�
�� $
�% 1%�� �	 *-444,� -/(5-2/ *	� 1%�
	�	
�,�

�) �� 0� �
������
����	� ������ �� ������
��� �� ��
����	� �	���
��� ��	� 6	� 7����
.���	���� !���	������ ��	� -444 *	� 1%�
	�	
�,�

�8 �� 0� �
����� �
 ���������� �� ������ �� ������
��� �� ��
����	� �	���
��� 	��
9�����: 6�
���	� 
�� !�����	
� #������ !������	�� �� ��� 9���������� �
����	�� ��
.9" -448� -/�5-/3� 0���� ��	���	;�� �	�
���� -44(�

�( �� 0� �
����� �
 ���� �
��� ������
�� ���������� �� ��
����	� �	���
�� �� ������

��

����� ���	�
�� !���� .���� "
�� $
��� 6�
�� $
�% 1%�� 
� ��� - *-4�4,� /8)5/83
*	� 1%�
	�	
�,�

�3 �� 0� �
����� �
 �
��� ������
�� ������
��� �� ��
����	� �	���
�� 	�� !������ 	�
6�
���	� 
�� 	�� 6���	�
�	���� !������	�� �� ��� (�� .�����
�	��
� .�669 9�������
0���� ��	���	;�� �	�
���� -4�4� )/5)3�



��� �� �
����

$
�	��
� 6�	
�	�� 1�	����	��

&��
������ �� <	��� 
�� $����	�
� "
����
�	��

���
��� 
���� �� 16=4/4)3 ��	�

1%�
	��

�=�
	�� %
����>�%����

�"�#�,*�% 1/ K1+4,+�5 2)7$1�5#7+ )* *!� ��##+�, �' *!� @)*!�()*+ )�
�!/#+ )�
��((+##+�, �' *!� �L%M �� +�*/ �' � +�, �# ),% �"*# �, � �(1�" �C6 ����

� ��"�#�� "$����%�	��� ��$&�"#�� ����$'"
�$��&�%�	 ��"(���"�) &��
�����#��

� � � � � � � � � � 	 �
0 ��
�� ����%
�� ����� ���� ���
���
�	
 �
?%����� ����?@� ?
�%�A�	 ��������

��B��� ��
 ���%�C	 ��
�	��CB
��C ��������
�	� %��������� �	B���� ����
�
�	 ��
�	������	
����� ?
�%	� %����� ����
�
�



PL ISSN 0459-6854

B U L L E T I N
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NUMERICAL SOLUTIONS OF NEARLY TIME-INDEPENDENT
GINZBURG-LANDAU EQUATION FOR VARIOUS
SUPERCONDUCTING STRUCTURES
I. COMPUTATIONAL MODEL AND CALCULATIONS

Summary
The use of relaxation method in solving static and nearly time independent Ginzburg-

Landau (GL) equations is described. The main interest is focused on the solution of
GL equations applied to unconventional Josephson junction made by putting non-super-
conducting strip on the top of superconducting strip for s, d and p-wave superconductor.
Certain solutions of Ginzburg-Landau equation are obtained in the case of placement of
Josephson junction in time dependent temperature gradient, time dependent or time inde-
pendent external magnetic field or when given junction is polarized by dependent or time
independent superconducting current. The results of numerical calculations are related to
the mesoscopic structures obtained in experiments.

Keywords and phrases: unconventional Josephson junction and device, TDGL relaxation
algorithm, temperature induced Josephson junction

1. Motivation

Studying superconducting structures is important both for fundamental and applied
science. There are many levels description of superconducting or superfluid phase as
by use of phenomenological or microscopic models. Because of technical complication
one usually starts from phenomenological level and then moves to more microscopic
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Fig. 1: Scheme of unconventional Josephson junction made by putting non-superconducting
strip on the top of superconductor strip (left) and SQUID made from such structure (right).
The pictures are made by Hubert Pomorski.

and fundamental description. Therefore in this paper we use Ginzburg-Landau model
what is the starting point for the use of more advanced formalism as Bogoliubov-de
Gennes, Usadel or Keldysh formalisms. Because of application perspectives as in
THz electronics, superconducting qubit [1, 2], particular attention is paid to uncon-
ventional Josephson junction made by putting non-superconducting, ferromagnetic
or ferroelectric strip on the top of superconducting strip as depicted in the Fig. 1.
When the ferromagnetic or ferroelectric material is placed on the top of unconven-
tional Josephson junction then such system is regarded as field induced Josephson
junction FIJJ. If the non-superconducting strip placed on the top of superconductor
is nonmagnetic we name such system as unconventional Josephson junction (uJJ).

In unconventional Josephson junction the Cooper pairs from superconductor
diffuse into non-superconducting element and therefore the superconducting order
parameter inside superconductor is decreased. Also unpaired electrons from non-
superconducting element diffuse into superconductor what brings further reduction
of superconducting order parameter. If ferromagnetic material with non-zero mag-
netization is placed on the top of superconductor then the magnetic field breaks the
Cooper pairs and lowers more the superconducting order parameter. Having certain
geometry of non-superconducting element placed on the top of thin superconduc-
tor it is possible to obtain the Josephson junction. This is because after placement
of the non-superconducting element on the top of superconductor, one Cooper pair
reservoir (superconductor) in terms of superconducting order parameter will be effec-
tively separated into 2 or more superconducting reservoirs as described in [5, 4]. The
interaction between reservoirs will be the origin of the Josephson effect. With such
defined Josephson junction, we can build superconducting devices as the Josephson
junction array, SQUID, current limiter and other elements.
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2. Computational model

There are various methods, which can be used to solve the Ginzburg-Landau equa-
tions as the finite difference method, spectral methods, annealing methods (as by
[18]) and many others. Because of simplicity and numerical stability even for the
case of complex set of nonlinear equations the relaxation method is used. Deriving
Ginzburg-Landau equations we look for the case of functional derivative of free en-
ergy functional F set to the zero with respect to the physical fields upon which it
depends.

Then we obtain the following equations:

δ

δψ
F [ψ, �A, �M, �E] = 0,

δ

δ �A
F [ψ, �A, �M, �E] = 0,(1)

δ

δ �M
F [ψ, �A, �M, �E] = 0,

δ

δ �E
F [ψ, �A, �M, �E] = 0,(2)

where �A is vector potential, �M is the magnetization, ψ is the superconducting order
parameter(s) and �E is the electric field.

To approach the solutions given as the configuration of the (|ψ|, �M , �A, �E) fields we
need to make the initial guess of physical fields configuration and order parameter in
the given space using certain physical intuition. The initial guess should be not too
far from the solution. Having the initial guess we perform the calculation of fields
change on the given lattice with each iteration step virtual time δt according to the
scheme:

δ

δψ
F [ψ, �A, �M, �E] = −η1

δψ

δt
,

δ

δ �A
F [ψ, �A, �M, �E] = −η2

δ �A

δt
,(3)

δ

δ �M
F [ψ, �A, �M, �E] = −η3

δ �M

δt
,

δ

δ �E
F [ψ, �A, �M, �E] = −η4

δ �E

δt
(4)

Here η1, η2, η3, η4 are phenomenological constants. The δt cannot have too big value
since it might bring the numerical instability in the simulation. If δt has very small
value the arriving to the solution is long. One of the signature of approaching the
solution is the minimization of free energy functional. Then one can observe the char-
acteristic plateua in the free energy as the function of iteration (virtual time). The
instructive example of computation of superconducting order parameter distribution
inside square placed in vacuum is depicted in Fig. 2. It should be underlined that
the relaxation method applied here is in the framework of the Ginzburg-Landau
formalism. One can use the relaxation method for other formalisms as Usadel or
Eilenberger formalisms. Many applications of relaxation method as in the gauge
fields are pointed by Adler [17].
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Fig. 2: Distribution of s-wave superconducing order parameter in the next iteration steps
(left top, right top, left bottom) made by relaxation method for 2 dimensional supercon-
ducting square placed in vacuum, with no magnetic fields.

3. S-wave superconducting structure in time-dependent
temperature gradient

For s-wave superconducting structure in time-dependent temperature gradient we
can write Ginzburg-Landau equation of the following form

(5a)

γ
d

dt
ψ(x, y, t) = α(x, y, t)ψ(x, y, t) + βψ(x, y, t)|ψ(x, y, t)|2

+
1

2m

[(
�

i

d

dx
− 2e

c
Ax(x, y)

)2

+
(

�

i

d

dy
− 2e

c
Ay(x, y)

)

+
(

�

i

d

dz
− 2e

c
Az(x, y)

)2
]

ψ(x, y, t)

with

ψ(x, y, t) = |ψ(x, y, t)| exp(iφ(x, y, z, t))(5)
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φ =
2ei

�c

⎛
⎝

zb∫
za

(Az(x, y, t)dz +

xb∫
xa

Ax(x, y, t)dx +

yb∫
ya

Ay(x, y, t)dy)

⎞
⎠(6)

where α(x, y, t) incorporates the existing gradient of temperatures and temperature
field across the sample and the total electric current flowing via the sample is the
sum of superconducting current and normal component of the form

jz =
j�e∗

2m∗ (ψ† d

dz
ψ − h.c. − e∗

c
Az |ψ|2) +

dAz

dt
σn(7)

jy =
j�e∗

2m∗ (ψ† d

dy
ψ − h.c. − e∗

c
Ay|ψ|2) +

dAy

dt
σn(8)

jx =
j�e∗

2m∗ (ψ† d

dx
ψ − h.c. − e∗

c
Ax|ψ|2) +

dAx

dt
σn(9)

The normal current component is proportional to the derivative of vector poten-
tial with time. This brings the dissipation what heats the studied system locally as
it is accounted for in Drude model. It shall be underlined that the direct control of
Az(x, y, t) vector potential in laboratory conditions is possible only by the control
value of the integral ∫∫

jz(x, y, t)dxdy = I(t).(10)

We can set certain electric current value flowing via the given sample to be of the
certain function of time I(t). The condition of total current flowing via the system
is included in the relaxation algorithm. The second controllable integral is given by
external magnetic field as it can be fixed to be at the point B(x1, y1, t) , which
imposes conditions on Ax and Ay. It gives another constrain

∮
�A ◦ �dr = 2πn, where

n is the integer number.
The additionary boundary conditions comes from normal to the surface super-

conductor-vacuum derivatives given as(
�

i

d

dx
− 2e

c
Ax(x, y, t)

)
ψ(x, y, t) = 0,

(11) (
�

i

d

dy
− 2e

c
Ay(x, y, t)

)
ψ(x, y, t) = 0

and for superconductor-normal metal interface we have

1
b
ψ(x, y, t) =

(
�

i

d

dy
− 2e

c
Ay

)
ψ(x, y, t)(12)

Let us consider the SQUID as depicted in Fig. 1. In first numerical computations
we set A to be zero what means that there is no electric current flow and magnetic
field in the system. We incorporate the temperature gradient into GL equations by
keeping γ coefficient to be constant and by setting α(x, y, t) = α0 +a(x−x0)(t− t0).
We set t0 = x0 = 0.
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Fig. 3: α(x, y, t) for zero temperature gradient in times t0, t0 + Δt, t0 + 2Δt

Fig. 4: α(x, y, t) for first temperature gradient with times t0, t0 + Δt, t0 + 2Δt

Fig. 5: α(x, y, t) for second temperature gradient with times t0, t0 + Δt, t0 + 2Δt

Then we obtain the following α fields as depicted in the Fig. 3, 4 and 5. The
situation when there is no temperature gradient in the sample we name as zero
temperature gradient. Then temperature of sample is linearly time dependent so
α(x, y, t) = α0 + a(t− t0). If α(x, y, t) = α0 + a(x− x0)(t− t0) we call such situation
to be first temperature gradient. In case of α(x, y, t) = α0 + 2a(x − x0)(t − t0) we
name it second temperature gradient. Having given α field in dependence on time
and space we can trace the time dependence of superconducting order parameter
distribution in the structure.
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3.1. Case of d-wave Ginzburg-Landau equation

One of the first work on study vortices in d-wave superconductor was conducted by
J. Alvarez [13]. Vortex in superconductor is the example of topological defect of the
superconducting order parameter induced by external magnetic field. Another type
of defects in superconducting order parameter is present in the Josephson junction.

3.1.1. Testing relaxation algorithm

Ginzburg-Landau equations for d-wave superconductor in ab plane are known as GL
x2 − y2 equations and are given as

(−γd∇2 + αd)ψd + γv(∇2
x −∇2

y)ψs + 2β2|ψd|2ψd + β3|ψs|2ψd + 2β4ψ
2
sψ∗

d = 0,

(−γs∇2 + αs)ψs + γv(∇2
x −∇2

y)ψd + 2β1|ψs|2ψs + β3|ψd|2ψs + 2β4ψ
2
dψ∗

s = 0,

where γρ ≡ �2/2mρ, and ρ = d, s, v. The current density is given by

J =
e�

imd

{
ψ∗

d∇ψd − c.c.
}

+
e�

ims

{
ψ∗

s∇ψs − c.c.
}

− x̂
e�

imv

{
ψ∗

s∇xψd − ψd∇xψ∗
s − c.c.

}
+ ŷ

e�

imv

{
ψ∗

s∇yψd − ψd∇yψ∗
s − c.c.

}
,

In d-wave superconductors the superconducting order parameter Δ(x, y, z) is
given as

Δ(x, y, z) = ψs(x, y, z) + cos(2φ)ψd(x, y, z)(13)

and boundary conditiones are expressed as
i

κ
n(Πψs +

1
2

(Πx − Πy)ψd) = −Vs(ψs),(14)

i

κ
n(Πψd + (Πx − Πy)ψs) = −Vd(ψd)(15)

Here Vs and Vd depends on the material constants and n is the unit vector normal
to the surface. The Δ is the global order parameter as obtained from two order
parameters and κ = λ

ξ and

Π =
�

i
(Πab + ηΠc) − 2e

�c
(Aab + ηAc),

and
Πab = i∇x + j∇y, Aab = iAx + jAy , Πc = ∇z ,

η-parameter accounting electron effective mass anisotropy,

Πx =
�

i
∇x − 2e

�c
Ax, Πy =

�

i
∇y − 2e

�c
Ay.

4. Properties of d-wave uJJ

We have conducted the computations of the superconducting order parameter
(SCOP) in 3 dimensional d-wave unconventional Josephson junction with no pres-
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ence of magnetic field. The presence of vector potential and magnetic field in the
system would induce additional effects in the superconducting order parameter dis-
tribution. Geometrical parametrization of the single asymmetric d-wave unconven-
tional Josephson junction structure is given by the Fig. 16 and 2 unconventional
Josephson junctions is given by Fig. 21. Numerical computation results obtained af-
ter application of relaxation method for single asymmetric uJJ of different thickness
is depicted by Fig. 12–15 and for asymmetric array of 2 unconventional Josephson
junction depicted by Fig. 17–20.

Experimental implementation of Magnetic Field induced Josephson junction
(FIJJ) array is described by Fig. 19 and 20. The structure was produced by doc-
tor Luis Gomez from the University of Zurich. Its modeling by Ginzburg-Landau
formalism is challenging, but it is within the capacity of the relaxation method.

Fig. 6: Order parameter for zero temperature gradient with times t0, t0 + Δt, t0 + 2Δt,
γ = 0.

Fig. 7: Order parameter for first temperature gradient with times t0, t0 + Δt, t0 + 2Δt,
γ = 0.

Fig. 8: Order parameter for second temperature gradient with times t0, t0 + Δt, t0 + 2Δt,
γ = 0.



Numerical solutions of nearly time-independent Ginzburg-Landau equation 125

Fig. 9: D-wave uJJ, Lz = 1.0 left side d-wave SCOP, right side s-wave SCOP.

Fig. 10: D-wave uJJ, Lz = 0.7 left side d-wave SCOP, right side s-wave SCOP.

Fig. 11: D-wave uJJ, Lz = 0.5 left side d-wave SCOP, right side s-wave SCOP.

Fig. 12: D-wave uJJ, Lz = 0.3 left side d-wave SCOP, right side s-wave SCOP.

5. Some conclusions and further perspectives

In this work we have shown the case of numerical solutions of Ginzburg-Landau
equations applied to the mesoscopic structures made of s-wave or d-wave supercon-
ductor. In case of s-wave 1uJJ SQUID the distribution of superconducting order
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Fig. 13: Geometrical parametrization of single unconventional Josephson junction. Ly is in
direction of c axis of d-wave superconductor.

parameter was quite similar to the static case as indicated by Fig. 3–8. In case of 2
d-wave uJJs as depicted in Fig. 9–18 it is not obvious whether lowering the thickness
of the superconductor as in Lz direction will enhance the Josephson effect in the
given structure. This is because presence of topological defect in d-wave supercon-
ductor brings lowering the d component of superconducting order parameter in the
closest neighborhood and locally enhancement and later decrease the s-wave super-
conducting order parameter. Very good starting example to observe this effect is
the work of Alvarez on vortices in d-wave superconductors. The presence of temper-
ature griadient mishapes uniform distribution of superconducting order parameter
in s-wave superconductors and in d-wave superconductors. The mechanism of this
topology change is more complicated in d-wave superconductors and can be spotted
by further extension of the result presented in Fig. 23. If the temperature distribution
is constant around the d-wave 2 uJJs SQUID and is slowly changing the solutions
of GL equations in such case for γ → 0 can be approximated by static solutions
for d-wave superconductor as reflected by Fig. 24 and Fig. 25. Typical distribution
of superconducting order parameter of s-wave uJJ SQUID with no magnetic field
without and with temperature gradient in x direction is depicted by Fig. 21 and
Fig. 22.

All presented GL results for s-wave and d-wave superconductors have the impli-
cation of transport properties of the studied structures. This is particularly visible if
we apply s or d-wave Bogoliubov-de Gennes equations using superconductor order
parameter obtained from GL formalism. In very near future the conducted work will
describe the experiments with d-wave uJJ matrices conducted by Luis Gomez as
indicated in Fig. 19 and Fig. 20. We also believe that with use of relaxation method
we can obtain the numerical results for p-wave superconductor as well. In triplet
p-wave superconductors 2 superconducting order parameters coexist with non-zero
magnetization.



Numerical solutions of nearly time-independent Ginzburg-Landau equation 127

Fig. 14: D-wave 2uJJs, Lz = 1.0 left side s-wave SCOP, right side d-wave SCOP.

Fig. 15: D-wave 2uJJs, Lz = 0.7 left side s-wave SCOP, right side d-wave SCOP.

Fig. 16: D-wave 2uJJs, Lz = 0.5 left side s-wave SCOP, right side d-wave SCOP.

Fig. 17: SCOP distribution in D-wave 2uJJs in ab plane for Lz = 0.3, left side s-wave
SCOP, right side d-wave SCOP.

Fig. 18: Geometrical parametrization of double d-wave unconventional Josephson junction.
Ly is in direction of c axis of d-wave superconductor.
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Fig. 19: Experimental implementation of 2 dimensional matrix array of uJJs implemented
by putting Nb strips on the top of NbN superconducting layer. The structure was produced
by doctor Luis Gomez (University of Zurich).

Fig. 20: Left side describes schematic view of 2 dimensional matrix array of uJJs described
above. Right side describes possible interactions between Josephson junctions placed in
Josephson junction matrix array. MFIJJ stands for Magnetic Field induced Josephson
junction. 3 main types of interaction are specified.
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Fig. 21: SCOP distribution inside superconductor in S-wave uJJ with no presence of tem-
perature gradient and magnetic field. The geometrical configuration of the structure is the
same as depicted in Fig. 13.

Fig. 22: SCOP distribution inside superconductor in S-wave uJJ with presence of temper-
ature gradient in horizontal direction and no magnetic field. The geometrical configuration
of the structure is the same as depicted in Fig. 13.

Fig. 23: ψs and ψd components of superconducting order parameter for 2 d-wave uJJs
placed in uniform linearly changing in x and y temperature gradient.
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Fig. 24: ψd(x, y) for times t0, t0 + Δt, t0 + 2Δt subjected to the uniform temperature field
rising linearly with time.

Fig. 25: ψs(x, y) for times t0, t0 + Δt, t0 + 2Δt subjected to the uniform temperature field
rising linearly with time.
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NUMERYCZNE ROZWIA̧ZANIA PRAWIE NIEZALEŻNYCH
OD CZASU RÓWNAŃ GINZBURGA-LANDAUA
DLA RÓŻNYCH NADPRZEWODZA̧CYCH STRUKTUR

S t r e s z c z e n i e
Prezentujemy algorytm relaksacyjny rozwia̧zywania s�labo zależnych od czasu równań

Ginzburga-Landaua dla różnych geometrii nadprzewodza̧cych struktur.
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W szczególności uwagȩ koncentrujemy na niekonwencjonalnych z�la̧czach Josephsona
powsta�lych przez na�lożenie paska nienadprzewodza̧cego na pasek nadprzewodza̧cy. Uzysku-
jemy rozk�lad nadprzewodza̧cego parametru porza̧dku w przypadku nadprzewodnika typu s
i d w sytuacji wystȩpowania gradientu temperatury. Okazuje siȩ, że w niekonwencjonalnym
z�la̧czu Josephsona zmniejszenie grubości paska nadprzewodzacego nie zawsze powoduje
g�ladkie przykrycie nadprzewodzacych parametrów porza̧dku w obszarze nadprzewodnika
pod paskiem nadprzewodzacym. Oznacza to, że w strukturach tego typu efekt Josephsona
nie zawsze jest indukowany, co jest istotne gdy chcemy implementować nadprzewodza̧ca̧
elektronikȩ wykonujaca̧ operacjȩ logiczne w temperaturze wyższej niż temperatura ciek�lego
azotu.
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